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PREFACE 


The present volume had its origin mainly in the recognition of а need 
repeatedly brought up by our students and colleagues, as well as by a number of 
professional statisticians and research workers engaged in various applied fields, 
for а handbook which is not merely a collection of mathematical and statistical 
tables but which contains reference material that will aid memory and offer guidance 
on various points of statistical theory and practice. With this end in view we 
started on a project some years ago, and have since evolved and incorporated in 
this volume a method of presenting formulae and tables so as to offer a great facility 
in their use for statistical data analysis. 


Part I of this volume entitled “General Notes and Formulae" provides a fairly 
comprehensive but selected set of formulae together with brief explanations, under 
the following heads : (I) moments and cumulants, (II) diserete and (ПІ) continuous 
distributions, (ТУ) standard errors, (V) sample survey estimates and standard 
errors, and (VI) numerical analysis. The formulae, together with related notes, will 
be found to. be a collection in one place of what are usually scattered in different text 
books, or other sources, and of what are usually required for statistical applications. 
Іп the presentation of the material in this section, special attempts have been made 
to highlight certain aspects (such as the use of interpolation formulae) which the authors 
have considered important and, at the same time, which have not been adequately 
discussed elsewhere. The list of discrete distributions given in Part I would be of 
interest to even research workers in theoretical statistics. In the presentation of 
the formulae and notes, emphasis has been placed on furnishing necessary guidelines 
for practical use rather than derivations of proofs. 


The sixtyseven tables given in Part II of the volume fall under two broad 
categories : firstly tables associated with probability distributions and relating directly 
to tests of significance and other analytic statistical methods, and secondly, tables 
which find direct use in the processing of statistical data. 


A special feature in the presentation of these tables is that, before each table, 
an explanatory note, giving a description of the table and containing illustrative 


‚ examples, is provided. Where necessary, the type of formulae to be used for inter- 


polation in the tables and the accuracy attainable are also indicated. Where the 
nature of interpolation is not indicated, in general, it could be assumed that linear 
interpolation would suffice. In the explanatory note on each table, a section is devoted 
to give references to other available publications containing more extensive tables. 


Some of the special features of the section on tables are : i) a table of inter- 
polation co-efficients, ii) an expanded table of numerical integration co-efficients, 
їй) percentage points of the beta distribution so as to give directly the significant 


values of the multiple correlation co-efficient, iv) expanded tables for angular trans- 
formation of the binomial Proportion and 2-transformation of the correlation co- 
efficient, v) a comparatively extensive table of the normal distribution, vi) mathe- 
matical tables of a wide variety, vii) tables to facilitate conversion of number systems 
for special use in Programming for electronic computers, viii) a handy arrangement 
of control chart factors, ix) a collection of tables for lot quality estimation, x) a 
simplified set of lot acceptance sampling inspection tables, xi) random permutations 
of digits and random numbers, etc. 


Tt is hoped that the collection of tables and formulae, together with associated 
notes in this volume, will form a fairly adequate and handy aid to professional statisti- 
cians, research workers and others who have to deal with problems involving statistical 
analysis and inference. 


Notation 
In Part I (General Notes and Formulae), Roman numerals (I ID ) are 
used to number the chapters and lower case Latin alphabet (a, b,...... ) for sections. 


Thus, a reference such as Пр means section b in chapter II of Part 1. 


In Part II (Tables with Explanatory Notes), the chapters are numbered as 
тои ; Sections as 1, 2, ...... , and subsections as a, b, ...... Thus a reference such 
as 15.2b means the subsection b in section 2 of chapter 15. When a Chapter does nof 
contain sections, references to Subsections are made such as 19c, i.e., subsection 
с in Chapter 19. Tables in a chapter are numbered serially ; thus, Table 13.2 stands 
for the second table in chapter 13 of Part II. 
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РАКТ 1 
I. MOMENTS AND CUMULANTS 


a. Relation between raw moments (/;) and central moments (/,) 
For a distribution function F(a) let д, = Г (v—oy dF and g, = Га-ту ак 


where m = Г айр is the mean value and с is an arbitrary origin, Then 


И ЛА а ; 
+ = iine pie ^ ји - ме — vee H(— 110 Dust. 


Thus, Ha = ра? 
Hy = шу Зри 4204 
Jia = p4— чаја брои? — Зил. A 


b. Relation between factorial moments and raw moments 


The r-th factorial moment about an arbitrary origin c is defined by 
на = Í (@—0)(e—e—h) «++ (e—e—rh+MdP. 


If р; be raw moments also about the same origin c, we have the following relations 
between the factorial and the raw moments. 


factorial in terms of raw moments raw in terms of factorial moments 
moments moments 


щі м м Hin 

Ha) (а-а ГА Пру ЕРА 

Ha) pa — hys - 2h, på May + Shp + mn 

His ш бїрд Ans — Oh №. Hat Shp Hay + д 


с. Relation between cumulants and moments 
Cumulants are formally defined by the identity 
kg? , Kal? Ё: Å ‚ В 22 
exp[ eti + 9 +} тінші gp На + 
From the definition it follows that the cumulants, except for the first, are invariant 
for change of origin. 


2 FORMULAE AND TABLES FOR STATISTIOAL WORK 


cumulants in terms of moments moments іп terms of cumulants 
Ky ж ж Ki 
ка Аз Из Ka 
K3 Из Из Ks 
ка Ma 398 Ha K4--3k3 
Ks Из— 10033 | Us к5--10к,к, 
к 16-15 а- 1043-3002 Ms Кв--15к,К,-4-10к2--15к3 


d. Probability and moment generating functions 


For a discrete distribution assigning probabilities Do Ру P» +++ to variable 
values 0, 1, 2, ... consider the following generating functions : 


(i) the probability generating function (pgf) 


Р) = Z på, 
to 
(ii) the factorial moment generating function (fmgf) 
МАђ = > 0/1, 
10) E мае 
where for the factorial moments zy the origin с = 0 and ћ = 1, and 
(iii) the moment generating function (тар?) 
М => шет 
Фаза» 
where for the raw moments д; the origin с = 0. 
We have here the relations 
М.) = P+), M(t) = P(e). 
e. Sheppard's correction for grouping 


For.a distribution function F(x) the proportion of observations in an interval 
(G; 441] is given by 


“ri 


Let the system of intervals (4;, ару] for i = 0, +1, +2,... cover the entire range 

of the distribution. Consider the grouped frequency distribution with variate values 
8:4-0, 3 5 

b; == нэн and relative frequencies т, The r-th raw moment of the grouped 


frequency distribution is represented by gz; =. > (8-сУт,  Cumulants and 


SHEPPARD'S OORREOTIONS FOR GROUPING 3 
factorial moments calculated from the grouped frequency distribution will be similarly 
indicated by K, and Да respectively. 


Consider the case where intervals are of equal width № and the distribution 
admits a density function f(z). Assume further that: (a) f(x) and its first 2s derivatives 


Š i 
are continuous for all x, (b) a+? ЭШ is bounded for all z and for 2 = 0, 1, 2,..., 28, 
where b and s are certain positive integers. Under these conditions for all r < k 
0) u-X(^)(gm-—10)BWgL4R 
м-2(:) — ОВ ға 
og , ЖЗ ҮШ 8 
= 9421-2:1 pig. 
(ü) ды 2 ІС )5; ( z) hiir; +R 
(1) Kori = Ку FR 


a В 
Ку == Ky — By +R 
where B;s are the Bernoulli numbers tabulated in table 17.9 and the Bernoulli poly- 
nomial B#+2» (3/2) is equal to 
(—1y "(27 ( l 1 


ee f 
дау V3 tatt gi )for j> 1, 


Be) (2) = 1, BØ) ( 8) = 0. Тһе remainder term В in each case is of the order O(h”). 


Whenever the frequency curve у = f(x) has а contact of high order at the ex- 
tremities, conditions (a) and (b) are usually satisfied for moderate values of s and k. 
In such cases 10 has been found in practice that theresult of applying the corrections 
is usually good even when his not small. Putting r = 1, 2, ... and ignoring В we have 
the following Sheppard's corrections for the moments, factorial moments and 
cumulants. 


mean and central moments factorial moments cumulants 
ш = а = Ёш к = Ку 
NL ај =, № = № 
Ив = Faiz № Ma = Hy Es — 2 
= Z, ? CADAT NUM K, = K 
Из = Из Ша = т-та 8 3 
At Uh hM 
Ja = Ва P gg h Ka = Kat 120 


2 — c RA, — 
щи = hag а tpi 
EL Kies e ate 
Pil рин БЕСЫ р 
Me = Hg — Flagg там 
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П. DISCRETE DISTRIBUTIONS 


The tables of discrete distributions give the mean snd variance in addition to the mgf, M(t). Higher raw moments can be obtained by differentiating 


the mgf. Thus u= == Cumulants are obtained by differentiating the egf, K(t) = loge M(t). Thus к, = E . The pgf, P(t) = МЏовеђ. Тһе 
4-0 4-0 
ES . 1 ФР 
b: ше Д 
probability of 2 is zr de | . 
a. Basic distributions 
INDIVIDUAL TERM, MEAN, VARIANCE AND MOMENT GENERATING FUNCTION 
7 distribution Я individual term range of range of , mean variance moment generating function 
notation probability of z parameter variable Ч 
Binomial ра а 0<я<1 о(1)» тт тп(1—т) я) же» 
| т 
b(n, т) 
dem 
Poisson e^ аја 0234 00) 3 A get) 
P(A) 
Ё ee Х-Мт | : 
‘ypergoometric A ) ( x ) N—n (N —Nn)m 
EL IP E s * | Inz(1—72)] | — — ^ — ,F,( —n, Na; N—Nz —n4-1, е 
ҚМ, Мт, n) (5) Te PE 44 Мл Wie Be one ENE TEEN 
2 
/к--ш-1 | 
Negative binomial ( a je 1<к | 2) 
——— A 0(1) со кр кә(1--р) 14-р--реү-к 
nik, о) (Ip) 0<в 
Logarithmie series — алеја осСт<1 1(1) со | -ал -ал(1-Рат) 
1-т U а log (1— net) 
Қа) a=1/log (1—п) 
* = min (n, Мп) | 
а = шах (0,n—N-+Nn) Far ош л es а 


el e(e+ 1) 2! 


Pg —n————ÉEQVre “== "~ 


A random sum distribution is the distribution of the sum of а random number n of independent identically distributed random variables. Pb; k, p), 
to be read as Poisson sum of binomial, denotes the distribution of the sum of n independent binomial variables b(k, p) with n as а random observation on the 
By convention, the sum assumes the value 0 whenever n is 0. 


Poisson variable p(X). 


Let P(t) be the probability generating function (рр?) of the random variable n and M(t) be the moment generating function (mgf) of the Е from 


b. Random sum distributions 


which ^ observations are drawn. Then the mgf of the random sum distribution is P(M(t)). 


distribution, range individual term range of mean variance moment generating function 
of parameter ; probability of z variable 
b*b(N, т; k, р) N 
) > (7) ( nk ) ML — я) NA pz(1 —p)nk-z ом Майр Мера + (1 —т) Ер] ТЕСЕ 
0<-<1 n-a, V^ s 
9<р<і1 
prods р) со Е = 
= Ин ( Е Jr ppt ой) эр Xep[a-- hp] оре 
0<a<o n=a, = > 
0<р<1 
ntb(k, på k,p) en på nk 
feti dec -рут-т о k Te 14-р) 1--8--р(4--ре ) -к 
Ма EN 5 Тесты a 70 pn уо хоёр røkpla+ (1+. е)Ёр] Пери 
Se 
0<р<1 
НЕ (п; k A = 
и 90%» ce | ЗЭ imm] evene) 
0о<к<1 |ы. 
9<ә<і | 
| = 1/йод (1—п) 
Note: (1) In the table az = Базы , Фе. the greatest integer in өне and q = 1—2. 


(2) Observe the special cases 


G) БЫ, x; 1, p) —b(N, mp), (8) pito ; p) = POP)» (iii) (ње: 1, p) = n(x: ор). 


SNOLLAHTULSIG 87068318 


a Random sum distributions (continued) 


ИНОМ TVOLLSILYIS НОЯ SH'TISVL аку HVINWYOL 


— distribution, individual 66) f ji ї i 
> -of parameter оо probability ofz s =. ә о ун Без 
btp(N, т; m) 
02223 [remt (1—57)]N if z = 0 0(1)со Мат Мат] + (1 —п)т) [(1—2) (пете) у 
т 
от ЖИЕ о 
n2] (72 EZ] - 
Ер: 2 
22 2 ee") ite =o (4 
À од х эт! Ж 
1247 E 43 3 Е exp ps 4-9 іу 
Reset 
Th ( * ор dere og | 1 1+3m е. 
25 © (1+ х 2 mel 
m а в ^Апе-пт(пт)=п m | m) tot Bev?) exp [Xe и 
Er „а мн ctv 
n*p(k, р; т) Я [to pem] if z = 0 
on 0(1) со кет крт(1--(1--0)т1 ps а) а 
© ЭЭ på (nm)? вте” 1] 
бек > n ier di яадийн 
| 
Нр(п; sy = 2: 
+р(т; т) “ $m селт (ome обје | im xem 14.7 L-+an) a log [1—nem(—1)} 
0<т<і эрэр 7% 21 1-т 1—7 1-т 
ост 
S а = 1Лор (1—7) 
btn(N rikr) | @ па У Ка = 0 | 
бс б 0(1) © | Nrkr Маки] ++ (1 —7)kr] [1—7--z(14-r —ret)-E]N 
WE м/м . nk+æ—l rz 
DOES E ШЕШЕ E luxta 2450 


*Thomas distribution gives the distribution of a Poisson [p(2)] sum of independent identically distributed random variables X; where X;—1 has 
& Poisson [p(m)] distribution. 


~ ——c sv 


Random sum distributions (continued) 


distribution individual term range of mean variance moment generating function 
range of parameter probability of z variable 
Ebor) | Ма if оо 
0 <à, 0(1) о | akr Akr[14-r-E kr] ехр(М(1--л--т6)-5-1ү) 
0:1« 6 S е-Әа/ nk--z—1 rz #0 
n= n! ( z || 
П--р-ө(1--)-Ң-к, 2-0 
ntn(k, р; k, r) -E- 
б å = &n—l| på | nk-+a—1 m 00) rokr крйн(14-74-(14-р) 1 [L+p —p(1+r—ret)-k]-x 
Lene ma \ n Јао = juppe 
250 
ln(z; k, r) 90 amt / nk--x—1 2 —enkr omkr Ї 1-гал ] Per. 
0<т<1 “жел т | а Јазы 0(1) оо 1-т 1— РЕ ПЕ. QE буја Ды! 
ос“ 
1<& 
БИМ, п; p) 421 —п-- ка log (1—pt)]N —Nnap —Nnap 1 log (1 ші 
— u ()о | — Gap? I +n0p] Прп ла log (1—pef)] 
0<т,р<1 ЕМ t=0 (1--р) (=p) 
E n(z |, р) 4 x 
pU p) where «x = —jlog(1—p) 0(1)оо ж 
g = р/(1——) 
mH(, på p) 441--р-ра log (1—pt)]-«. olo --крар —крарг рр) Ге —ga log (1-реД-к 
1< к aldiz і-0 1—2 (1—2) | = 
осе | 
0<р<1 
Га; 2) 77727 алар | 
5 g [1—та log (1—pt)] D 1—x—nap—anap]| «log[l—za log (1—ређ] 
ЕЛЕ RI E 2772 NDS "ü-9ü-s cupi = тор | 


a = 1105 (1—5), a = 1Лод (122) 
*see the table of basic distributions (Па) 


Ө 
кі 
å 
5 
5 
e 
= 
E 
в 
а 
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с. Compound distributions 


. А compound distribution is formed by considering the parameter of a basic distribution as stochastic and obtaining the total proBability of Ђу summing 
+ - Ог integrating over the distribution of the parameter. 


- basic E distribution compound distribution, individual term, range of mean variance moment generating 
distribution | of parameter notation | parameter and of variable | fonction 
| 
| 
b(n, т) n—b(N, т) O(N, пт) 2 fere ë E 
| — — a—— 
| 
| 
$ bin, т) n~p(d) på =) + z З 2 
ç 
Қа, т) т--т(к, e) n(x, те) * * * * 
l-r, if 2= 0 
5-1 E 1+ ceri) 
b(n, л) жо Ык, та) mamme || ссватыла(12Баатала) | 1r, raqa log (1— 
> : у —mamiz if 25 0 1—m72 (1—72)? 2 2 log (1— 146) 
log (1—т' 4 
тп” 0<т,%4<1 
quatur таша үре) 
Топли“ z = 0(1)о 


(5) B(a+z, %+8—2) 


here er e DIA BBM So) B В) rå + 
0<a,8 32 
z = 0(1)n 
P cte-099 № 4 келү 
PQ) 20) pp(0, c) ат, и Сады od 09010) exp Ofe -1 
(Neyman's contagious 0«90,c 
distribution —Type A) = = 0(1) со 


мном IVOLLSLLVLS AOA SHIGVL ANV AVIANAOA 


to 
Compound distributions (continued) 
basic distribution compound distribution individual term, range of moment generating 
distribution of parameter notation variable and of parameter mean variance function 
Lor тен cuo dU anui 2 eee 
(4-4) 7 
PO) ns e) скр сер нере) 1 
Эрогке(1--0) 
1«€x,0«9p,cz = 0(1)co 
20) ж~б 9) * 
L3 3(х--1 
Pik, 7) k~p0) РР, =) із Hæ EET 
= [z—1 25 
Pascal? (Polya Aeppli) хє Z " ЈЕ [Å 5) if z= 0 
=: 7-1/7 х 
0<2,0<=<1==0(1)® 
* see the table of basic distributions (Па) 
(1) В\(а, В) and G(r, 0) refer respectively to the Beta and Gamma distributions, described in III (continuous distributions). 
< (2) The frequeney function of the Pascal distribution is given by P(z|k, =) = n(z—k|x, р) for = = k(1)oo where the parameters of the negative binomial 


өгөр = —-— and x = Ё an integer. 
x l-r 


d. Distribution functions of some discrete distributions 


Binomial 5 [п г = 
b(n, к) £ (5) а= = вару f ој. 
Poisson z. РЕЈ 1 T Б 
20) Xem 
Negative bin: z [к+2—1 әт 1 т к+е+ 
"id EX = ) (ekz Bete) Jay ду. 5 
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III. CONTINUOUS DISTRIBUTIONS 


a. Basic distributions 


DENSITY FUNCTION, MEAN, VARIANCE AND CHARAOTERISTIO FUNCTION 


distribution density function range of range of mean variance characteristic 
and notation parameter variable function 
Normal 1 (egit: - Си < о — С 2 С ly с? git очаја 
N(u, в) Зла 025. 
Truncated N(v|u, о)/Р -0<u<o a<r<b m өз [9 mad жі 
Normal à 
b 0<o <o а = (а—и)ја, 
Nb(u, о) F = | N(z|u, mar] b' = (b—uj]a 
2 9 = [М(а')—М(')үР 

Тов Normal — 5 p-Kv+dlogm GRE SNE оссе iC ак T 

TN Эт 0<8< oco en 
IN (A, 

N (A; р) XI 

Cauchy 3 -о<и<о — < zx < 0 š ы int-i ФІ 

Ea Hc e 
O(u, 2) nD? + (z—)?] 0<х<о 
Rectangular 1 
R(a, b) ӛ-а -m<a<b<oma<z<b (a-+b) [2 (b—a)2/12 (eitb —eita) Jit(b —a) 
Exponential 82 6 

бе“ 1/6 1 2 
Вер (6) е 0 <0< о 0 < >x < = 1 јез 6-4 


Note: Tf f(6) is the notation for а 


normal distribution N(p, в) 


distribution with parameter 0, ће density at z will be denoted by f(z|0). Thus N(z|u, c) denotes the density of the 


Basic distributions (continued) 
distribution density function range of range of mean variance ` characteristio 
and notation parameter variable function 
9 Ut gpa 902 о<т< о 0 0 92 9 и 
G(r, 0) re) SES 71 "| (ез! 
Chis = 1 
[uare ЈЕ 
z ce y = (1) 0<2< о У » >, 
x) znr (=) (1—2it) 2 
У 
1 pr үл 
Student's ¢ — + =) у= ЦІ) о —о << с o Уу) = 
Ке 
Цу) for у>2 for v>3 
Beta 
Repeat 0<т<о 04:41 т|(т--н) mn|(m--n)2(m--n4-1) = 
B(m, m) (m, z) 
0 < n < о 
fj 
» 
a 
(%) gaT буй (у у —2) 
9 = 1(1 0 со E а, TT 
Fisher's F Уз — уі = 1(1) со << val(va —2) ACET] 
d) у > ua)? = 1(1) о fo v2 > 3 for м > 5 
в(+- x) 7) т : ә 
Тарас: > : 
meee 1 За –— Си < о -о < z < o в оз e^ (аза) * 
Llu, о) E 
0 < c < о 
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b. Some non-central distributions (density functions) 


(i) Bivariate normal (with means /4, из; variances 07, сЗ and correlation p) 


Ny 23 | Is Мо; біз бэ Р) 


(а-ға —2p (zi — руга H2) ip (а-а ) 


oi 0103 ci 


а I 1 
= (27003 V1—p?)3 exp 21-23 { 


(1) Multivariate normal (with mean vector р, and variance-covariance matrix 2) 
Хх |р, Z) = (27)-?2|Z | 3 exp (x—p)E(x—p) 
where 2-1 is the inverse of 2. 
(iii) Wishart distribution 
> А т. 
W,(S|w 2) = [27-ти nt 1 )] у 


іш 
х || -1/8 |8|06-?-1/2%6-(іг 5-18) [2 
If X, X,..., X, are independent N,(0, 2) variables then S = x X;X has the above 
1 
distribution. 
(iv) Noncentral x? 


> 
ре 1 А 
мења) =. 724 (3 


Je (4 yt) 0<2<o 


where у 15 called degrees of freedom, Å the noncentrality parameter, and 
G(x |<, р) = o? [T(p)] teser, 
Note: The distribution of Хал, where z; is distributed as М, (ру, о?) and z; are all 
independent, is non-central (у, (Хи? )/o*). 


(v) Noncentral t 


— 82/2 
е 


Hæ | v, 8) = ze разное > r ( CURT ) (Å) ( шри ји 
2 


with—oo < z < 00, where vis the degrees of freedom and д is the noncentrality 
parameter, 

Note: The distribution of X/\/(Y/v) where X and Y are independently distri- 
buted, X as N(0, 1) and Y as y*(v) variates, is noncentral Ку, ó). 
(vi) Noncentral F 


F(x] vy, vs À) = е 


ЕЕ 
22 ( м) 2 pb м № 
му 1 T PRO ЖОЛА) 
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with 0 < z < со, where 7, is the hypergeometric function of the first kind defined by 


_ = Га+т Te) y 
110 5,9) = Х Fa) Гре) +7: 


Note: The distribution of (X/v,)/(Y Ју), where X and У are independently distri- 
buted, X being non-central x*v,, A) and Y a central x%v,), is noncentral F(v,, Ул, A). 


(vii) Multiple correlation 


Let R? be the square of the multiple correlation, based on a sample of size m, of 
one variable on р--1 other variables. If the latter are considered fixed, then tho 
density function of R? is 


Есір, n, 8) = e B(x zi at 2-1 e 


CEDE: JAER 
with 0 < < 0, which is called multiple correlation distribution of the first kind. If 
variations in the (р--1) variables are allowed, then the density function is 


Ete ве 


= (1— p2yn-1/2 2 
Te(z | p, n, р) = (1—0?) B(x re mme Fr 


with 0 < z < 1, where p is the population multiple correlation coefficient and F, is 
the hypergeometric function of the second kind defined by 


$ Паф) otr) Ге) y 
roo Га) Г) Г(--)!7 


F(a, b, с, 9) 


and Р(х |а, Б) = non жі, 


(viii) Hotelling's Т?, Mahalanobis’ D? 


Та: |р, у, ст?) = ar аны Е( тті 


, У—р+1, сте 
" 4 “|Ф, v—p4- cr?) 


where the function F is that of non-central F distribution. 


Note: The distribution of d' 5-1 d has the above form if d has the p-variate 
normal distribution N,(8, с-1 Z), с a scalar, and the elements of the matrix S have an 
independent Wishart distribution W,(S, 2). In such a case y= 62-16. 


IV STANDARD ERRORS 


a. Application 


In large sample theory, hypotheses concerning unknown population para- 
meters, can be tested in a simple way by using efficient estimators and their 
standard errors. 


Thus if Т is an estimator of 0 based on n observations and (0)/4/ is the 
standard error of Т, then to test the hypothesis H, : 0 = 09, V/n(7'—6)/o() will be 
used as a standard normal deviate. 


То test whether two parallel independent estimators Т, and Т, with standard 
errors 04(0) Vm, and c;,(0)| Vn, are in agreement (i.e., whether they estimate the same 
parametric value) the appropriate standard normal deviate will be 


(Т,-Т,) m заг? + cob 
1 2 


where in the expressions for standard errors, estimates are substituted for unknown 
parameters provided o,(@) and с;(0) are continuous functions of 0. 


To test whether b parallel independent estimators T; T, ..., T, having stan- 
dard errors e(0)/ Ут, с) Ут, ..., 0 (0) Vm, are in agreement, the test-statistic 


H= % —™_ (т, Тр 
& o 


may be used as a chi-square with k—1 d.f., where 


тел меде ате 
1 ОКТ) ! i eT) 
b. Standard errors of some statistics 
Notations for population parameters : 
Ji = mean, Ji, = r-th central moment 
Ban = аны ИЙЭ, ania = Ғата i? 
Hr = (r, 8)-th bivariate central moment 
р = correlation coefficient 
0 = percentage coefficient of variation 
ô = mean deviation about the mean 
A = Gini’s mean difference 


¢ = H|X—Y||X—Z| where X, Y, Z are three independent 
observations drawn from the same population 


Ур = ordinate at the p-th quantile. 


2 
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The standard errors of some of the more common statistics are given below 


STANDARD ERRORS OF SOME STATISTICS 


(To obtain the standard error, divide the tabular entry by n, the sample size and take the Square root) 


statistic arbitrary distribution normal distribution 
mean 2 Hy ( = о?) өз 
variance 82 va — på 204 
standard deviation = (84-02) рд 012 
k-th central moment mz tor -8 Ерић ,—2kpg. р My +1 pee 
i iation (9 а | Memes м _ №. сар (e) 

coefficient of variation (95) 6 | dui. + ТЕС ТҮ | 2 3 100 
sample А/81 148,-248:--36-4-98:8,--12854-358:1/4 6 
sample В» В,--48,8,--483--82--168:8: —883+ 1681 24 
mean deviation about 
sample mean 02-83 о(1—2/т) 
Gini's mean difference 46 Аз) (0.8068)го2 
тефал 2 1/43. 5 (1.2583) 02 
quartile 3/4y2(y = Yo.25 ог Yours) (1.8626)202 
p-th quantile* p(1—)/yå = 
semi-interquartile range M [ $ 025 ТІЛЕТІН (0.7867)202 

«вы (мана. n) (1—2) 

Rh &\ф pår Шош» 


correlation coefficient: 


-( Usi 4 Uus )] 
Шо poz 


* Тога normal population the standard errors of the sample deciles are as follows : 
4th and 6th declies : 1.26800/./л, 3rd and 7th deciles : 1.31800] Jn. 
2nd and 8th deciles : 1,42880/N'%, Ist and 9th deciles : 1.70940/N n. 


The asymptotic covariance between the p-th and p’-th quantiles (p < р’) is 
24 нуур, Where g' = 1—р'. Thus for a normal distribution the asymptotic covariance 
between the first quartile and the median is equal to 0.98600. 
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c. Tranformation of statistics 

For the application of techniques such as the analysis of variance it may ђе 
necessary to use transformed value of an estimate so that the asymptotic variance 
(square of the standard error) is independent of the unknown parameter. Some 
standard transformations and the corresponding asymptotic variances appear in the 
table given in the next page 
d. Normalisation of frequency functions 


A large number of statistics tend to be normally distributed as sample size n 
increases. Let T be such a statistic with k; as its i-th cumulant. Assume further 
the existence of constants ш and с such that 


ру = (kx) [0 = On) 
= (0—0?)[0° = O(n) 
and Pr = k,[o* = O(nt-ir) ОИ = 3, 445 
Define z = (T—y)/o. Тһе following equation, gives to order n2, an expression 
for a transformed variable у which has standard normal distribution : 
1 1 1 1 
2—0 = Prt ç Pale +5 på 3 PrPst+ од Ра —32) 
D. 1 emn : 1 К 
— 36 Pate? —72)— + Papst g PiPs— үҙ бара(5а%—3)—-- pipi — 1) 


1 1 
+ 120 раја —628--8) +36 pll- рарү(1145--4222--15) 


tus BUE pete Papapa + : pip — PPT 16:2) 
m NN м 32)--—— 5 рс(45-- 1082-16) —- о Pap (3623 — 492) 

– s MN RUMQUE. eun pps(T25—482- 510) 

Ув Gu 010413822 — 18727) += ii påpy(111x5—547234-456x) 


1 
776 04(94825—362823-- 2473). 
Тће rr equation B pk z dis: yis exc useful : 
gy siis а Те. påta 54 б407-- 3y)— gs ал! 5У)-6 + bapaly?—1) 


аг m ру*—6у--3)— 34 pap (^ 5-2) 357 = pi12y*—53y*--17) 
1 1 
= 29—16 рар —3Y)+ у pe 5— 10y--189)--75 рр (109 —25y) 
1 1 
= Us pil3y?—24y?-+- 299) — Tgp psps(25— 1742-21) 


+ pag PAP 149— 1039-1079) pf( 2525 1688+ 15119). 


Special cases of this formula corresponding to the t, Y? and F distributions are discussed 
in appropriate sections dealing with the different tables relating to these statistics. 


SOME STANDARD TRANSFORMATIONS AND THEIR ASYMPOTIC VARIANCES 


population parameter 


binomial proportion т 


Poisson mean 7, 


correlation coefficient р 
in bivariate normal 


intraclass correlation 
coefficient р 


(i) bivariate normal 


(ii) K-variate normal 


correlation coeffi- 
cient r 


estimator asymptotic 
variance 
sample proportion т(1-к) 
prin ^" 
Poisson observation z Å 
sample correlation (1—0р5)2 
coefficient r т 
(1—p2)2 
sampleintraclass Е се 


2(1—p)2(1-+-4—1p)2 


ЕТ 


* comparatively rapid stabilisation is achieved through this refinement due бо Anscombe. 


transformed value 
parameter estimator asymptotic 
variance 
sint yr sin-t Jp. d 
N! [7 & 
*sin-t МЕ 1 
т--3/4 (4n+2) 
о 
= — 1 B 
МА “т 2 2 
PAA — 1 Ө 
* = 
AP-ESIS Ja+3/8 = z 
5 
tanh-io tenh-ir 1 Я 
(п-3) 
1 
tanh-ip tanh-ir 3 
nx 
1--(k—1)o 1+(k—l)r k 
= å log — 1; 3(5—1)n—3) 


LI 


У. SAMPLE SURVEY ESTIMATES AND THEIR STANDARD 


a. Notations 


ERRORS 


"The following notations: ? are used for sample statistics and the corresponding 
population characteristics where у indicates the primary variate under investigation, 
а a supplementary variate and 7 the variable ratio ут. 


number of units 


sampling fraction 


raising factor 


summation over 
constituent units 


arithmetic mean 
of y, z, 7 


ratio of means 


variance of y?) 


covariance of 
x and y 


regression coefficient 
(y on 2) 


sample 
n 

"n 
1-м 
Ші 

7 
8 
9,2,7 
jaa 
а 


population 
N 


Bys Har Их 


Q 
= 
| 


= ӯ 5(&—/)(у—/,) 


Е 1 
Oxy = -үсү Momy) 


p= 


бау 
02 


(1) А suffix ¢ to these symbols will imply that tho corresponding definition has to be understood 
in terms of the i-th stratum. 


(2) А curl on top will represent sample estimate. Thus fly represents the estimate of uy and 1407) 


represents an estimate of V(&y) the variance of by: 


(3) Sample (population) variance of 2, 7 denoted by 42, (52, 0,2) and аў, (оў, 0,2) are defined 


іп а similar manner. 
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b. Common methods of sampling, estimates, and standard errors 


method of sampling estimate formula for variance |. 
of estimate 2) Ра ç 0 ot 


simple random sampling 7 
stratified simple ing 
random? sampling (л; = №№) № 
$ 
шиш шиш ИЙН ОТ т анат ни ua SU DER 


(1) Тһе formula is given for ‘without replacement’ sampling. For sampling with replieesaont-— 
the formula is obtained by putting the corresponding f = 0 and dropping the prime (7) from tho corres- 
ponding с’. 

(2) The expression for an estimate of this variance is obtained by substituting så for ву? (or о) 
апа 8, Їог 5,2 (ог 5%) wherever necessary. 


(3) For stratified sampling, in the general case, the formulae for estimate and its yariance are 
by = вийн, Vly) = Zn (ву) 


where би is the estimate for i-th stratum mean and V(üyü) is the variance of the estimate 


c. Methods of estimation using supplementary variable 


| For simple random sampling, when z, is known, the formulae are as follows : 


method of estimation estimate formula", 2) for variance of 
estimate!) 
ratio method 1 №, = (6,2--2%о;,4- 2022) 
| product method A l t (024280, #5042) 
æ 
diff hod 7 ои аса 
егепсе metho: (4-2)--ш, Fy (07"—20% +07 


regression method) 7--Қи,-2) гч (02—/20;3) 


а» The formula for variance is approximate except for the difference method. The approximation 
assumes that the sample size is large. 


(2) The formula is given for ‘without replacement’ sampling. For sampling with replacement 
the formula is obtained by putting f = 0 and by dropping the prime (7) in c, бу and ogy 


(8) The expression for an estimate of the variance is obtained by substituting 82 for с;2 (or o2), 


eg for бу? (or 02), злу for од (or оду), Ë for Е and b for В wherever necessary. 


(4) The regression coefficient b is estimated from the sample on (y, =) by the formula 92/182 (see the 
table of notations). t 
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d. Modifications required for two-phase samplin$ 

Consider the situation when zg is unknown and sampling for z is cheaper than 
sampling for у. In such cases, we take a sample of size т units for obtaining x and y 
and an independent and larger sample (of size n’ and sampling fraction Р > f) cover- 
ing the 278 only. Then an estimate of д, is obtained from the second sample and 
substituted in the formula for estimates in section с. For such estimates of ду 
expressions for variance would be as follows. 


БЕ SAR NN ҒА лал M йен Ee ee 


method of estimation formula", ? for 
variance of estimate” in two-phase sampling 


r (ph b алыс 2 RS a TEN å 


ratio method = (T —2&02,-- по £u? 


product method Not Woy + 2207.2) + = £g; 
difference method а (072—20 +02) + } = o 
regression method = (в,2-|?о2)-- = Ро 


AE Na d UD БЕП a A EE ee en 


(D, (2) and (9. See footnote to table in seotion c. 


e. Sampling with replacement and with probabilities proportional to size (x) 


Estimate : у == The 
så? 
Variance of estimate : ViR) = x > 
2 
Estimate of variance : PB, = Bet 


f. Two-stage sampling schemes 


А two-stage sampling scheme specifies m,, the number of firs& stage units that 
will be selected in the sample out of a total of M, such units in the population and 
also Ту, the number of second stage units (subunits) that will be included in the 
sample out of a total of Ма; subunits contained in the i-th first stage unit in case 


SAMPLE SURVEY ESTIMATES | ~ 21 
this particular first stage unit is chosen through the first stage iw tion, Let ,7 
МЕ \ | 5 
gren is сакта да 
Л ті ОЛОН (S 
«ү 25 


а TM. 

WO Т, ты’ 

Note that though g, is necessarily a constant ga, could possibly vary from one first 
stage unit to another. For the i-th first stage unit let the total, mean and variance of 
all the second stage units be denoted by Тус Hyi and c? and if the i-th first stage unit 


isineluded in the sample, let the corresponding sample figures be denoted by Tyi ji 
and 5%. If the first stage selection is based on simple random sampling, we 


have 
IST yi 
Estimate : р, = NG 
and ‹ 
1 1— үн 91 А 
Vi : V(&,) = = (01)"+ > 
ariance (Ву) = (c1)*4- уз : 14077) 


^ro Mi 1 P VES 1 N 
whore N= 2 Mn (i= жаз (run) y= tn = мү!» Forexample 


for а simple random sample of second stage unit ga; Ty; provides an unbiased estimate 


Fal 
for тус and. У(да Ту) = шеш (су). In the special case where My = M, and 
2i 


ты; = т = 1, 2, ..., My) this estimate of 7,; leads to the following estimate of д 


the grandmean of all the sample observations. We have 


và = оры TR eir 


where 
ALL a 3. 3 an 
(01) = arca н and (05) = x (ош), 
апа 
C RS 1—f 1-7, 
PG) — ЗА пита 9 
where 
2 — 1 609—0) and $= lg 
1 me = mid yi 


VI. NUMERICAL ANALYSIS 


a. Interpolation 


Interpolation is а process for determining approximately the value of a function 
y = f(x) at an untabulated value z of the argument within the range of tabulation, 
on the basis of a given set of tabulated values of the function. In polynomial inter- 
polation the knowledge of the tabulated values is used to estimate the function, the 
form of which may be unknown, by a polynomial of sufficiently high degree and the 
approximating polynomial is used to compute the required intermediate value. Some 
formulae for polynomial interpolation are given in this chapter. "These are appro- 
priate for tables in which values of the argument are given at equidistant intervals. 


The formulae involve first and higher order differences which are calculated 
as shown below. Note that 


Ay; = Уцаг-Ур AY: = Ау — Ay; ебе... 


TABLE OF DIFFERENCES 


т Yz Differences 
2-3 У-з 
Ду-з 
2: | Уз Азу-з 
Ay-s A’y_g 
па | 94 Азу Aty з 
Aya Азу» Asy.z 
, ю | m Аза [ТУ Ач 
Дуо Asya. Ay.» 
T; yi А?уо Ay 
А | Ат A*yo 
7 Фа | Y2 Азу 
Aya 
23 Уз 


Note: Differences underlined or in bold face have special significance Only with г (Se 
the explanation of certain formulae appearing in the next section. Those underlined appear in Bessel's 
formula and those in bold face in Stirling's formula, 


2 
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b. Formulae 
Let z be the value of the argument at which it is desired to interpolate and the 
interval of the argument at which the ordinates are tabulated. Write u = (w—ay)/h 
where x, is a chosen value of the argument called the initial argument. Four main 


formulae are given depending on the nature of the subsequent arguments chosen in 
relation to initial argument 2%. 


Newton's Forward Formula using arguments zo, 21, d», ... 


y = Yot way el Азу... aM CR A" ye... 


Note that the first (m-+1) terms give a polynomial of the m-th degree fitted 
50 Yo, Ул, ..., Ym The differences used are chosen from the principal diagonal (down- 
wards) of the difference table starting from the initial ordinate %- Тһе addition of 
the ordinate У,у brings in the correction term 


%(и--1)...(и-т--1--1) 
cen Amy, 


which involves the (m-+-1)th order difference at yp. 


Newton's Backward Formula using arguments 2, 2-1, -gs ... 


19:18: m-—1 
Y= орел ЧЕ ду. p MED шт D фи 


Note that the first (m-+1) terms give a polynomial of the m-th degree fitted 
to Ур Уь...У т. The differences used are chosen from the principal diagonal 
(upwards) of the difference table starting from the initial ordinate у. The addition 
of the ordinate y_,_, brings in the correction term 


4(ш--1)...(и-Бт--1--1) 
(m--1)! 


m+, 
AY E 


Stirling's Formula (for —1/4 < u < 1/4, using arguments) zo, 2-1, 24, LOU SC PAS 


2 
Lu ое | 3i AX 


y QupP— 19] ДЗу HAY, айр8- 
А 3! 2 ! 4! 


12 
y = "> 1 Ду +, 


ү2Ц 22-19)... [u®—(m—1)7] Ау FAM Hy ji 
ni" (2m—1)! 1 2 


we) га [u2—(m— 1] 


2m] 210) Yom 
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Note that the first 2m--1 terms give the polynomial of degree 2m fitted to У, 
У- Ут» У-ә Van = Уто Yim The differences used are chosen ав indicated (in bold 
face) in the table of differences. The addition of ordinates y. ,, , and Ym41 brings in 
the correction terms : 


ufu2—12] ... [и —тР] ААУ, ) ии? — а [u2—m?] КО 
(2m+1)! 2 : (2m4-2)! ары 


Bessel’s Formula (for—1/4 < v < 1/4, v = u—4) using arguments Lo, 21, 2-1) Vg: +++ 


EL go fL 


зун ћу 


= 
= 
2225 
— 

e 

Å 
--- 
to 02 


ШИГЕ 


s) ] Ауа АЧ p sje 3) Ї (8) | ААГ 


“рл n ШЫ алы ай 20 


Note that the first 2m terms give the polynomial of degree 2-1 fitted to 
Ур Vv Ya» Уа +++ > У-ты» Ут: The differences used are chosen as indicated (underlined) 
in the table of differences. The addition of ordinates /. Урал» brings in the correc- 
tion terms 


(А VEN] жеу ms 


Мыш sias 


c. Choice of formulae 


Once the tabulated values to be used for interpolation are selected, it is 
immaterial which formula is used to obtain the desired value. For example if f(7), 
f(9), FUD), f(13), /(15) are available and it is decided that all these values should be 
used for obtaining f(11.4) one may stop with the fifth term of either Newton’s Forward 
formula (with %--7 and u= (11.4—7) +2 = 2.20) or Stirling’s formula (with 
ж) —11, u = (11.4—11) 2 = 0.20) the result obtained being the same, as the m-th 
degree polynomial whose values coincide with the values of the function at the 
(m-- 1) selected arguments is unique. But in practice, after obtaining an interpolated 


D 


si · | 
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value based on a certain number of arguments, one may decide to consider a few 
more and compute the necessary correction to the value already obtained. The 
different formulae listed above are useful in different situations, depending on the 
Positions of the additional arguments in relation to those already used. Newton’s 
formulae requires the knowledge of additional tabulated values for arguments that are 
always on one side of 2, moving further away from z, at each successive step. With 
Stirling’s and Bessel’s formulae the extra terms utilised will be chosen symmetrically 
from either side of zo. 


To begin with, the tabulated value of the argument close to z is chosen as 
% giving the first approximation to у as yy. If the subsequent values chosen are 
Tı, Tə, ... , Newton’s Forward formula is used for step-by-step correction. If the subse- 
quent values chosen are £, 5,.., Newton’s Backward formula is used. If the 
subsequent values chosen are in pairs (21, 21), (2-д, 2), ... Stirling’s formula is chosen. 
Or, one may begin with the pair (zo 24) giving the first approximation to y as 
(YotYx)/2+-(u—4)Ayo, and then add the pair (x 1, =) and so on. In such a case, 
Bessel’s formula is used. Note that in each case, we add extra terms to the formula 
already obtained, as we bring in additional arguments either individually or in pairs. 


4. Switching from one formula to another 


It is not necessary to choose the arguments in only one particular manner 
throughout, in any given problem. If the tabular entries are limited on one side, 
it is not possible to carry out the central difference formula (Bessel or Stirling) to 
any sufficient length. Then the procedure is to use the central difference formula so 
long as the tabular entries permit, and then switch over to Newton’s Forward or 
Backward formula, depending upon the direction in which subsequent values are 
chosen. The switching over is done only to obtain the correction terms by the new 
formulae without altering the approximation already obtained by the earlier formula. 
Thus, suppose in the numerical example considered above the fourth degree polyno- 
mial approximation obtained through Stirling’s formula is found inadequate and 
further tabulated values are available only on one side of 11.4, say f(17), (19), ..., then 
corrections to the interpolated value could be obtained from the sixth and succeeding 
terms of Newton’s Forward formula. 


u(u—1).. 
6! 


where u = (x—17)/2 = 2.2. 


· (и—5) Asf(7)-+- ыс 


шр сщ Atf(7)+... 


e. Some quadrature formulae 


Numerical differentiation and integration are processes for approximate evalua- 
tion of derivatives and of definite integrals respectively when the function 
concerned is defined only by a table of ordinate values at discrete points. In either 
process, the function is first replaced by an interpolation polynomial which is сопуеш- 
ently differentiated or integrated. The numerical integration coefficients in Table 
15.1 were obtained on the basis of Stirling's formula. 


4 
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Simple quadrature formulae using the ordinates within the range of integration 
are given below. ў 


(i) Simpson's one third rule (3 ordinates) 
Irene = өлөн (527) +}. 
(ii) Extension of Simpson’s rule by repeated application (2n-+1 ordinates) 
Іледе = esf ofc) 4f(a- F9) HO) 


where h = (b—a)/2n and n is an integer to be chosen. 


(iii) Three eighths rule (4 ordinates) 


frenis = "ct {assess [r (P) ( ]} 


(іу) Hardy's formula (5 ordinates) 


ШЕ == ог8г(0)--1001--1.62 | 7( 7% WEE )+/( ае ШЕРІ 22. 


(v) Weddle's rule (7 ordinates) 
yis = оз адна 0 
-Hf(a-E23)-f(a--41)]--8/ a+, h= 0-0). 
(vi) Shovelton's formula (11 ordinates) 
[лев = 2A уд он а-а) Ла 1ДЕ ВН. 


ғіңДа--28)--(а--4--Да--68)--Қа--88--36а--58), 7 = (b—a)/10. 
For other formulae using external ordinates and the values of the multiplying 
co-efficients, see Table 15.1. 
Е. Summation formulae 
Summation formulae given here are also useful for numerical integration 
G) Buler-Maclaurin sum formula. 
S@+f(G+h)+...+f(a-rnh) 


atnh 


= Vf" fatis tfe) farne 2 e 1 dør 70], 
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where 6, = Ву | 2(8-+1) | and В, are Bernoulli numbers given in Table 17.9. with 


5 1 1,7 1 1 
the first few cocfficients as follows, бо = јр 01557777 0? 62 = 39549 ° = — 1809600 ' 
1 5 4 
e = 21900160" Tn practice, only tho first two or three terms in the last summa- 


tion need be considered 
(ii) Gregory's sum formula 
f(a)--f((a-1-h) 4... -f(a-- nh) 


atnh 


-- pode: (Лада). E g [Af atis (УВ 


where the coefficients g,, are given by £ g, Ё = tflog (1—4) and the first fow co- 
s=0 


5 1 1 19 8 863 
efficients are as follows gı = 157 92 = с, % = 150} = 160° о 


275 


9 = 24109: 
$. Solution of equations by algebraic methods. . 


(i) Quadratic equation 
The roots of aa?--bz--c = 0 are 
— ВУ —4а0 —b—4/D3—4ac. 


7% = 


%= 


га 2a 
(ii) Cubic equation 
The general cubic may be written 
аса? - 0s = 0. МИ) 


Setting x = y— е, the equation takes the simple form 
у py--q = 0 25146) 


1 1 2 
where p = 04—3 0b 1= 6-3 субут cj. The roots of (2) are obtained by sub- 


tracting c,/3 from each of the roots of (2). The roots of the reduced equation (2) 
are all real if g?--(4/27)p? < 0. In such a case find a value of 0 using Table 17.7 such 
that 

sin 30 = —49/r3 sv. (8) 


where r = 2 /—gp[3. If 0 = а is а solution of (3), then the three roots of (2) are 
y, = —rsina, yy = r sin [s +e), y, = rsin (-g +e ). ... (4) 


When 42--(4/27)рд > 0, two of the roots are imaginary. Let Q denote any one 
of the three values of і i 
Ө0-44-У4--04127)рэ)р в) 
and с be ап imaginary cube root of unity. Then the three roots of (2) are 
y; = Q—p[3Q, y, = 9д-о2р/80, уз = 0%Q—0p/3Q. - (6) 


‹ 
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(іі) Quartic equation 
The general quartio equation is written 
a23-1L-4b23-4- бед Ада -+е = 0. 2247) 
First find а root of the cubic 
83— 3cs?-I-(4bd —ae)s-]-3(ace— 2ad?— 2eb?) = 0 31408) 
by the method indicated in (ii). Let 8, be а root. Then compute t, = (8,—0)/2, 
m4 = ^/at,--b3—ac, m = (268 4-bc—ad)|m,. ... (9) 
Then the four roots of the equation (7) are the roots of the two quadratios 
ад2--202--6- 25 = 2mgv--n, 
аз2--282-н6- 24 = —(2m, +7) | 


Note: Polynomial equations of higher degree than 4 cannot be solved by algebriac reduction. The 
roots have to be found numerically by methods of successive approximations. The following book may 
be consulted for such methods, 


J. В. Scarborough (1962). Numerical mathematical analysis. 5th. edition, Johns Hopkins Press, 
Baltimore. 


(10) 
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PART II 
TABLES WITH EXPLANATORY NOTES 


1. THE BINOMIAL DISTRIBUTION 
1.1. Tue BINOMIAL COEFFICIENTS ( =] 


а. Introduction 


Table 1.1 contains values of ( 5 ) = m , n = 3(1)30, r = 201) [2/2]. 
Un—r)! 


The following formulae help to obtain (*)tor the values of r that are not given 
in Table 1.1. 


b. Application 
Table 1.1 can be used for computing individual terms 6(2 | т, n) = ( 5 ) nm (1—m)"* 
of the binomial distribution. 


Example Letn = 10, п = 0.73; then 0 = пј1—п) = 2.70370. The tabular 
scheme below shows the essential steps in computation. The first entry in column (3) 
is (1—7)! = 0.05205891. Тһе values which follow are obtained by successive multi- 
plication with 0. 


9 (") * т&(1—т)”—® Мг|т,т) 
(1) (2) (8) (4) =(2) x (8) 

0 1 0.05205891 0.0000 

1 10 0.05556667 0.0001 

2 45 0.0%150506 0.0007 

3 120 0.04406923 0.0049 

4 210 0.03110020 0.0231 

5 252 0.03297461 0.0751 

6 210 0.03804245 0.1689 

7 120 0.02217444 0.2609 

8 45 0.02587903 0.2646 

9 10 0.0158951 0.1589 
10 1 0.0429756 0.0430 


* From Table 1.1. 
If accuracy upto k places of decimal is required in b(x |7, т), it is advisable to calculate 
both (1—7) and 0 correct to (2--2) significant digits and to retain (0--2) significant 
digits а% each stage in column (3). 
The table of binomial coefficients is also useful in computing : 
(i) multinomial coefficients, since 


n! = (9) (т) х (matr) 


ту! To! ee ТА! тү 7 Тыл 


and (ii) the individual terms of the hypergeometric distribution, given by 


(fade) 


TABLE 1.1. THE BINOMIAL COEFFICIENTS (7) 


[n —3 (1) 3014» 


r=2 r=3 т=4 r=5 r=6 r=7 r=8 r=9 r=10 т 11 т 12 т r 14 т 15 
3 
6 
10 
15 20 
21 35 
28 56 70 
36 84 126 
45 120 210 252 
55 165 330 462 
66 220 495 792 924 
78 286 715 1287 1716 
91 364. 1001 2002 3008 3432 
105 455 1365 3003 5005 6435 
120 560 1820 4368 8008 11440 12870 
136 680 2380 6188 12376 19448 24310 
153 816 3060 8568 18564 31824 43758 48620 
171 969 3876 11628 27132 50388 75582 92378 
190 1140 4845 15504 38760 77520 125970 167960 184756 
210 1330 5985 20349 54264 116280 203490 293930 352716 
231 1540 7315 26334 74613 170544 319770 497420 646646 705432 
253 1771 8855 33649 100947 245157 490314 817190 1144066 1352078 
276 2024 10626 42504 134596 346104 735471 1307504 1961256 2496144 2704156 
300 2300 12650 53130 177100 480700 1081575 2042975 3268760 4457400 5200300 
325 2600 14950 65780 230230 657800 1562275 3124550 5311735 7726160 9657700 10400600 
351 2925 17550 80730 296010 888030 2220075 4686825 8436285 13037895 17383860 20058300 
378 3276 20475 98280 376740 1184040 3108105 6906900 13193110 21474180 30421750 37442160 40116600 
406 3654 23751 118755 475020 1560780 4292145 10015005 20030010 34597290 51895935 67863915 77558760 
435 4060 97405 149506 593775 2035800 5852925 14307150 30045015 54627300 86493225 119759850 145422675 155117520 
r=2 r= r=4 r=6 r=6 r=7 r=8 r=9 r=10 =н r= 12 т= 13 т= 14 т = 15 


G) For higher values of n < 100 see, Tables of Binomial Coefficients by J. C. P. Miller, Cambridge university Press, 1954. 


Note: Values of ( 2) are given for r = 1, 2, | F 


n 


| For higher values of 7 observe that ( ) = ( 


n 
T 


n 
n—r 


) 
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1.2. INDIVIDUAL TERMS 
a. Introduction 
Table 1.2 gives, to five places of decimal, the values of 2] z, т) 
== ( дтп)", д = 0(1) for n= 5(1)15, and for the following selected values of л: 


1 1258 1 1 ADEE nl 
0.01, 0.02, 0.05, 18 0.10, 9 0.20, 4? 0.30, 87 0.40, 16 9' 2: 
Note that since blæ |m, n) = b(n—x|1—7, т) the coverage is automatically extended 
to the following additional values of 7: 


5119 2 к ЖА САЙ 15 
| 70, 3 0.80, 90,19 0.95, 0.98, 0.99. 
5,590.60, 5, 0.70, +, 0.80, 0.90, 15, 0.95, 0.98, 0.99 


Tho fractions correspond to values which occur in genetical studies. The values 


0.01, 0.02, 0.05 correspond to critical levels generally used in tests of significance. 

Table 12 has been obtained by differencing from a table of cumulative 
probabilities which is correct to 5 places of decimals. Some entries in this table are 
therefore in error by --1 in the last place ; this is indicated respectively by — or + 
sign against the entry. 

b. Interpolation in Table 1.2 

The following formula based on Taylor expansion could be used for interpolating 

at a specified value of 7. Let 7, be a tabular argument closest to 7. Thon 
зп, п) = b(z | то, n)—dnA 5(2—1 | то, 1-1) 


+ 2117 b(a—2| по, n—2)4- +: 


where 
4- im (n)g = n(n—1) ... (n—k--1), 


R= d P (пуызДе b(æ—k—1 |*, n —k—1) 


л" being some intermediate value between z and ло and A, АЗ, ... represent differences 
of successive order taken with respect to 2. 


Example 1. То compute b(2|z, n) for п = 10, п = 0.27. Неге 7, = 0.25, 
d = 0.02. 
52 | 0.27, 10) = 0.28156— 0.02 x 10(0.30034— 0.22526) 


(0.02)? 
EST x10x90.31146—2x0.26697+0.10011) 


= 0.28156—0.2 x 0.07508--0.018(—0.12237) = 0.26434. 
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Example 2. Out of 10 tests carried out on parallel sets of data, 3 were signi- 
ficant at 1% level. Are the results significant on the whole ? 


To answer this question we have to determine the probability of obtaining 
3 or more significant results, i.e. the probability of obtaining 3 or more successes іп 
10 trials when the probability of sucess at each trialis 0.01. Using Table 1.2, for 
n = 10 and 7 = 0:01 the required probability is 


1—[Pr(z = 0)4-Pr(z = 1)+Pr(w = 2)] 
=1—'(0.90438--0.09135--0.00416) = 0.00011 


which is very small indicating that the results are significant on the whole. If only 
one were significant out of ten, then the probability 


1—0.90438 — 0.09562 
is not small enough to declare overall significance. A 


Table 1.2 is not exhaustive. For other values of 7, for higher accuracy or 
for higher values of n, one may either consult more extensive tables or compute the 
values directly as illustrated in 1.1b 


с. Some other tables 


1. NATIONAL BUREAU or STANDARDS (1950): Tables of the Binomial Probability Distribution, Applied Math. 
Series No. 6, Washington. 
Individual terms and cumulative sums (cumulated from above) correct to 7 places for т = 0,01 
(0.01) 0.50 and п = 2(1)49. 

2. Rome, Н. G. (1953) : 50-100 Binomial Tables, John Wiley & Sons, New York and London. 


Individual terms and cumulative sums (cumulated from below) correct to 6 places for m = 0.01 
(0.01) 0.50 and » — 50(1)100. 


3. U. S. Army ОврхАкск Corps (1952): Tables of the Cumulative Binomial Probabilities, Ordnance Corps 
Pamphlet ORDP 20-1. 

Cumulative sums (cumulated from above) correct to 7 places for т = 0.01(0.01) 0.50 and 
n = 1(1)150. 

4. HARVARD UNIVERSITY, COMPUTATION LABORATORY (1955) : Lables of the Cumulative Binomial Probability 
Distribution, The Annals of the Computation Laboratory of Harvard University, 35, Cambridge 
(Massachussetts). 

Cumulative sums (cumulated from above) correct to 5 places for т = 0.01(0.01) 0.50; 1/12(1/12) 
5/12; 1/16(1/16) 7/16 and n = 1(1) 50(2) 100(10) 200(20) 500(50) 1000. 

5. WEINTRAUB, 8. (1963): Tables of the Cumulative Binomial Probability Distribution for Small Values of 
р, The Free Press of Glencoe, СоШет--МастаШал Ltd., London. 

Cumulative sums (cumulated from above) correct to 10 places for т = 0.00001, 0.0001 (0.0001) 
0.0010 (0.0010) 0.1000 and n = 1(1)100. 
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TABLE 1.2. THE BINOMIAL DISTRIBUTION: INDIVIDUAL TERMS 


т = 0.01 


[n = 5(1)15; selected values of т] 


.91352 
.08304 4- 
.00336 
.00008 


10 


п 


0005300 л оор шо сәэлеьккыено доа Ссл нь Фо о Ф TAMAS DHS счелњемно олесокесо TRUM OS 


7 = 0.02 т= 0.05 т= 1/16 т= 0.10 т= 19 т = 3/16 т = 0.20 
.90392 . 77378 .72420 .59049 ‚55498 „85409 -32768 
‚09224 „20363 .24140 .32805 .34683 .40857 .40960 
.00376 .02143 .032184- .07290 ‚08671 .18857 .20480 
.00008 .00113 .00215 -00810 .01084 .04352 .05120 

- „00003 ‚00007 00045 „00067 + 00502 .00640 
tet — — .00001 .00002 .00023 ‚00032 
‚88584 „73509 „67898 „58144 .49327 .28770 .26214 
‚10847 .23214— .27158— „35429 .36995 :39835 .39322 
00554— .03054 .04526 .09842 „11561 .22982 .24576 
.00015 .00214 .00402 .01458 .01927 .07072— .08192 
— 00009 — .00020 „00121 + .00181 .01224 .01536 
ud — .00001 .00006 — .00009 .00113 .00154 
— - E — = .00004 .00006 
.86813 69834 63650 .47830 .43846 .23376 .20972 
.12401+ .25728 .29703 .37201 .38366 — .87760-- .36700 
.00760 — ‚04062 ‚05941 .12400 .14387 .26142 .27525 
-00025-- .00357-- .00660 .02296 .02997 ‚10055 ‚11469 
‚00001 .000184- .00044 .00255 .00375 .02320 .02867 
— .00001 .00002 -00017 .00028 .00321 .00430 
= - - „00001 «00001 ‚00025 .00036 
- - гт = = «00001 .00001 
. 85076 . 66342 .59672 .43047 ‚38974 .18993 .16777 
.13890 .27934— .31825 „38263 + .38975— .35063 .33555— 
.00992 .05145-- .07426 .14881— .17061 .28321— .29360 
‚00041 ‚00542 ‚00990 .03307 .04263 .13071 .14680 
.00001 „00035 + - 00082 + - 00459 «00666 408770 .04587-- 
- ‚00002 ‚00005 — 00041 „00067 «00696 00918 
225 — — .00002 .00004 .00081— .00115 
- = шин m. mM «00005 .00008 
.83375 ‚63025 ‚55942 „38742 . 34644 .15432 .13422 
.15314 29854 .33566 — .38742 .38974 .32050 .30199 
101250 .06285 .08951 .17219 .19488— .29585 .30199 
.00059+ .00772 .01392 404464 .05683 4- .15930 .17616 
.00002 . 00061 .00139 400744 «01066 .05514 .06606 
-- .00003 .00010— «00083 .00133 .01273 .01651 
ыл - - .00006 .00011 .001954- .00276 — 
.00001 .00020— .00029 
-- - Se) = — .00001 .00002 
.81707 59874 .52446 .34868 .30795 ..12538 . 10737 
. 16675 .31512 .34964 .38742 .38493 .28934 .20844 
.01532— .07464 — .10489 .19371 .21652 .30047 .80199 
.00083 .01047+ . 01865 .05739-- .07218— .18491 .20133 
.00003 .00097— .00218 :01117— .01579 .07467 .08808 
-- .00006 ‚00017 .00148-- .00236-- .02068 .02642 
— — .00001 .00014 .00025 .00398 .00551 
саг = — .00001 .00002 .00052 .00078+- 
UC .00005 .00008 — 
.80072 .49168 -31381 -27373 . 10187 .08590 
.17976 .36057 38355 „37638 .25860 .23622 
01834 .08665 + . 12019 .21308 .23524 .29839— .29528 
00112 .01369— .02403-- .07103 .08821 .20657 .22146 
.00005 . 00144 .00321 .01578 .02205 .09534 .11073 
— .00010-- .00030 .00245+ .00386 .03080 03876 
ae ‚00001 ‚00002 -00028— .00048 .00711 „00968 + 
e — — .00002 „00005 — 400117 .00173 
223 - - => -- -00014 «00022 
== — == == - «000015 00002 


Note: То obtain 5 decimal accuracy for individual terms add (subtract) 1 in the last place if 
inst an entry. For obtaining cumulative probabilities to 5 decimal accuracy the 


there is +(—) sign ада 


entries have to be added ignoring the + and — signs. 


— 
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TABLE 1.2 (continued). ТНЕ BINOMIAL DISTRIBUTION: INDIVIDUAL TERMS 
[п = 5(1)15; selected values of т) 


n 2 п = 1/4 т = 0.30 ж = 1/3 т-- 0.4404 тп-17/16 n= 4/9 ж = 12 
| 
| 5 0 „28730 - 16807 . 13169 . 07776 .05631 .05292 . 03125 
1 .39551 .36015 .32922 .25920 .21900 .21169 „15625 
2 .26367 .30870 .32921+ .34560 .34066 .83870 .81250 
| 3 | .08789 .13230 ‚16461 .23040 .26496 .27096 .31250 
| 4 | . 01465 .02835 .04115 .07680 .10204 .10839— .15625 
| 5 .00098 .00243 .00412 ‚01024 .01608 .01734 .03125 
| 6 0 .17798 ‚11765 .08779 „04666 .03168 .02940 :01562 
| 1 .85596 .302524- .26338— . 18662 . 14782 . 14113 . 09875 
| 2 | .29663 ‚32414 .32921+ "31104 „28748 .28225 .23438 
3 ,131834- .18522 .21948 .27648 .29808 .30107 .31250 
4 .03296 .05953 .08231— .13824 .17388 .18064 .23437 
5 | '.00440— . 01021 . 01646 .03686 . 05410 „05780 + .09375 
6 .00024 .00073 „00137 .00410 „00701 400771 .01563 
7 0 .13348 .08235 .05853 .02799 .01782 . 01633 .00781 
1 .31147— .24707— „20484+ . 13064 ‚09701 .09147 .05469 
| 2 .81146 .31765 .30727 .26127 „22635 .21953 .16406 
3 .17303 .22689 .25606 .29031- .20342 .29271 „27344 
4 .05768 .09724 .12803 .19353+ .22822 .23416 .27344 
| 5 ‚01154 .02501-- .03841 .07742— .10650 .11240 .16406 
| 6 .00128 „00357 00640 „01720 402761 .02997 * .05469 
7 00006 00022 „00046 „00164 «00807 .00343 .00781 
) 8 0 .10011 .05765 .03902 .01680 .01002 .00907 .00391 
| 1 .26697 .19765 „15607 .08958 .06237 — .05808 .03125 
1 2 81146 .29647-- .27313 .20901-- .169764- .16261 .10937 
| 8 .20764 .25413— .27313 .27870-- .26408 .26019— .21875 
| 4 .08652 .138134- .17071 .23224 .25074 .28018 ‚21844 
} 5 .02307 . 04668 .06828 .12386 .15976— «16652 . 21875 
| 6 .00385 .01000 .01707 .04129 .06212-- +06880+- .10937 
7 .00036-- .00122 .00244 .00786 .01381 .01522 .03125 
! 8 00002 .00007 .00015 .00086 .00134 .00152 .00391 
9 0 .07508 .04035 .02601 .01008 ‚00564 .00504 ‚00195 
1 .22526— .15565 .11706 06046 + .03946 .03630 .01758 
2 .30034 .26683 .23411 .16125 — .12278 .11615 .07031 
3 .23359-- .26683 .27313 .25082 .22282 .21682 .16407— 
4 .11680 .17153 .20484-- „25082 .25995 ° .26018 .24609 
5 .03894-- .07352— .10243— ‚16722 .202184- „20815 .24609 
6 „00865 .02100 103414 .07432 10484 311101 .16407— 
7 .00123-- . .00386 .00731-- 02123 . 03495 .03808 .07031 
| 8 .00011— .00041 .00092— .00354 -006794 -00781 01758 
9 - .00002 .00005 .00026 .00059 .00068 .00195 
10 0 „05631 ‚02825 „01734 «00605 400317 ‚00280 .00098 
1 .18772— .12106 „08671 404031 02467 — 402241 .00976+ 
2 .28156+ .23347 .19509 .12093 .08632-- -08066 .04395 
| 3 .25029 .26683 .26012 .21499 .17905 .17208 .117184- 
1 4 .14599-- .20012 .22761 .25082 .24971 .24091 .20508 
5 .05840 .10292 .13657— .20066 .22746 .23127 .24610— 
6 .01622 .03676 .05690 .11148 .14743 .15418 .20507+ 
7 ‚00309 .00900 .01626 .04247 -06552 -07049 — .11719 
8 .00039 .00145 .00304-- .01061-- 01911 -02114 „04395 
9 «00003. .00013-- .00034 .00158— „00330 -00376 .009764- 
10 - .00001 .00002 .00010 .00026 .00030 .00098 
| 11 0 .04224 .01977 .01156 .00363 .00178 .00156 .00049 
| 1 .15486 „09322 06359 02660 + .01527— .01369 .00537 
| 2 .25810 .19975 .15896 .08869 — .05935 „05477 .02685-- 
3 .25810 .25682 .23845 .177364- .13848 .13145 .08057 
4 .17207 .22014— .23844-- .23649 .21542 .21032 .16113 
5 .08030 .13208 .16691 .22073-- ‚23451 .98555-- „22559 
6 402677 .05660-- .08346 .14715 .18244 .18845 — .22559 
T „00637 „01733 02981 407007 .101354- .10768 .16113 
8 .00106 .00371 .00745 .02336 -03942 .04307 .08057 
р 9 400012. .00053 .00124 .00519 .01022 .01149 .02685+ 
10 .00001 .00005 .00012 .00069 .00159 .00184 .00537 
11 -- — .00001 .00004 .00011 .00013 .00049 


^ 
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TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION : INDIVIDUAL TERMS 


[n = 5(1)15; selected values of т] 
————————————————————————7€ 


п а |т=0.01 т=0.02 т-0.05 т= 116 п=0.10 т=19 т = 3/16 т = 0.20 
12 0 | .88638 .78472 .54036 .46095 .28243 .24332 .08277 .00872 
1| .10745— .19217-+  .34198 .36876 .37657 .36497 .22921 .20616 | 
2| .00596+  .02157 .09879 .13522— 93013 .25092 .99093—  .28347 | 
3 | .00021— .00147 .01733 .03004-- .08523 .10455 .22379 .23622 
4 - .00007 .00206— .00451 .02131 .02940 -11619-+  .132874- | 
5 - - .00017 .00048 .00379 .00588 .04291— .05315 | 
6 - - «00001 «00004. .00049 .00086 101155 .01551— ! 
7 = m - - .00005 .00009 .00228 .00332 I 
8 - - - - = .00001 .00033 .00052 | 
9 = — .00004— .00006 | 
13 0| .87752 .76902 .51334 48214 25419 21628 ‚06725 .05498 
l| .11523 .20403 .35194—  .37453—  .36715+ .35146 .20176 .17867 
2 | .00698 .02498 .11091-- .149804+  .24478— .26359 .27935 .26800 + 
3 | .00026 .00187 .02141—  .03662 .09972 .12081 .23638 .24567 
4 | .09001 .00010 .00281-- .00611— .09770 .03775 .13637 .15355 
5 — — .00027 .00073 .00554 .00850— _ .05664+ .06909-- | 
в — - .00002 .00007 .00082 .00142 .01743 .02304— 
7 — — — - «00009 .00017-- .00403— .00575-- 
8 - — — — .00001 .00002 .00069+ .00108 
9 — — - - 1. — .00009 .00015 
10 — - - - - - .00001 .00002 
14 0| .86875 . 75364 .48767-- .40513 .22877 19225 .05464 .04398 3 
1 | .12285 .21533 .35934 .37813— .35586 .33644 .17654 .15393 
2 | .00806+  .02856 .12294— .16385 .25701 .27335 .26480 .25014 
3 | .00033 .00233 .02588 .04370— — .11423 .13668 .94444— .95014 
4 | .00001 .00013 .00374-- .00801 .03490 .04698 .15512 .17197 
5 — 400001 .00040—  .00106+ .00776 .01175 .07159 .08599 
6 - - .00003 .00011 .00129 .00220 .02479—  .03224 
7 = = - “00001 .00016 .00031 .00653+ .00991 
8 — — — — .00002 .00004— .00132 .00202 
9 2- = E E ши ==" .00020 .00033 + 
10 - - - - - - .00003— .00005— 
15 0| .86006 .73857 .46329 .37981 .20589 .17089 .04440 .03518 
1| .13031 .22609 „36576 .37981 .34315 .32041-- .15368 .13195— 
2| .00921 .03230 ‚13415 117795 .26690 .28037--  .24825 .23089+ 
3| .00041— .00286 .03073 .05120 .19850-- .1Б186 .24825 .25014 
4 | .00001 .00017 .00486— .01025— .04284 105695 117187 .18761— 
5 = .00001 .00056 .00150 .01047 .01566 .08726 .10318 
6 -- - 00005 .00016-- .00194 .00326 .03356 .04299 
7 — — — .00002—  .00028 .00053— .00996 .01382 
8 E АХ ын = .00003 .00006-- .00929-- .00346— 
9 — — — — — .00001 .00042— .00067 
10 — - - - - - .00005-- .00010 
11 22 ЖЭ 25 = = == .00001 .00001 


12 


13 


14 


15 
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TABLE 1.2 (continued) ТНЕ BINOMIAL DISTRIBUTION: INDIVIDUAL TERMS 


[п = 5(1)15; selected values of т) 
was T J I ETT L ВИ U NNI ZUM UU. u. 


= п= 14 m-—0.30 z = 1/3 n= 0.40 
0 - 03168 .01384 .00771 .00218 

1 .12670-- — .07119— 04694 401741 

2 .23230— .16779 12717 „06385 

3 .25810 .23970 .21195 .14190— 
4 .19358 .23114 .23845 .21284 
5 .10324 .15849-- .19076 .22703 

6 .04015 .07925 .11127 .17658 

7 .01147 .02911 .04769 ‚10090 

8 .00239 -00780 .01490 .04204 

9 .00035 .00148+ — .00332— .01246 
10 .00004 .00019 .00049-- .00249 
11 — .00002— .00005 .00030 
12 -- - = .00002 

0 .02376 .00969 .00514 .00131 

1 .10295 .05398 .03340 .01132 

2 .20589-- .13881 .10019-- .04527+ 
3 .25165 .21813 .18369 .11068 
4 .20971 .23370+ — .22962— .18446 

5 .19583 .18029 .20665 .22136— 
6 .05592 .10302 .18777 .19876 

7 .01864 :04416— .06889— .13117 

8 .00466 .01419 .02583 .06559 

9 .00086 .00338 .00717-- .09429 
10 .00012 .00058 .00144 .00647-- 
11 .00001 .00007 .00019-- .00118 
12 - - .00002 .00013 
13 ТЭ 25 = .00001 

0 .01782 .00078 .00343 .00078 

1 .08315 .04070—  .02397-- .00732— 
2 .18016 .11336 .07793 .03169 

3 ‚24021 .19433 . 15586 .08452 

4 .22019 .22903 .21431 .15495 

5 .14680 .19632—  — .21431 .20659-|- 
6 .07340 .12620 .16073-- .20660 

7 .02796 .06181 .09184+ . 15741 

8 .00816 .02318 .04019— .09182 

9 .00181 «00662. 101339 104081 
10 .00030 .00142 .00335 .01360 
11 .00004 «00022, 400061 .00330 
12 — .00003— ^ .000074- .00055 
13 — — .00001 .00006 
14 pu 

0 .01336 .00475 .00228 .00047 

1 06682 .03052 .01713 .00470 
2 .15591 .09156 .05995 .02194 

3 .22520 .17004 .12988 .06339 

4 .22520 .21862 . 19482 .12678 

5 .16514+ .20613 .21431— ‚18594 
6 109175 .14724 .17859 .20659-- 
7 .03932 .08113 .11481 .17709— 
8 .01311 .03477 .05740 .118054- 
9 .00340 .01159 .02233— .06122— 
10 .00067-- .00298 .00669-- 024484 
11 .00011— .00058 .00152 .00742 
12 .00001 .00008 .00026— .00165 
13 = «00001 .00003 .00025 
14 .00003— 


= = 716 


.00100 
.00937 — 
04006 
- 10386 
.18176 
.22619 
.20525 
.13683 
-06651-- 
.02300-- 
.00536+ 
‚00076 
.00005 


.00056 
.00571 
-02663 
-07595 
. 14768 
.20075 
.21441 
.16677— 
.09727+ 
.04204— 
.013074- 
.00278— 
«00036 
-00002 


00032 
00345 + 
401748 
405437 
11630 
18091 
.21106 
‚18761 
.127074- 
.06621-- 
„02574 + 
.00729— 
.001414- 
.00017 
.00001 


.00018 
.00208 
.01135— 
.03823 
.08920-- 
.15264 
.19787 
.19787 
.15390 
.09309-- 
„04345 
01536 
«00398 
.00072— 
.00008 


m = 4/9 


‚00086 
«00830 
03652 — 
409737 
.17526 
.22434 
.20938 
.14358 
.07179 
-02552 
-00813 
00089 
00006 


-00048 
-00499 
.02398— 
.07032 
+ 140655 
.20252+ 
.21603 
.17283— 
.10369 
.04609 
.01475 
.00321-- 
. 00043 
-00003 


„00027 
„00298 + 
01554 
-04973 — 
«10939 
- 17502 
.21003 
.19203 
.13442 
.07169 
.02867+ 
00834 
„00167 
«00021 
00001 


.00015 
‚00178 
. 00996 
. 03453 
.08287 
. 14585 
. 19447 
.20003 
.16002 
.09957 
.04780-- 
.01738 
„00463 
„00086 
„00009 + 
«00001 


n= 1/2 


«00024 
00293 
-01612— 
405871 
. 12085 
. 19336 
-22558 + 
. 19336 
. 12085 
.05371 
:01612- 
.00293 
00024 


.00012 
.00159 
.00952 
03491 
‚08728 
.15711— 
.20947 
.20947 
.15711— 
.08728 
03491 
.00952 
00159 
-00012 


00006 
00086 — 
‚00555 
02222 
.061094- 
.12220— 
.18328+ 
.20948 — 
.183284- 
.12220— 
.06109+- 
.02222 
00555 
.00086 — 
.00006 


.00003 
.00046 
.00320 
.01389 
.04165+ 
.09165— 
.15274 
.19638 
.19638 
.15274 
.09165— 
.041654- 
.01389 
.00320 
.00046 
.00003 
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1.3. CowripENOE INTERVALS For THE BINOMIAL PROPORTION 
а. Introduction 


Table 1.3 furnishes two sided 95+% and 9959, confidence limits for the 
unknown binomial proportion z, corresponding to the number of trials » and the 
observed value of 2. 

These confidence limits have the property, that compared to any other 
system of limits with confidence coefficients not less than 95%, and 99%, the total 
length of confidence intervals corresponding to z = 0, 1, ..., n is the least. For details 
see Crow (1956, Biometrika, 43, 423-435) and Sterne (1954, Biometrika, 41, 275-278). 

The confidence limits given in Table 1.3 are correct to three places of 
decimal and аге for n = 1(1)30 and 2 = O(1)[»|2]. If z is greater than [n/2], n—« 
would be < [2/2], and the table can be read for confidence limits for the complementary 
proportion (1—7) from which the confidence limits for т are obtained. 

Example. Suppose n= 25 and z—14. Thenn—x=11. Entering Table 1.3 
with 2 = 11 and n = 25 the 95% limits for 1—7 are seen to be (0.238, 0.664) which 
means that the 95% limits for т would be (1—0.664, 1—0.238) = (0.336, 0.762). 

b. One sided confidence intervals 
Тһе 10029/ lower bound for z is the smallest value of т, satisfying the inequality 


P(d; n, n) = X b(r| п, т) > 1—а, where d is the observed value of >. 
тей 


1 т 4-1 
Ban-dan* 07 
this lower bound is seen to be the lower 100(1--0) % point of the beta distribution 
with parameters d and %--4--1 respectively. (See Table 6.2 for percentage points of 
the beta distribution). Similarly the 100x% upper bound on т is given by the upper 
100(1—2) % point of the beta distribution with parameters 44-1 and n—d respectively. 
с. Tests of significance | 

"Table 1.3 сап also be used for testing а simple hypothesis on 7, when alter- 
natives are both-sided. If = d be the observed value of z in n trials, we find, from 
Table 1.3 the corresponding 100x% confidence interval for л. А null hypothesis 
which assigns а value of z outside the confidence interval is rejected at the 
100(1—а)% level of significance. : 

Example. 18 tosses of a coin result in 5 heads. Is this compatible with the 
hypothesis that the coin is unbiased ? 


Since Pid; m, n) = y^ at, 


Неге n = 18, x = 5. The corresponding 95% confidence interval for т being 
(0.116, 0.556), the hypothesis л = 0.5 cannot be rejected at the 5% level of significance. 

Table 6.2 (percentage points of the beta distribution) can be similarly used for 
testing a simple hypothesis on z, when alternatives are one-sided. Suppose in the 
above example the hypothesis т = 0.5 is to be tested against alternatives т < 0.5. 
Тһе 95% upper bound for z (which is same as the upper 5% point of B(6, 13))--0.4978. 
Since the hypothetical value exceeds this value, the hypothesis stands rejected аф 
the 5% level of significance, 


А 
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TABLE 1.3. CONFIDENCE INTERVALS® FOR THE BINOMIAL PROPORTION 


Confidence coefficient : 95+% 


^ |г=0 2-1 2-2 v=3 z—4 z—b5 х=6 2=7 ш-8 v=9 z—10 z—11 х=12 z—13 z—14z—15 


‚758 
.242 
. 688 
.232 
‚7107 
.222 


-662 
-213 
-617 
.205 
. 640 
.198 
. 604 
191 
‚569 
‚185 


‚542 
. 180 
.563 
.175 
.537 
3170 
500 
‚166 
-476 
-163 


-707 
-293 


. 724 
.276 
. 674 
.260 
-640 
.247 
. 653 
.234 
-616 
.222 


.579 
.212 
.570 
-202 
.576 
.192 
-549 
.184 
.924 
. 175 


.786 
‚264 
.683 
.255 
-661 
.246 
„664 
.288 


.626 
.230 
.598 
.228 
.616 
‚211 
-587 
и 
.560 
.205 


«692 
-308 
. 683 
.296 


‚675 
.282 
. 636 
- 269 
-619 
-258 
-626 
-247 
.597 
.236 


.718 
.282 
.684 
.269 
.645 
.259 
‚661 
.251 
.636 
.244 


.698 
.307 
.661 
.299 
„676 .676 
.292 .324 


2=0 z=] v=2 z—3 2=4 z=5 2=6 2=7 2--8 2=9 #=10 z—11 z—12 z—13 с--14 2-15 


(1) For a different type of confidence intervals see Table 11 in Statistical Tables and Formulae 


by A. Hald, John Wiley and Sons, New York, 1952. 
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TABLE 1.3. CONFIDENCE INTERVALS FOR THE BINOMIAL PROPORTION 


Confidence coefficient: 99+%. 


———[_OYM—  — —vUAÉA— 


n је=0 z—l v=2 z=3 2=4 v=5 v=6 2=7 z—8 zx 9 z—10 z—11 z—12 z—13 2=44 z—15 
1 |.990 
.000 
2 |.900 .995 
.000 .005 
8 |.785 .941 
.000 .003 
4 |.684 .859 .958 
.000 .003 .042 
5 |.609 .778 .894 
.000 .002 .033 
6 |.536 .706 .827 .915 
.000 .002 .027 .085 
7 |.500 .643 .764 .858 
000 .001 .023 .071 
81.451 .590 .707 .802 .879 
.000 .001 .020 .061 .121 
9 |.402 .598 .656 .750 .829 
.000 .001 '.017 .053 .105 
10 |,376 .512 .624 .703 .782 .850 
4000 .001, .016 .048 .093 .150 
11 |.359 .500 .593 .660 .738 .806 
000 .001 .014 .043 .084 .134 
12 |.321 .445 .555 .679 .698 .765 .825 
000 .001 .013 .039 .076 .121 .175 
13 |.302 .429 .523 .594 .608 .727 .787 
1000 .001 .012 .036 .069 .111 .159 
14 |.986 .392 .500 .608 .636 .714 .751 .805 
4000 .001 .011 .033 .064 .102 .146 .195 
15 |.273 .378 .461 .539 .697 .672 .727 .771 
1000 .001 .010 .031 .059 .094 .135 .179 
16 |.264 .857 .451 .525 .579 .643 .705 .739 „788 
1000 .001 .010 .029 .055 .088 .125 .166 .212 
17 |.249 .346 .413 .500 .587 .620 .602 .758 .758 
2 1000 .001 .009 .097 .052 .082 .117 .155 .197 
18 |.228 .318 .397 .466 .534 .603 .682 .686 .772 .774 
1000 .001 .008 .095 .049 .077 .110 .145 .184 .226 
19 |.218 .305 .383 .455 .515 .564 .617 .695 .707 .782 
“000 .001 .008 .024 .046 .073 .103 .137 .173 .212 
20 |.209 .293 .375 .424 .500 .576 .601 .637 .707 .726 .791 
1000 .001 .008 .023 .044 .069 .098 .129 .163 .200 .209 
21 |.201 .283 .347 .409 .466 .534 .591 .653 .661 .717 .743 
“000 .000 .007 .022 .041 .065 .092 .122 .155 .189 .201 
99 |.194 .273 .334 .396 .454 .505 .550 .604 .666 .682 .727 .758 
1000 .000 .007 .021 .039 .062 .088 .116 .147 .179 .194 .242 
93 |.187 .265 .323 .386 .429 .500 .571 .580 .616 .677 .702  .735 
"000 .000 .007 .020 .038 .059 .084 .111 .140 .171 .187 .229 
24 |.181 .259 .313 .364 .416 .464 .536 .584 .636 .038 .687 .720 .743 
1000 .000 .006 .019 .036 .057 .080 .106 .133 .163 .181 .216 .257 
25 |:175 .245 .305 .352 .403 .451 .500 .549 .597 .648 .658 .695 .755 
“000 .000 .006 .018 .034 .054 .077 .101 .127 .155 .175 .205 .245 
96 |.170 .934 .298 .342 .393 .449 .487 .526 .562 .607 .658 .678 .702 .766 
1000 .000 .006 .017 .033 .052 .073 .097 .122 .149 .170 .195 .934 .934 
27 |.166 .295 .297 .332 .884 .419 .461 .539 .581 .587 .617 .668 .702 .716 
“000 .000 .006 .017 .032 .050 .070 .093 .117 .143 .166 .185 .224 .225 
28|.162 .218 .272 .323 .364 .408 .449 .500 .551 .592 .636 .636 .077 .728 .728 
1000 .000 .005 .016 .031 .048 .068 .089 .112 .137 .162 .175 .214 .218 .272 
29 |,160 .211 .263 .316 .354 .397 .438 .477 .523 .562 .603 .646 -.654 .684 .73T 
1000 .000 .005. .015 .030 .046 .065 .086 .108 .132 .157 .165 .206 .211 .260 
80 |.151 .206 .256 .310 .345 .388 .430 .469 .505 .538 .570 .612 .655 .671 .692 .744 
7000 .000 .005 .015 .028 .045 .063 .083 .104 .127 .151 .151 ,.198 .206 .249 .256 


n |r—0 с-і 2-2 z—3 2=4 2=5 z=0 2-7 z—8 82-49 z—10 z—11 z=12 z—13 z—14 z—15 


2. THE POISSON DISTRIBUTION 


24. INDIVIDUAL TERMS 


а. Introduction Nu. ort 4% ; 

Table 2.1 gives values of p(z|A) = e^ A*/a!, ж = 0,1, 2,... for A = Nm а “Т; M 
1.5, 2.0(1.0) 10.0 and also for some small values of A — 0.0005, 0. 001(0.001) 0.009. Тһе 
values are correct to eight places of decimal for A upto 5.0 and to seven places of 
decimal for A from 6.0 to 10.0. 


b. Interpolation in Table 2,1 


For purposes of interpolation (A-wise) between the tabulated values the following 
formula based on Taylor expansion will be found useful. Let the value of p(x|A) be 
required for a given A, and A, stand for the tabular argument closest«to A; and 
let d—A — А. Then, 


d 
pie | A) = pA) —dAp(z—1|A) АЗ ple—2| Ap)» 4 (7D fy Абе МАЊЕ 


where A, A2... are the 156, 2nd, ... order differences taken with respeot to 2, and 


El 
R= adel AFH. p(a—k—1|A*), where A* is some value lying between A and Ay. 


(ЕП! 
Tt will thus be possible, by inspection of the tabulated values, to judge the maximum 


possible magnitude for the error В. 


Example. То compute p(x|A) for А = 5.25, z = 3. 


From Table 2.1, Ay = 5.00 so that d = 0.25. Omitting terms involving third 
and higher order differences, 


435.25) = 0.14037390—0.25(0.14037390—.0.08422434) 


2 
+ D (0.14037390— 2 x 0.08422434--0.03368974) = 0.12651198 


Е- A? (3149) = 


A? р(8|2%) 


(0.25)? 
31 27 


` where АЖ is a value between 5 and 5.25. Since A? р(3 | 5) = —0.01796785, Aš p(3| 6) = 


—0.0024787 and the absolute value of А? decreases as A increases, we have 


0<Е<- "DOE es —0.00007019. 


42 FORMULAE AND TABLES FOR STATISTICAL WORK ` 


When the interpolation for a given value of A has to be repeated, as for 
instance in fitting а Poisson distribution, the above formula may be rewritten as follows: 


(i) linear interpolation : 
р(&|А) = (1.—4)p( | Ag) +d (—1 | №) 
(ii) quadratic interpolation : д 
pela) =(1—4+®) pæla) HdA а AHS 285—219) 
and so on. 


Example. Fit a Poisson law to the frequency distribution òf ‘number of 
misprints per page’ in 377 proof pages of a book. 


number of 
misprints number of Poisson 
ponpes pages frequency 
: 0 181 190.2 
1 142 130.2 
2 47 44.5 
3 6 10.1 
4 1 1.7 
5 and above - 0.3 
totol 317 377.0 


Тһе mean of the observed frequency distribution which works out to be 0.684 provides 
an estimate for A of the Poisson distribution to be fitted. The nearest tabular argument 
Ag, in Table 2.1, is 0.7 во that d=—0.016. Using the formula for linear interpolation, 


the values of p(x|A) for z = 0, 1, 2, 3, 4, 5 are 0.5045, 0.3452, 0.1180, 0.0269, 0.0046, . 


0.0008 respectively. The Poisson frequencies obtained by multiplying these by 
377 are shown in the last column above. 


The cumulative Poisson probabilities which will be of interest in some problems, 
may be built up from the individual terms given in Table 2.1 or from a table of the 
incomplete gamma function (see 2.2b). An instance where such probabilities are of 
use is in constructing acceptance sampling inspection plans. 


c. Some other tables of the Poisson distribution 

1. Мошма, E. C. (1942): Poisson's Exponential Binomial Limit, Van Nostrand Book Company, New 
York. 
Individual terms and cumulative terms of the distribution, correct to 6 and 7 places for 
х = 0.001 (0.001)0.01 (0.01)0.3(0.1) 15(1)100. 

2. Krracawa, Tosto, (1952): Tables of Poisson Distribution, Baifukan, Tokyo. 
Individual terms, correct to 7 and 8 decimal places for X = 0.001 (0.001)1(0.01) 10.00. 

3. Pearson, E. S. and Навтгку, Н. O. (Eds.) (1957): Biometrika Tables for Statisticians. Biomotrika 
Trust, Cambridge University Press. 


Table 7: Probability integral of the уз distribution and the cumulative sum of the Poisson š 


distribution correct to five decimal places for А = 0.0005(0.0005) 0.005, 0.005(0.005) 0.05, 0.05(0.05) 
1.0, 1.1(0.1) 5.0, 5.25(0.25) 10.0, 10.5(0.5) 20.0, 21(1.0) 60. and Table 39 : Individual terms of tho 
Poisson distribution, А = 0.1(0.1) 15.0. 
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TABLE 21 THE POISSON DISTRIBUTION—INDIVIDUAL TERMS 
[А = 0.1(0.1)1.0, 1.5, 2.0(1.0)10.0] 
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z х = 0.1 p х= 0.4 у=0.5 
0| .90483742 .81873075 . 74081822 ‚67032005 ‚60653066 0 
l| .09048874 .16374615 ‚22994547 ‚96812802 -30326533 1 
2|  .00452419 . 01637462 103393089 105862660 107581633 2 
3| .00015081 .00109164 .00333368 .00715008 .01268606 3 
4|  .00000377 .00005458 .00025003 100071501 -00157951 4 
5| .00000008 ‚00000218 ‚00001500 ‚00005720 ‚00015795 5 
6 100000007 100000075 .00000381 100001316 6 
{ 100000003 .00000022 .00000094 7 
В 100000001 100000006 8 
z х= 0.6 х=ол у = 0.8 x= 0.9 = 1.0 Ф 
0| „54881164 49658530 ‚44932896 ‚40656966 .36787944 0 
l| .32928698 .34760971 .35046317 .36591209 136787044 1 
2|  .09878609 .12166340 114378527 116466071 118393979 2 
3| .01975722 .02838813 .03834274 .04939821 .06131324 3 
4| .00296358 100496792 100766855 101111460 101532834 4 
5 |  .00035503 .00069551 .00122697 .00200063 .00300566 5 
6 |  .00003556 .00008114 .00016360 .00030009 .00051094 6 
7|  .00000305 .00000811 .00001870 .00003858 .00007299 7 
8|  .00000023 .00000071 .00000187 .00000434 .00000912 8 
9|  .00000002 100000006 100000017 100000043 .00000101 9 
10 .00000001 .00000004 .00000010 10 
11 “00000001 u 
2 у=15 1=20 х = 3.0 х = 4.0 у = 5.0 а 
0| .22813016 .13533528 .04978707 .01831564 .00673795 0 
1| .33469524 .97067057 .14936121 .07326256 103368074 1 
2|  .25102148 .27067057 (92404181 114659611 108499434 2 
3 | .12551079 .18044704 .22404181 .19536681 .14037390 3 
4| .04706652 .09022352 . 16803136 119636681 117546727 4 
5| 01411996 103608041 . 10081881 . 15620345 . 17546737 5 
6| .00352999 .01202980 105040941 110419663 114699981 6 
7| 00075643 .00343709 102160403 105954036 110444486 7 
в | .00014183 .00085927 .00810151 .02977018 :06527804 8 
9 | .00002304 .00019095 .00270050 101393119 103626558 9 
10 | .00000355 .00003819 .00081015 .00529248 .01813279 10 
11 | 100000048 100000694. 100029095 ‚00192454 .00824918 11 
12 | ‚00000006 .00000116 .00005524 -00064151 100343494 12 
13 | .00000001 100000018 100001975 .00019739 .00132086 13 
14 .00000003 .00000273 .00005640 .00047174 14 
15 .00000055 .00001504 .00015725 15 
16 .00000010 .00000376 «00004914 16 
17 «00000002: «00000088 .00001445 17 
18 .00000020 .00000401 18 
19 .00000004 .00000106 19 
20 .00000001 «00000026 20 
21 .00000006 21 
22 «00000001 22 
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TABLES AND FORMULAE FOR STATISTIOAL WORK 
TABLE 2.1 (continued). THE POISSON DISTRIBUTION: INDIVIDUAL TERMS 


D. = 0.10.1) 1.0, 1.5, 2.0(1.0)10.0] 
nM. 1 


2 у = 6.0 х= 7.0 х = 8.0 х = 9.0 х = 10.0 z 
0 .0024788 .0009119 .0003355 .0001234 .0000454 0 
1 .0148725 .0063832 .0026837 .0011107 10004540 1 
2 10446175 „0293411 10107348 10049981 10022700 2 
3 .0892351 .0521293 .0286261 .0149943 .0075667 3 
4 11338526 10912269 .0572523 .0337312 .0189166 4 
5 .1606231 .1277107 .0916037 .0607269 .0378333 5 
6 11606931 11490028 .1221382 .0910903 10630554 6 
7 11876770 .1490028 .1395865 1171161 -0900792 Т. 
8 .1032577 .1303774 .1395865 .1317556 .1125990 8 
9 .0688385 .1014047 .1240769 .1317556 .1251100 9 
10 .0413031 .0709833 .0992615 11185801 .1251100 10 
п .0225290 .0451712 .0721902 .0970201 .1137363 11 
12 10119045 10263499 10481268 ‚0727650 .0947803 12 
13 .0051990 .0141884 .0296163 .0503758 .0729079 13 
14 .0022281 .0070942 .0169237 .0323844 .0520771 14 
15 .0008914 .0033106 .0090260 .0194306 .0347180 15 
16 10003349 10014484 .0045130 .0109297 .0216988 16 
17 .0001180 .0005964 .0021238 .0057863 10127640 17 
18 0000393 ‚0002319 10009439 10028032 10070911 18 
19 19000124 0000854 10003974 10013704 10037322 19 
20 .0000037 .0000299 .0001590 .0006167 .0018661 20 
21 .0000011 .0000100 .0000606 .0002643 10008886 21 
92 0000003 .0000032 .0000220 .0001081 .0004039 22 
23 .0000001 .0000010 .0000077 .0000423 .0001756 23 
24 .0000003 .0000026 .0000158 .0000732 24 
25 .0000001 .0000008 .0000057 .0000293 25 
26 .0000003 .0000020 .0000113 26 
27 .0000001 .0000007 .0000042 27 
28 .0000002 .0000015 28 
29 .0000001 .0000005 29 
30 .0000002 30 
31 .0000001 31 
SMALL VALUES OF À 
= .0005, 0.001 (0.001) 0.009] 
m 3 = 0.0005 = 0.001 a = 0.002 X = 0.003 = 0.004 
0 .9995001 .9990005 .9980020 .9970045 .9960080 
1 .0004998 .0009990 .0019960 .0029910 .0039840 | 
1 
2 . 0000001 . 0000005 . 0000020 .0000045 .0000080 
! 
z À = 0.005 х = 0.006 х = 0.007 À = 0.008 à = 0.009 
0 . 9950125 .9940180 .9930244 . 9920319 .9910404 
1 .0049751 .0059641 .0069512 . 0079363 .0089194 
2 .0000124 .0000179 .0000243 . 0000317 .0000401 
3 He a .0000001 . 0000001 . 0000001 | 
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22. CoxrrmENOE IwTERVALS For Tum Porsson MEAN 


a. Introduction 


Table 2.2 gives two sided 95*95 and 9959, confidence limits for the 
Poisson parameter A (which is the mean of the Poisson distribution) based on 8 
single observation x. Since the sum of т indepehdent Poisson variables is also distri- 
buted according to the Poisson law with parameter nA, we can find, by considering 
the sum of the observations as the variable, the confidence interval for nA and hence 
for A, when there are n observations from the Poisson distribution. 


The confidence intervals given in Table 2.2 follow the same principle as 
mentioned in 1.3a and are based on tables provided by Crow and Gardner (1959). 


The limits in Table 2.2 are given correct to two places of decimal, for values 
of ж = 0(1)50. For higher values of x опе may use the following limits derived from 
the normal approximation to the Poisson distribution 


confidence coefficient lower limit upper limit 
“ 

0.95 2—1.96 Nx 2--1,96 Ма 

0.99 2—9.58 М2 242.58 Ма 


Example. А total number of 30 seeds were observed in a sample of п=20 
glass sheets manufactured by a certain process. It is required to find the 95% con- 
fidenoe interval for the process average number A of seeds per sheet. 


Entering Table 2.2 with z = 30 the 95% limits for nÀ (n — 20 in this example) 
are read as (20.33, 41.75). From these the 95% confidence limits for the process 
average number (A) of seeds per sheet are given by 


20.33 41.75 
( ru =) or (1.02, 2.09). 


b. One sided confidence limits 


With с as the observed value of т, the 100%% lower bound on A is the smallest 
value of A that satisfies the inequality 


P(; A) = È реја) > 1—а. 
тес 


i 3 è d е -1 
Since P(c; À) 82) TO dt 


the 10020, lower bound for A is seen to coincide with half the value of the lower 
100(1—c)% point of the chi-square distribution with 2c degree of freedom (Table 5.1). 


Similarly the 100%% upper bound for A is given by U/2 where U is the upper 
100(1—a)% point of the chisquare distribution with (26--2) degrees of freedom. 


"P 
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Example. Тһе upper 5% point of chisquare with 62 d.f. is 81.4. Hence with 
the same data as in the earlier example one may assert with 95% confidence that the 


1 
average number of seeds per manufactured sheet does not exceed 39 X > x 81.4=2.035. 


c. Tests of significance 


Table 2.2 can be used for testing а simple hypothesis regarding A when alter- 
natives are both-sided. А hypothesis is rejected when the value of A № specifies falls 
outside the confidence interval corresponding to the observed value of z, 


Table 5 would similarly be useful for one sided tests on A. 


d. Some other tables 


1. Crow, Е. L. and GARDNER, В. 8. (1959): Confidence Intervals for the Expectation of a Poisson Vari- 
able, Biometrika, Vol. 46, pp. 441-453. 
80+, 90+, 95+, 99+, and 99.9+% confidence intervals correct to tivo places of decimal, 2 = 
0(1)300. 


2. Pearson, E. S. and HanrLEY, Н. О. (Eds.) (1957): Biometrika Tables for Statisticians, Biometrika 
Trust, Cambridge University Press. 
Table 40: 90+, 95+, 98+, 99+ and 99.8+% confidence intervals, correct to two places of decimal, 
obtained from two sided tests with equal tail areas. т = 0(1)30(5)50. 


TABLE 2.2. CONFIDENCE INTERVALS FOR THE POISSON MEAN 


9559, and 99*% confidence coefficients 


z 95% limits 99% limits z 95% limits . 90% limits 
о | 0.000 3.285 0.000 4.771 

1 | 0.051 5.323 0.010 6.914 26 | 16.77 37.67 15.98 41.39 
2 | 0.355 6.686 0.149 8.727 27| 17.639 38.16 15.98 4285 
3 | 0.818 8.102 0.436 10.473 98 | 19.05 39.76 16.80 43.91 
4 | 1.366 9.598 0.823 19.347 29| 19.05 40.94 10.80 45.26 
5 | 1.970 11.177 1,279 13.793 30 | 20.33 41.75 18.36 46.50 
6 | 2.013 12.817 1.785 15.277 31 | 91.6 43.45 18.36 47.62. 
7 | 3.285 13.765 2:330 16.801 32 | 21:36 44.296 19.46 4913 
8 | 3.285 14.991 2.906 18.362 33 | 22.94 45.28 20.88 49.96 
9 | 4.460 16.768 3.507 19.462 34| 93.76 47.02 20.68 51.78 
10 | 5.393 17.633 4.130 90.676 35 | 93.76 47.69 92:04 59,98 
11 | 5.323 19.050 4.771 92.042 36 | 25.40 48.74 22.04 54.03 
12 | 6.686 ° 20.335 4.771 23.765 37 | 26.31 50.42 93.76 54.74 
13 | 6.686 21.364 5.829 24.025 38| 26.31 51.29 |: 923.76 56.14 
14 | 8.102 22.945 6.668 95.992 39 | 27.73 5916 24.92 51.61 
15 | 8.102 23.762 6.914 27.718 40| 98.97 53.72 95.83 58.35 
16 | 9.598 25.400 7.756 28.852 41 | 28.97 54.99 25.99 60.39 
17 | 9.598 26.306 8.727 991900 42 | 30.02 55.51 27.72 . 60.59 
18 [11.177 27.785 8.727 31.839 43 | 31.67 56.99 27.12 69.13 
19 | 11.177 28.966 | 10.009 32.547 44| 31.07 58.79 28.85 63.68 
20 | 12:817 30.017 | 10.473 34.183 45 | 32.98 58.84 29.90 64.26 
21 |12.817 31.075 | 11.949 35.204 46 | 34.05 60.94 29.90 65,96 
22 | 13.765 32.977 | 12.347 36.544 47| 34.60 61.90 31.84 66.81 
23 | 14.991 34.048 | 12.347 37.819 `‘ 48| 34.66 68.81 31.84 67.92 
24 |14.921 34.665 | 13.793 38.939 49 | 36.03 63.49 32.55 69.83 
25 | 16.768 36.030 | 13.793 40.373 50| 37.67 64.95 34.18 70.05 


3. ТНЕ STANDARD NORMAL DISTRIBUTION 
3.1. ORDINATES AND PROBABILITY INTEGRAL 


a. Introduction 


Table 3.1 provides, correct to six places of decimal, values of the ordinates 
of the standard normal distribution 


Ме) = N(z|0,1) = a CP в = 000.01) 3 (0.1) 4 
П 
and the values of the probability integral 
P(z) = Í N(w)dw for z = 0(0.001) 3 (0.01) 4 (0.1) 49. — . 
0 


From symmetry N(x) = N(—z) and for non-negative numbers а and b, (а < b) 


22 = Р)—Ра) = f Nou 


ШОУ, = PW+Pla) = f Ntoydo 


Example. The score S in a certain test is known to be normally distributed 
with mean 50 and standard deviation 10. Determine the proportion of cases for which 
the scores lie between (1) 35 and 55, and (ii) 55 and 67. 

The distribution of w = (S—50)/10 is standard normal. Hence for (i) the 

05 
answer is | N(w)dw = Р(0.5)--Р(1.5) = 0.191462--0.433193 = 0.624655. 
-15 


Similarly the answer for (ii) is 


17 
| N(w)dw = P(1.7)—P(0.5) = 0.455435—0.191462 = 0.263973. 
0,5 ? 


b. Derivatives of N(x) 
Тһе Tchebycheff-Hermite polynomials H,(x) are defined by equations 


dr N(z) 


ee = CY НАМ 


Be) —( 5 јеж 8 ( 1 }-ъ—1х3х5( 5 је 4 хахохт t Jen 
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The table below gives the coefficients in H,(x) for т upto 10 
COEFFICIENTS IN HERMITE POLYNOMIALS 


т 2 аз 25 ал 29 | zo 2? at «o 28 210 
1 1 2 -1 1 
3 -38 1 4 3 —6 1 
5 15 -10 1 6| —15 45  —15 1 
7| —105 10:  —21 1 | 8 105 —420 20 —28 1 
Жы 945 —1260 378 —36 1 | 10 | —945 4795 --3150 630 —45 1 | 


c. Direct interpolation in Table 3.1 


Formulae for interpolation are derived from the following Taylor expansions : 


N() = Ма) [1—ан о) + на) — Halen] 


2d Ма) [1—az9+ acce) = aimi, +] 


Pla) = Рб Уб | a— 5 Ble) +G НА) ---] 


= Pa) -NG [a 222 4 PAD]. 


where zo denotes the tabular argument nearest to 2 for which answer is required and 
+ а = 0—90: 


For N(x), the maximum error in using upto linear terms (linear in a) is 0.19952? 
and upto quadratic terms is 0.0918a°. For P(x) the maximum error in using upto 
linear terms only is 0.1210a? and upto quadratic terms, is 0.066542 


Example 1. Determine N(0.0149). 
Choosing zç = 0.01, we have а = 0.0049. Then 


N(.0149) = NG)[ 1 eae oo 21 


= 0.398922(1— 0.000049— 0.000012) = 0.398898 (to 6 decimal places). 
Example 2. Determine P(1.0236) 


We use a slightly different formula for interpolation of P(x), 


P(z) = P(zo) + (20) [-] 
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where zo is the tabular argument closest to z and a5 is 2, rounded to two places of 
decimals. The substitution of №) for N(x) in the original formula does not 
introduce any serious error and the accuracy of this formula is comparable to the 
one considered earlier. Choosing zo = 1.024, we have а = —0.0004, and 2% = 1.02. 
Тһеп P(1.0236) = 0.349432. 4-0.237132 x [—0.0004] 


= 0.349432— 0.000095 = 0.349337 (to 6 places). 


d. Inverse interpolation 


Suppose it is required to find z corresponding to a given value of P(x) = А 
between two consecutive tabular entries in Table 3.1. Let z, be the argument corres- 
ponding бо the nearest entry. The following formula determines x correct to five 
places of decimal for ж < 1.1.663 and at least to four decimal places elsewhere : 

А—Р(шу) 
=, : 
MW 
Hxample 3. Determine x for which P(x) = 0.25. 


As in the formula for P(x) in example 2, the above formula can be rewritten ав 


—P(xo) 
= 
4” Ne) 
Choosing x, = 0.674, we have a = 0.67. Then z = 0. xoc T = 0.674--0.0049 
5425 ? 0.318737 


— 0.67449 (to 5 decimal places). 


e. Some other tables 


1. [0,8] NATIONAL BUREAU оғ STANDARDS (1958): Tables of Normal Probability Functions, Applied 
Mathematies Series 23, Washington Е 


2 
Table I gives N(x) and [N(w)dw correct to 15 places of decimal for z = 0(0.0001)1(0.001) 
-0 


т 
7.800 (various) 8.285. Table II gives N(x) and [N(w)dw correct to 7 significant figures for = 
6(0.01) 10. 7 
2. HARVARD UNIVERSITY COMPUTATION LABORATORY (1952): Tables of the Error Function and its 
First Twenty Derivatives. The Annals of the Computation Laboratory of Harvard University, 20, 


Harvard Univ. Press, Cambridge (Massachussetts). 
The contents are as follows: 


z 
[N(w)dw 6 dec 0(0.004) 4.892 
D 
N(x) 6 dec 0(0.004) 5.216 
n-th derivative DY N(x) :— 
n = 1(1)4 6 дес 0(0.004) 6.468 
n = 5(1)10 6 дес 0(0.004) 8.236 
n = 11115 7 fig 0(0.002) 6.198 
and 6 dec 6.2(0.002) 9.61 
n — 16(1)20 7 fig 0(0.002) 8.398 


and 6 dec 8.4(0.002)10.902, 


TABLE 31. THE STANDARD NORMAL DISTRIBUTION: ORDINATES AND PROBABILITY INTEGRAL 


[2 = 0.00(0.01)0.34 for N(z)] [z = 0.000 (0.001) 0.349 for P(z)] 
å probability integra! P(z) 
ordinate å 

N(x) т 0 і 2 3 4 5 6 7 8 9 

.398942 | 0.00 «000000 000399 .000798 .001197 .001596 .001995 .002394 .002793 .003192 .003590 
«398988 | 0.01 .003989 .004388 .004787 .005186 .005585 .005984 .006383 .006782 .007181 .007579 
-398862 | 0.02 .007978 .008377 .008776 .009175 .009574 -009973 -010371 ‚010770 .011169 - 011568 
-398763 | 0.03 1011966 ‚012365 .012764 .013163 .013561 .013960 .014359 .014757 .015156 ‚015555 
.398623 | 0.04 .015953 .016352 .016751 1017149 017548 .017946 .018345 .018743 .019142 -019540 
808444 | 0.05 .019939 .020337 · .020736 .021134 .021532 .021931 .022329 .022727 .023126 .023524 
.398225 | 0.06 1093922 1094320 1094719 .025117 .025515 .025913 .026311 .026709 .027107 .027505 
897966 | 0.07 -027903 «088301 1028699 .029097 .029495 .029893 .030290 .030688 1031086 1081484 
807668 | 0.08 ‚031881 .032279 .032677 .033074 .033472 .033869 .034267 . 034664 - 035062 035459 
.397330 | 0.09 1035856 - 036254 . 036651 1037048 1037445 ‚037843 ‚038240 .038637 .039034 1039431 
.396958 | 0.10 .039828 .040225 .040622 . 041019 1041415 - 041812 . 042209 . 042606 . 043002 . 043399 
-396536 | 0.11 .043795 .044192 .044588 ‚044985 ‚045381 1045777 -046174 -046570 . 046966 .047362 
-396080 | 0.12 - 047758 .048154 .048550 1048946 049342 1049738 1050134 1050530 1050926 1051321 
-395585 | 0.13 -051717 .052112 .052508 .052903 .053299 .053694 .054089 .054485 © .054880 .055275 
-395052 | 0.14 .055670 .056065 .056460 1056855 1057950 057645 - 058039 - 058434 1058829 ‚059223 
.394479 | 0.15 1059618 .060012 060407 .060801 .061195 .061589 .061983 .062378 .062772 ‚063166 
.393868 | 0.16 .063559 .063953 .064347 .064741 1065134 1065528 .065922 .066315 .066708 ‚067102 
‚393219 | 0.17 ‚067495 .067888 -068281 1068674 .069067 .069460 .069853 .070246 -070039 .071031 
.392531 0.18 ‚071424 071816 .072209 .072601 .072993 .073385 .073778 .074170 -074562 074954 
.391806 | 0.19 1075345 -075737 -076129 «076521 1076912 .077304 .077695 .078086 ‚078477 ‚078869 
891043 | 0.20 .079260 .079651 .080042 -080432 .080823 .081214 .081605 .081995 .082386 .082776 
.890242 | 0.21 .083166 .083556 .083946 .084337 .084726 .085116 .085506 .085896 .086285 .086675 
880404 | 0.22 .087064 .087454 .087843 .088232 .088621 .089010 .089399 .089788 .090177 .090566 
.388529 | 0.23 .090954 .091343 1091731 092119 .092508 .092896 ° .093284 .093672 .094059 1094447 
887617 | 0.24 1094835 .095222 .095610 .095997 .096385 .096772 .097159 097546 .097933 .098320 
.386668 | 0.25 .098706 .099093 .099479 .099866 .100252 .100638 .101025 ‚101411 101797 ‚102182 
.385683 | 0.96 .102568 1102954 .103339 .103725 .104110 .104495 .104880 - 105265 . 105650 ‚106035 
.384663 | 0.27 .106420 . 106804 .107189 .107573 .107958 .108342 .108726 .109110 .109494 .109878 
-383606 | 0.28 .110261 .110645 .111028 111412 .111795 .112178 .112561 . 112944 .113327 .113709 
.382515 0.29 . 114092 114474 1114857 .115239 .115621 .116003 .116385 .116767 .116148 .117530 
.381388 | 0.30 .117911 .118293 .118674 .119055 .119436 . 119817 .120198 .120578 .120959 1191339 
.380226 | 0.31 . 121720 . 122100 . 122480 . 122860 . 123239 . 123619 - 123999 - 124378 .124758 .125137 
«379031 0.32 .125516 .125895 .126274 .126652 .127031 .127409 .127788 .128166 .198544 .128922 
.977801 0.38 .129300 .129678 .130055 .130433 .130810 .131187 .131565 .131942 .132318 .132695 
376537 0.34 .133072 .133448 .133825 .134201 .134577 .134953 .135329 .135704 .136080 .136455 


09 
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TABLE 3.1. (continued). THE STANDARD NORMAL DISTRIBUTION: ORDINATES AND PROBABILITY INTEGRAL 


Ге = 0.35(0.01)0.69 for N(z)] [2 = 0.350(0.001)0.699 for P(z)] 
probability integral P(z) 
ordinate 
(а) = | 0 1 2 3 4 5 6 7 8 9 
.375240 9-35 .136831 .137206 .137581 .137956 .138331 .138705 .139080 .139454 .139828 .140202 
.373911 0.36 .140576 .140950 .141324 .141698 .142071 .142444 .142817 .143190 .143563 .143936 
.372548 0.37 .144309 .144681 .145054 .145426 .145798 -146170 .146542 .146913 .147285 .147656 
.371154 0.38 -148027 148398 . 148769 .149140 149511 -149881 ‚150252 - 150622 -150992 -151362 
«369728 0.39 + 151732 .152101 .152471 .152840 .153209 .153579 .153947 -154316 -154685 -155053 
-368270 0.40 -155422 .155790 .156158 .156526 -156894 -157261 ‚157629 .157996 .158363 .158730 
.366782 0.41 .159097 .159464 .159830 .160197 . .160929 .161295 - 161661 - 162026 ‚162392 
.365263 0.42 ‚162757 .163122 .163487 .163852 B .164582 .164946 .165310 - 165674 - 166038 
.363714 0.48 -166402 .166766 .167129 .167493 .167856 .168219 .168582 -168944 -169307 -169669 
-362135 0.44 -170031 ‚170394 «170755 . 171117 . 171479 . 171840 .172201 .172562 .172923 .173284 
-360527 0.45 178645 174005 ‚174366 174726 - 175086 -175445 -175805 -176164 .176524 .176883 
.358890 0.46 .177242 .177601 .177959 .178318 .178676 .179034 .179392 .179750 .180108 .180465 
.857225 0.47 .180822 .181180 .181537 .181893 .182250 .182607 .182963 .183319 183675 . 184031 
.355533 0.48 .184386 .184742 .185097 .185452 .185807 .186162 .186516 .186871 .187225 ‚187579 
-859812 0.49 -187933 -188287 .188640 .188994 .189347 -189700 . 190053 ‚190405 -190758 -191110 
-352065 0.50 .191462 .191814 .192166 .192518 .192869 -193221 -193572 -193923 194273 .194624 
.350292 0.51 ‚194974 .195324 .195674 .196024 .196374 .196723 .197073 .197422 .197771 .198120 
-348493 0.52 .198468 .198817 .199165 .199513 .199861 .200208 .200556 .200903 .201250 .201597 
. 346668 0.53 .201944 .202291 .202637 .202983 .203329 -203675 - 204021 .204366 .204711 .205057 
-344818 0.54 -205401 .205746 .206091 .206435 .206779 .207123 .207467 .207811 .208154 .208497 
.342944 0.55 -208840 .209183 .209526 .209868 .210211 -210553 . 210895 .211236 .211578 .211919 
.341046 0.56 .212260 .212601 .212942 -213283 - 213623 - 213963 -214303 -214643 .214983 .215322 
-339124 0.57 -215661 .216000 .216339 .216678 .217016 .217354 .217692 .218030 .218368 .218705 
.337180 0.58 -219043 .219380 .219717 .220053 .220390 .220726 .221062 .221398 ‚221734 .222069 
-335213 0.59 -222405 .222740 .223075 .923409 .223744 .224078 .224412 .224746 -225080 925414 
.333225 0.60 .225747 .226080 .926413 .226746 .227078 .227411 .927743 -228075 -228406 .228738 
.331215 0.61 ‚229069 .229400 .229731 .230062 .230392 .230723 .231053 .231383 .231712 .232042 
.329184 0.62 .232371 .232700 .233029 .233358 .233686 -234014 - 234343 .234670 -234998 -235325 
.327133 0.63 .235653 .235980 .236307 .236633 -236960 -237286 -237612 -237938 . 238263 -238589 
825062 0.64 . 238914 .939239 .239563 .239888 .240212 .240536 .240860 .241184 .241508 .241831 
.322972 0.65 .242154 .249477 .242799 .243122 "248444 .243766 .244088 .244410 -244731 .245052 
.320864 0.66 .245878 .245694 .246014 .246335 .246655 . 246975 .247294 .247614 .247933 .248252 
«318737 0.67 .248571 .248890 .249208 .249526 .249844 .250162 .250480 .250797 . 251114 .251431 
-316593 0.68 .251748 .252064 .252381 .252697 .253012 .253328 .253643 -253959 .254274 .254588 
.314432 0.69 .254903 .255217 .255531 .255845 .256159 -256472 .256786 .257099 .257411 .257724 
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TABLE 3.1. (continued). THE STANDARD NORMAL DISTRIBUTION : ORDINATES AND PROBABILITY INTEGRAL 


[а = 0.70(0.01)1.04 for N (z)] [z = 0.700(0.001)1.049 for P(z)] 
robability integral P(x) 
ordinate E rt 

N(x) т 0 1 2 3 4 5 6 7 8 9 
.312254 0.70 .258036 .258348 .258660 „258972 .259284 .259595 .259906 .260217 .260527 .260838 
.310060 0.71 .261148 .261458 .261768 .262077 .262386 .262695 .263004 .263313 -263621 - 263930 
. 807851 0.72 . 264238 + 264545 - 264853 - 265160 + 265467 + 265774 - 266081 «266387 -266693 . 266999 
-305627 0.73 .267305 -267610 .267916 „268221 „268526 «268830 .269135 -269439 .269743 .270047 
.303389 0.74 .270350 .270653 .270956 .271259 .271562 .271864 .272166 .272408 .272770 .273071 
-301137 0.75 .273373 .273674 .273974 „274275 „274575 -274876 -2715175 -275475 .975775 .276074 
.298872 0.76 .276373 .276671 .276970 .277268 .277566 .277864 .278162 .278459 .278756 .279053 
.296595 0.77 .279350 .279647 .279943 .280239 .280535 .280830 .281126 -281421 .281715 .282010 
-294305 0.78 .282305 .282599 .282893 .283186 .283480 .283773 .284066 .284359 .284652 .284944 
-292004 0.79 .285236 .285528 .285820 .286111 .286402 .286693 .286984 .287274 .287565 .287855 
-289692 0.80 .288145 .288434 .288724 .289013 .289302 „289590 .289879 .290167 -290455 .290742 
.287369 0.81 .291030 .291317 .291604 .291891 .292178 .292464 .292750 .293036 „293821 .293607 
«285036 0.82 .293892 .294177 .294462 .294746 .295030 -295314 -295598 -295881 .296165 .296448 
.282694 0.83 .296731 .297013 .297296 .297578 -297860 .298141 .298423 .298704 .298985 .299265 
.280344 0.84 .299546 -299826 -300106 -300386 -300665 -300945 -301224 -301502 ‚301781 .302059 
.277985 0.85 .302337 -302615 -302893 -303170 ‚303448 -303724 .804001 .304278 .804554 .304830 
.275618 0.86 .805105 .305381 .305656 .305931 .306206 .306481 .306755 .307029 .307303 .307576 
.273244 0.87 .307850 .308123 .308396 .308668 .308941 .309213 .309485 .309757 .310028 .310299 
-270864 0.88 .310570 .310841 .811112 .811382 .311652 .311922 .312191 .312461 .312730 .312998 
.268477 0.89 .313267 .313535 - 313804 -314071 .814339 . 314606 .314874 .315141 .315407 815674. 
.266085 0.90 .315940 .316206 „316472 .316737 .317002 .817267 .317532 .817797 .318061 .318325 
.263688 0.91 .818589 .318852 -819116 .319379 .319642 .319904 - 320167 ~ 820429 - 320691 ‚320952 
-261286 0.92 „821214 .321475 .321736 .321996 .922257 .922517 .822777 .323037 .323296 .323555 
.258881 0.93 .323814 .324073 .324332 .324590 .324848 „325106 .325363 .325621 .325878 .326135 
.256471 0.94 .826391 .326648 .326904 ‚327160 „327415 .327671 .327926 .328181 .328435 .328690 
-254059 -0.95 ‚328944 .329198 .329452 „329705 .329958 .330211 .330464 .330716 .330969 .331921 
.251644 0.96 .331472 .331724 .331975 .332226 .332477 .332728 .332978 .333228 .333478 .333727 
.249228 | 0.97 .933977 .334226 .334475 „334723 .334972 .335220 -335468 -335715 -335963 .336210 
-246809 | 0.98 -336457 -336704 «336950 .337196 .337442 .337688 .337933 .338179 .338424 .338668 
. 244390 0.99 .338913 .339157 .339401 .339645 - 339889 - 340132 .340375 .340618 .340860 -341103 
-241971 1.00 -341345 .941587 .841828 .342070 -342311 .342552 .342792 „343088 .343273 „343513 
-239551 1.01 .843752 .343992 .344231 „344470 .844709 .844947 .345185 .345423 .345661 .345899 
.287132 1.02 .846186 .946373 -346610 -346846 «347082 -347318 .347554 .347790 .348025 .348260 
.234714 1.03 .348495 .348730 .348964 .349198 .349432 .349666 .349899 „350132 .350365 .350598 
+232297 1.04 .350830 .351062 .351294 .851526 .351757 .351989 .352219 .352450 .352681 .352911 


53 


WHOM 'IVOLLSLLVILS НОЛ 5ЯТЯУЕ ANV WVIQWHOZJ 


TABLE 3.1. (continued. ТНЕ STANDARD NORMAL DISTRIBUTION : ORDINATES AND PROBABILITY INTEGRAL 


Гв = 1.05(0.01)1.39 for N(z)] [2 = 1.050(0.001)1.399 for Р(2)] 
probability integral Р(2) 
ordinato 
№) = 9 1 2 3 4 5 6 7 8 9 
-229882 1.05 43583141 .353371 -353600 -353830 -354059 -354287 „354516 ‚354744 .354972 .855200 
.227470 1.06 .355428 .855655 .355882 -356109 -356336 -356562 «356788 ‚357014 .857240 .857465 
.225060 1.07 +357690 -357915 .358140 .358364 .358589 -358813 -359036 -359260 -359483 -359706 
«222653 1.08 .359929 -860151 .360374 .860596 -360818 - 361039 „361261 ‚361482 .361702 .361923 
.220251 1.09 .862143 .362364 .862583 .362803 .363023 .863242 .363461 .863679 + 363898 -364116 
.217852 1.10 .364334 .364552 -364769 -364986 .365203 .365420 .365637 „365853 ‚366069 ‚366285 
.215458 1-11 .366500 .366716 .366931 .367146 .367360 -367575 -367789 .368003 .368217 -368430 
.213069 1.13 .368643 .368856 .369069 .369281 .369493 -369705 «369917 .370129 .370340 -870551 
.210686 1.13 +870762 .870972 -871183 -871393 .371603 .371812 -372022 „872231 .372440 -372648 
«208308 1.14 -372857 .873065 -373273 .373481 „373688 .373895 `  .374102 «374309 .874516 .874722 
-205936 1.15 .374928 .875134 .375339 .375545 .375750 .375955 .376159 .376364 .376568 .376772 
-203571 1.16 .376976 .377179 -377382 -377585 -377788 -377991 -378193 . 378395 -378597 -378798 
-201214 1.17 -879000 .879201 .879401 .879602 - 379802 - 380003 + 380203 .880402 .880602 .380801 
.198863 1.18 .381000 .381199 -381397 .381595 .381793 .381991 ‚382189 .382386 .382588 -382780 
-196520 1.19 -382977 .383173 43838369 .883565 .383761 .383956 .384152 .984347 -384541 -384736 
„194186 1.20 .384930 .385124 .385318 .385512 .385705 -385898 .386091 .386284 .386476 .386669 
.191860 1.21 -386861 .887052 .387244 .387435 .387626 .887817 .388008 .388198 .388388 „388578 
-189543 1.22 .388768 .888957 .889146 -389335 -389524 -389712 -389901 + 390089 -390277 .390464 
.187235 1.28 .390651 .390839 .391025 -391212 .391399 .391585 -391771 .891956 .892142 .392327 
.184937 1.24 .392512 .392697 .392882 .393066 «393250 .393434 -393618 ‚393801 .393984 .394167 
-182649 1.25 «394350 .394533 .394715 -394897 -395079 -395261 -395442 »895623 .395804 .395985 
.180371 1.26 .396165 .396346 .396526 .896705 .396885 -897064 .397243 .397422 -397601 .397779 
-178104 1.27 .397958 .398136 -398313 .398491 3398668 .398845 «899022 .399199 -899375 „399551 
+175847 1.28 «899727 .399903 .400079 .400254. .400429 .400604 .400778 .400953 -401127 .401301 
.173602 1.29 .401475 .401648 .401821 .401994 -402167 .402340 .402512 .402684 -402856 -403028 
-171369 1.30 «403200 .403371 .403542 .403713 .403883 .404054 «404224. ‚404394 -404563 .404733 
- 169147 1.31 «404902 -405071 -405240 .405409 .405577 .405745 .405913 .406081 .406248 .406415 
+ 166937 1.32 .406582 .406749 .406916 -407082 -407248 -407414 -407580 «407746 -407911 -408076 
-164740 1.33 . 408241 -408405 -408570 -408734 -408898 «409062 «409225 «409389 .409552 .409715 
.162555 1.34 .409877 .410040 .410202 .410364 .410526 .410687 -410849 .411010 -411171 .411332 
.160383 1.35 .411492 .411652 . 411812 .411972 .412132 . 412291 . 412450 -412609 .412768 .412927 
-158225 1.36 .413085 .413243 -413401 .413559 .413716 .413873 -414031 -414187 . 414344 .414500 
.156080 1.37 .414657 -414813 .414968 .415124 .415279 .415434 .415589 . .415744 .415898 .416053 
.153948 1.38 .416207 .416361 .416514 .416668 .416821 .416974 .417127 .417279 .417431 .417584 
.151831 1.39 .417736 .417887 .418039 .418190 -418341 .418492 -418643 «418793 ‚418943 -419094 
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TABLE 3.1. (continued). THE STANDARD NORMAL DISTRIBUTION : ORDINATES AND PROBABILITY INTEGRAL 
[2 = 1.40(0.01)1.74 for N(z)] [x = 1.400(0.001)1.749 for P(z)] 


СЛО - 7791 _________- -______ === 


73 


robability inte; 2 
ordinate А д) 
(а) х 0 1 2 3 4 5 6 7 8 9 
‚149727 1.40 .419243 .419393 .419542 .419692 419841 .419989 .420138 .420286 .420434 .420582 
.147639 1.41 .420730 .420878 .421025 .421172 .421319 .421466 .421612 .421759 .421905 .422050 
.145564 1.42 .422196 .422342 ‚422487 .492632 .422777 .422921 .423066 .423210 .423354 .423498 
.143505 1.43 .423641 .423785 .423928 .424071 .424214 .424356 .424499 .424641 .424783 .424925 
.141460 1.44 .425066 .425208 . 425349 .425490 .495631 .425771 .425911 .426052 .426191 .426331 
.139431 1.45 .496471 ‚426610 .426749 .426888 .427027 .427165 .427304 .427442 .427580 .427717 
.137417 1.46 .427855 .427992 .498129 .428266 .428403 .428540 .428676 .428812 428948 429084 
-135418 1.47 .429219 .429354 .429490 .429624 .429759 -429894 .430028 .430162 .430296 .430430 
.133435 1.48 .430563 .430697 .430830 .430963 .431096 -431228 -431360 .431493 .431625 .431756 
.131468 1.49 .431888 .432019 .432150 .432281 .432412 .432543 .432673 .432803 .432933 .433063 
.129518 | 1.50 .433193 .433322 .433451 .433580 .433709 .433838 .433966 .434095 .434223 . 434351 
-127583 1.51 434478 434606 .434133 .434860 .434987 .435114 .435240 .435367 .435493 .435619 
.125665 1.52 .435745 .435870 .435995 .436121 .436246 .436370 .436495 .436619 .436744 .436868 
- 123763 1.53 .436992 487115 .437239 .437362 .437485 -437608 . 437731 .437853 .437976 .438098 
.121878 | 1.54 .438220 .438342 .438463 .438585 .438706 .438827 .488948 .439068 .439189 .439309 
-120009 1.55 439429 439549 439669 .439788 439908 .440027 .440146 .440265 -440383 - 440502 
«118157 1.56 .440620 .440738 .440856 .440974 .441091 .441209 .441326 .441443 .441559 .441676 
.116323 1.57 .441792 .441909 .442025 .442141 .442256 .442372 .442487 .442602 „442717 .442832 
.114505 1.58 .449947 .443061 443175 .443289 .443403 .443517 .443630 .443744 .443857 .443970 
.112704 | 1.59 .444088 .444195 .444308 .444420 .444532 .444644 .444756 .444867 .444979 .445090 
.110921 1.60 .445201 .445312 .445422 . 445533 .445643 .445753 .445863 .445973 .446082 .446192 
-109155 1.61 .446301 .446410 .446519 .446628 .446736 446845 .446953 .447061 .447169 .447276 
.107406 1.62 .447384 .447491 .447598 447705 447812 447919 448025 448131 448238 ‚448343 
- 105675 1.63 448449 .448555 .448660 .448766 .448871 .448975 .449080 .449185 .449289 .449393 
«108961 1.64 .449497 .449601 .449705 449809 449912 1450015 450118 .450221 .450324 .450426 
109965 | 1.65 .450529 .450631 450733 .450835 .450936 .451038 .451139 .451240 .451341 .451442 
.100586 | 1.66 .451543 .451643 .451744 .451844 .451944 .452044 .452143 .452243 .452342 ‚459441 
-098925 1.67 .452540 .452639 .452738 .452836 .452935 .453033 .453131 .453229 .453326 .453424 
.097282 1.68 453521 .453619 .453716 .453812 .453909 .454006 .454102 .454198 .454294 .454390 
‚095657 1.69 .454486 .454582 .454677 . 454772 .454867 .454962 .455057 .455152 .455246 .455340 
.094049 | 1.70 .455435 .455529 .455622 .455716 -455809 455903 .455996 .456089 .456182 .456275 
.092459 1.71 .450367 .456459 .456552 .456644 .456736 .456827 .456919 .457010 .457102 . 457193 
.090887 1.72 .457984 .457375 457465 .457556 .451646 .457736 .457826 .457916 .458006 ‚458095 
.089333 1.78 458185 ‚458274 .458363 .458452 .458541 .458630 .458718 .458806 .458895 - 458983 
.087796 1.74 .459070 .459158 .459246 .459333 .459420 .459508 .459595 .459681 .459768 .459854 
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TABLE 3.1. (continued). THE STANDARD NORMAL DISTRIBUTION : ORDINATES AND PROBABILITY INTEGRAL 


[2 = 1.75(0.01)2.09 for N(z)] [z = 1.750(0.001)2.099 for P(z)] 
eee 
robability integral P(x) 
ordinate Р У (2) | 
N(x) т 0 1 2 3 4 5 6 7 8 9 
.086277 1.75 -459941 ‚460027 -460113 -460199 ‚460285 .460370 -460456 .460541 -460626 -460711 
. 084776 1.76 -460796 - 460881 -460965 -461050 -461134 .461218 -461302 .461386 .461470 -461553 
.083293 1.77 .461636 .461720 -461803 44618806 .461968 .462051 .462134 .462216 .462298 .462380 
.081828 1.78 .462462 .462544 .462625 .462707 .462788 .462869 .462950 .463031 . 463112 .463193 
-080380 1.79 -463273 -463353 -463434 -463514 -463593 · -463673 -463753 -463832 -463911 -463991 
‚078950 1.80 -464070 -464149 .464227 .464306 .464384 .464463 .464541 -464619 .464697 „ 464774 
.077538 1.81 .464852 .464930 .465007 -465084 . 465161 .465238 .465315 .465391 .465468 ‚465544 
.076143 1.82 .465620 .465697 .465773 .465848 .465924 .465999 .466075 .466150 .466225 .466300 
.074766 1.83 .466375 .466450 .466524 -466599 .466673 .466747 .466821 .466895 .466969 .467042 
.073407 1.84 -467116 „467189 .467262 .467335 -467408 -467481 -467554 -467626 -467699 -467771 
-072065 1.85 -467843 -467915 -467987 -468059 -468130 -468202 -468273 .468344 .468415 .468486 
.070740 | 1.86 . 468557 .468628 .468698 .468769 .468839 .468909 -468979 .469049 .469119 -469189 
«069433 1.87 .469258 .469327 .469397 .469466 .469535 .469604 -469672 .469741 .469809 .469878 
«068144 1.88 .469946 .470014 .470082 -470150 .470218 -470285 .470353 -470420 .470487 .470554 
. 066871 1.89 -470621 - 470688 ‚470755 „470821 .470887 .470954 .471020 -471086 -471152 -471218 
-065616 1.90 -471283 -471349 .471414 .471480 -471545 .471610 -471675 -471740 «471804 «471869 
-064378 1.91 «471933 .471998 .472062 .472126 .472190 .472254 .472317 .472381 .472444 .472508 
.063157 1.92 .472571 .472634 .472697 .472760 .472823 .472885 .472948 .473010 .473072 .473135 
. 061952 1.93 .473197 .473258 .473320 .473382 .473443 .473505 .473566 -473627 .473688 .473749 
.060765 1.94 .473810 .473871 - 473931 .473992 -474052 -474113 -474173 -474233 -474293 .474352 
| 
«059595 1.95 .474412 .474471 .474531 .474590 .474649 -474708 -474767 -474826 -474885 .474944 
«058441 1.96 .475002 .475060 -475119 .475177 .475235 .475293 -475851 .475408 .475466 .475523 
‚057804 1.97 -415581 .475638 .475695 .475752 .475809 -475866 -475923 -475979 -476036 -476092 
‚056188 1.98 -476148 .476204 -476260 .476316 .476372 .476428 .476483 .476539 .476594 -476649 
.055079 1.99 .476705 .476760 -476814 .476869 .476924 .476979 .477033 -477087 -477142 -477196 
«053991 2.00 .477250 .477304 .477358 -477411 -477465 -477518 -477572 -477625 -477678 «477731 
.052919 2.01 -477784 «477837 -477890 -477943 -477995 -478048 -478100 -478152 -478204 -478256 
.051864 2.02 .478308 .478360 .478412 .478463 -478515 .478566 -478618 -478669 -478720 44178171 
.050824. 2.08 . 478822 .478873 .478923 -478974 -479024 -479075 -479125 -479175 .479225 .479975 
.049800 2.04 .479325 .479375 .479424 .479474 .479523 .479573 -479622 -479671 .479720 .479769 
.048792 2.05 .479818 -479867 .479915 -479964 .480012 .480060 -480109 -480157 .480205 .480253 
-047800 2.06 -480301 -480348 -480396 -480444 -480491 -480538 -480586 -480633 -480680 -480727 
-046823 2.07 480774 -480821 -480867 -480914 -480960 -481007 -481053 -481099 -481145 -481191 
-045861 2.08 -481237 -481283 -481329 -481374 -481420 -481465 . 481511 -481556 -481601 -481646 
.044915 2.09 .481691 -481736 -481781 -481825 „481870 .481915 .481959 .482003 .482047 .482092 
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TABLE 3,1. (continued). THE STANDARD NORMAL DISTRIBUTION: ORDINATES AND PROBABILITY INTEGRAL 


94 


ЇЕ = 2.10(0.01)2.44 for Х(2)] [2 = 2.100(0.001)2.449 for P(z)] 
robability integral P(x) 
ordinate | E Macs n e) 

N(x) = о + 2 ЕЈ 4 5 6 7 8 9 
.043984 | 2.10 .482136 482180 .482223 .482267 .482311 .482354 .482398 .482441 .482485 . 4892528 
.043007 | 2.11 .482571 482614 .482657 .482700 .482742 .482785 .482828 .482870 .482912 .482955 
.042166 | 2.12 .482997 .483039 .483081 .483123 .483165 .483207 .483248 .483290 .483331 483373 
041280 | 2.18 483414 +483455 .483497 .483538 .483579 .483619 .483660 .483701 .483742 .483782 
.040408 | 8.14 .483823 .483863 .483903 .483943 .483984 .484024 -484064 .484103 484143 .484183 
.039550 | 8.15 .484222 .484262 .484301 .484341 .484380 .484419 484458 484497 .484536 -484575 
038707 | 2.16 484614 .484652 .484691 .484729 .484768 .484806 .484844 .484883 .484921 .484959 
40318718 | 8.17 .484997. .485034 .495072 -485110 .485147 :485185 .485222 .485260 .485297 .485334 
.037063 | 8.18 -485371 1485408 485445 .485482 .485519 .485556 -485592 485629 .485665 485702 
036262 | 8.19 -485738 «485774 485810 -485846 .485882 .485918 . 485954 .485990 .486025 .586061 
.035476 | 2.20 .486097 .486132 .486167 .486203 .486238 .486273 .486308 .486343 .486378 .486413 
.034701 8.91 .486447 .486482 .486517 .486551 .486586 .486620 .486654 .486688 .486723 486757 
033941 2.22 . 486791 . 486825 .486858 .486892 .486926 .486959 .486993 .487026 -487060 .487093 
.033194 | 8.28 487126 .487159 -487193 -487226 -487258 -487291 487394 .487357 .487389 .487422 
-032460 | 8.24 . 487455 .487487 .487519 +487552 487584 -487616 -487648 .487680 487719 487744 
.081740 | 2.25 -487776 487807 -487839 487870 .487902 .481933 .487965 .487996 .488027 -488058 
.031032 | 2.26 «488089 .488120 .488151 .488182 488213 .488244 .488274 .488305 .488335 .488306 
.030337 | 8.27 .488396 .488497 .488457 .488487 .488517 .488547 .488577 -488607 1488637 1488666 
029655 | 2.28 488696 488726 .488755 .488785 .488814 .488844 .488873 .488902 -488931 1488960 
.028985 | 2.29 -488989 .489018 489047 1489076 489105 489133 .489162 .489191 .489219 .489248 
.028327 | 8.30 489276 .489304 .489332 .489361 .489389 -489417 .489445 .489473 -489500 . 459528 
.027682 | 2.31 .489556 .489584 .489611 .489639 .489666 .489694 .489721 .489748 -489775 ‚489809 
027048 | 8.32 489830 44898517 -489884 1489910 .489937 .489964 .489991 .490017 .490044 .490070 
.026426 | 2.88 490097 .490123 -490150 -490176 490202 .490228 .490254 490280 -490306 .490332 
.025817 | 8.34 .490358 .490384 .490410 .490435 .490461 .490486 .490512 490537 .490563 .490588 
.020218 | 2.85 -490013 -490638 -490664 1490689 -490714 1490739 ‚490764 ‚490788 .490813 .490838 
024631 2.36 -490863 .490887 .490912 490936 490961 .490985 .491009 .491034 .491058 .491082 
.024056 | 8.37 .491106 .491130 .491154 .491178 .491202 491226 491249 .491273 .491297 .491320 
.023491 | 2.88 .491344 .491367 .491391 .491414 -491437 .491460 .491484 .491507 .491530 .491553 
.022937 | 2.39 .491576 491599 .491622 .491644 .491667 .491690 .491712 .491735 .491708 ..491780 
.022395 | 2.40 .491802 .491825 .491847 .491869 .491892 .491914 .491936 .491958 .491980 .492002 
.021862 | 2.4 .492024 492046 .492067 .492089 .492111 492132 .492154 492175 .492197 .492218 
.021341 | 2.42 492240 492261 «492282 .492304 .492325 492346 .492367 .492388 .492409 .492430 
.020829 | 2.48 .492451 .492471 .492492 .492513 492534 492554 492575 492595 .492616 .492636 
.020328 | 2.44 .492656 .492677 .492697 .492717 .492737 .492757 .499777 .492797 .492817 .492837 
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TABLE 3.1. (continued). 


[2 = 2.45(0.01)2.79 for N(z)] 


ordinate 
N(z) 


.019837 
.019356 
‚018885 
018423 
.017971 


.017528 
-017095 
-016670 
«016254 
4015848 


-015449 
.015060 
.014678 
‚014805 
‚013940 


.013583 
.013234 
.012892 
+012558 
.012232 


.011912 
-011600 
-011295 
010997 
‚010706 


-010421 
-010143 
-009871 
-009606 
-009347 


-009094 
-008846 
-088605 
-008370 
-008140 
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THE STANDARD NORMAL DISTRIBUTION: ORDINATES AND PROBABILITY INTEGRAL 


1 


2 


[2 = 2.450(0.001)2.799 for Р(2)1 


3 


probability integral P(x) 


2 0 
` .492857 


4 5 6 7 8 9 

.492877 .492897 .492916 «492936 .492056 .492975 «492995 «493014 -493034 
‚493058 .493072 .493092 «493111 -493130 .493149 .493168 .493187 - 493206 .493225 
.493244 .493263 -493282 -493301 -493320 -493338 -493357 -493375 -493394 ~493412 
-493431 -493449 -493468 -493486 -493504 .493522 .493541 .493559 .493577 -493595 
-493613 -493631 +493649 .493667 -493684 -493702 -493720 -493738 -493755 -493773 
.493790 .493808 .493825 .493843 -493860 .493877 .493895 .493912 .493929 .493946 
.493963 .493981 .493998 -494015 -494031 -494048 -494065 .494082 .494099 .494116 
.494132 .494149 .494166 .494182 -494199 „494215 .494232 -494248 -494264 -494281 
-494297 .494313 .494329 .494345 .494362 .494378 .494394 -494410 .494426 .494442 
.494457 .494473 .494489 -494505 «494520 .494536 .494552 .494567 .494583 .494598 
-494614 .494629 .494645 .494660 .494675 .494691 .494706 .494721 .494736 «494751 
.494766 -494781 -494796 -494811 .494826 -494841 -494856 -494871 -494886 -494900 
.494915 .494930 -494944 .494959 .494973 .494988 .495002 .495017 .495031 .495046 
.495060 .495074 .495089 .495103 .495117 .495131 .495145 .495159 -495173 -495187 
.495201 .495215 .495229 .495243 -495257 .495270 .495284 .495298 .495312 „495325 
.495339 .495352 -495366 -495379 -495393 -495406 .495420 .495433 .495446 .495460 
.495473 «495486 .495499 .495512 .495526 .495539 .495552 .495565 .495578 «495591 
.495604 -495616 .405629 -495642 .495655 -495668 .495680 .495693 .495706 .495718 
-495731 „495743 .495756 .495768 .495781 .495793 .495806 .495818 .495830. «495842 
.495855 .495867 .495879 .495891 .495903 .495915 .495928 -495940 .495952 -495963 
-495975 -495987 -495999 «496011 «496023 «496035 .496046 -496058 .496070 -496081 
-496093 .496105 .496116 .496128 -496139 -496151 -496162 .496173 .496185 .496196 
.496207 .496219 .496230 -496241 .496252 — .496264 .496275 .496286 .496297 .496308 
.496319 .496330 .496341 .496352 «496363 .496374 .496384 .496395 .496406 -406417 
-496427 -4964383 -496449 .496459 .496470 .496481 .496491 .496502 .496512 -496523 
.496533 .496543 .496554 -496564 -496574 .496585 .496595 .496605 .496615 .496626 
.496636 .496646 -496656 .496666 .496676 -496686 .496696 .496706 · .496716 .496726 
.496736 .496746 .496756 .496765 .496775 .496785 .496795 .496804 -496814 .496824 
.496833 .496843 .496852 .496862 -496871 .496881 .496890 -496900 .496909 .496919 
-496928 .496937 .496947 .496956 -496965 -496974 .496984 .496993 .497002 -497011 
.497020 .497029 .497038 .497047 -497056 -497065 -497074 -497083 -497092 .497101 
.497110 -497119 -497128 +497186 ‚497145 -497154 ‚497163 „497171 .497180 .497189 
«497197 -497206 .497214 .497223 +497231 .497240 .497248 -497257 -497265 -497274 
.497282 «497290 «497299 -497307 +497315 .497324 .497332 .497340 .497348 «497356 
-497365 .497373 .497381 .497389 .497397 .497405 .497413 . 497421 -497429 -497437 
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TABLE 3.1. (continued. THE STANDARD NORMAL DISTRIBUTION : ORDINATES AND PROBABILITY INTEGRAL 


[2 = 2.80(0.01)3.0(0.1) 4 for N(z)] [z = 2.800 (0.001) 3.00(0.01) 4.0(0.1) 4.9 for Р(2)| 
probability integral Р(2) 

ordinate 2 
№) Sø 0 1 2 3 4 5 6 7 8 9 
.007915 2.80 .497445 .497453 -497461 -497469 -497476 ‚497484 .497492 .497500 .497507 .497515 
.007697 2.81 .497523 .497531 -497538 .497546 .497554 .497561 .497569 .497576 .497584 -497591 
.007483 2.82 „497599 .497606 .497614 .497621 .497629 .497636 -497643 .497651 .497658 .497665 
-007274 2.83 -497673 -497680 -497687 -497694 .497702 .497709 .497716 .497793 .497730 .497737 
.007071 2.84 .497744 .497751 .497758 .497765 .497772 .497779 .497786 .497793 .497800 .497807 
.006873 2.85 .497814 .497821 .497828 -497835 ‚497841 ‚497848 . 497855 .497862 .497868 .497875 
.006679 2.86 .497882 .497888 .497895 .497902 .497908 .497915 .497922 .497928 .497935 .497941 
.006491 2.87 .497948 .497954 .497961 .497967 .497973 .497980 .497986 .497993 .497999 -498005 
«006307 2.88 «498012 .498018 .498024 .498030 .498037 .498043 .498049 .498055 .498062- .498068 
.006127 2.89 .498074 .498080 .498086 .498092 .498098 .498104 .498110 .498116 .498122 .498128 
-005953 2.90 -498134 .498140 .498146 .498152 .498158 .498164 .498170 .498175 .498181 .498187 
.005782 2.91 .498193 .498199 .498204 .498210 .498216 .498222 .498227 .498233 .498239 .498244 
.005616 2.92 .498250 .498255 .498261 .498267 .498272 .498278 .498283 .498289 .498294 .498300 
.005454. 2.93 „498305 «498311 .498316 .498321 .498327 .498332 .498338 .498343 .498348 .498354 
.005296 2.94 -498359 -498364 -498370 .498375 .498380 .498385 .498390 .498396 .498401 . 498406 
«005143 2.95 -498411 .498416 .498421 .498426 .498432 .498437 -498442 .498447 .498452 .498457 
. 004998 2.96 .498462 -498467 .498472 .498477 .498482 .498487 .498491 .498496 .498501 ‚498506 
«004847 2.97 .498511 .498516 .498521 .498525 .498530 .498535 .498540 .498545 .498549 .498554 
+ 004705 2.98 .498559 .498563 .498568 .498573 .498577 .498582 .498587 .498591 .498596 .498601 
.004567 2.99 .498605 .498610 .498614 .498619 .498623 .498628 .498632 .498637 .498641 .498646 
.004432 8.05 .498650 -498694 -498736 .498777 .498817 .498856 .498893 .498930 .498965 .498999 
.003267 3.1 499032 -499065 .499096 .499126 .499155 .499184 .499211 .499238 .499264 .499289 
.002384 8.2 «499313 «499336 -499359 .499381 .499402 .499423 .499443 .499462 .499481 .499499 
.001723 3.3 .499517 .499534 -499550 -499566 .499581 .499596 .499610 .499624 .499638 .499651 
.001232 8.4 499663 .499675 .499687 .499698 .499709 .499720 .499730 -499740 .499749 .499758 
.000873 8.5 .499767 .499776 .499784 .499792 .499800 .499807 .499815 .499822 .499828 .499835 
«000612 | 8.6 .499841 .499847 .499853 .499858 .499864 .499869 .499874 .499879 .499883 .499888 
.000425 8.7 .499892 .499896 .499900 .499904 .499908 .499912 .499915 .499918 .499922 .499925 
.000292 3.8 .499928 .499931 -499933 -499936 .499938 .499941 ` .499943 .499946 .499948 .499950 ` 
-000199 3.9 .499952 .499954 .499956 .499958 -499959 .499961 .499963 -499964 .499966 .499967 
«000134 4. + .499968 .499979 .499987 .499991 «499995 .499997 «499998 «499999 «499999 .500000 
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* Note the change in the interval of tabulation. 


THE NORMAL DISTRIBUTION 59 


3.2. PEROENTAGE POINTS 
a. Introduction 


For various values of p, Table 3.2 provides the upper 100p% points of the 
absolute value of the standard normal variable, or more explicitly it gives the 
value of « satisfying the equation 


p= f Niw)dw-+ f° N(uMw = 2 | N(w)do 


Since 5 = | N(w)dw, the tabular values may also be interpreted as the upper 502% 
ЕЛ 


point of the standard normal variable. The lower 50р9, point can be obtained by 
prefixing a negative sign to the value of the upper 500% point. Thus reading 
against p = .24 in Table 3.2, the upper 12% point of the standard. normal variable 18 
obtained as 1.174987. Тһе lower 12% point is therefore —1.174987. 


Table 3.2 also provides a short table of p (the probability of an observation 
falling outside the range — 2 to z) for the following values of 2 с 


z = 0.25, 0.5(0.5) 5.0. 
b. Application 


Table 3.2 is useful in tests of significance, particularly in large sample tests 
using standard errors (see Chapter IV in Part I) and together with Table 3.1, in а 
limited sense, for probit analysis. А further use is in Cornish-Fisher type expansions 
for the fractiles of other variables having asymptotically a standard normal distribu- 
tion. Fort, F and X? these expansions are provided in explanatory notes preceding 
the corresponding tables. ` 


TABLE 3.2. THE STANDARD NORMAL DISTRIBUTION: PERCENTAGE POINTS 
OF ABSOLUTE VALUE 


puo 0 1 2 3 4 5 6 7 8 9 
.0 co 2.575829 2.326348 2.170090 2.053749 1.959964 1.880794 1.811911 1.750686 1.695398 
.1 1.644854 1.598193 1.554774 1.514102 1.475791 1.439531 1.405072 1.372204 1.340755 1.310579 
.2 |1.281552 1.253565 1.226528 1.200359 1.174987 1.150349 1.126391 1.103063 1.080319 1.058122 
.9 [1.036433 1.015222 .994458 .974114 .954165 .934589 .915365 .890473 .877896 .859617 
.4 | .841621 .823894 .806421 .789192 .772193 .755415 .738847 .722479 .700303 .690309 
.5 .674490 .658888 .643345 .628006 .612813 .597760 .582842 .568051 .553385 .538886 
.6 .524401 .510073 .495850 .481727 .467699 .453762 .439913 .426148 .412463 .398855 
+ 7 .385320 .371856 .358459 .345126 .331853 .318639 .305481 .292375 .279319 .260311 
.8 .253347 .240426 .227545 .214702 .201893 .189118 .176374 .163658 .150969 .138304 
9 .125661 .113039 .100434 .087845 .075270 .062707 .050154 .037608 .025069 .012533 
р -001 -000,1 000,01 .000,001 .000,000,1 .000,000,01 .000,000,001 
3.29053 3.89059 4.41717 4.89164 5.32672 5.73073 6.10941 
оо 
т 0.25 0.5 1.0 1.5 2.0 2.5 8.0 3.5 4.0 4.5 5.0 
р .802587 .617075 .317311 .133614 .045500 .012419 .002700 .000465 .000063 .000007 .000001 


а): The first digit of p after the decimal point is given in the column and the second digit 
in the row. 


В 


4, THE DISTRIBUTION 


а. Introduction 

Table 4.1 gives the p-th fractile of the ¢-distribution, for degrees of freedom 
v = 1(1)30, 40(20)100, со, the values of p being : 

0.6, 0.7, 0.75, 0.8, 0.9. .95, 0.975, 0.99, 0.995, 0.999, 0.9995. 

Fractiles for the following values of p can also be easily deduced from Table 
4.1, by changing sign because of symmetry (about the origin) of the t-distribution : 

р: 0.0005, 0.001, 0.005, 0.01, 0.025, 0.05, 0.1, 0.2, 0.25 ‚0.8, 0.4. 

Example: То find the fractile of £ for v = 4, p = 0.05. 

The required fractile is —2.132 (2.132 being the 0.95-th fractile of ¢ for 4 
degrees of freedom). 

The first six columns of Table 4.1 directly provide critical values of |t| for 
two-sided tests at the 5%, 1% and 0.1%, 10%, 2% and 0.2% levels of significance 
respectively. They also give the critical values of ¢ for upper tail tests at the 
significance levels of 2.5%, 0.5% and 0.05%, 5%, 1% and 0.1%. А negative sign 
prefixed to these values would provide the critical values for lower tail tests. 


The last five columns provide the deciles and quartiles of the ¢ distribution. 


3. Computing the fractiles for other degrees of freedom 
For higher values of у Cornish-Fisher expansion of tp (the p-th fractile of ¢ with 
у d.f.) may be used to determine its value to any desired accuracy 


HH ЇЇ ан шан +per Ge 


fy, = @+- m 


\+... 


м 92160 


1 ( 1929-1- 77627 + 148225— 192023 — 945a: 
vi 


where z is the p-th fractile of the standard normal distribution. 
Values of z(the first term) and the coefficients of 1/у, 193, etc. in the expan- 


sion, for the different values of р covered in Table 4.1 are shown below. 


COEFFICIENTS* IN THE CORNISH-FISHER EXPANSION . 
= 
value of р 


of .975 .995 .9995 .95 .99 .999 6 7 .75 8 .9 

1 1.95996 2.57583 3.29053 1.64485 2.32635 3.09023 0.25335 0.52440 0.67449 0.84162 1.28155 
1/» | 2.37227 4.91655 9.72973 1.52377 3.72907 8.15013 0.06740 0.16715 0.24533 0.35944 0.84658 
2.8225 8.8348 26.1330 1.4202 5.7197 19.6925 0.0107 0.0425 0.0795 0.1477 0.5709 


I/v2 
1/уз | 2.556 12.144 53.169 0.983 6.719 36.154 -0.009 -0.012 -0.005 0.017 0.259 
па | 1,6 121 79.4 0.4 56 486 0 0 0 615-5011 


* Bufficient figures are retained to ensure accuracy in the fourth decimal place for n > 30. 
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с. Applications 
Some uses of Table 4.1 are illustrated 
(i) One sample problem—test and confidence interval 
Example: The mean and sample variance of hardness (Rockwell E) determined 
from a sample of 10 pieces of die-cast aluminium are : 


eee 


206 орке 
z 8.5 8 ЕТ 


Are these consistent with the hypothesis that the average hardness / in respect of 
the manufacturing process is 70 ? 


zp 
t= — = —3.0, and |#|= 3.0. 
«Ул Lou! d 


Тһе 5% and 1% level values of |#| (for а two-sided test) for 9 d. f. being 2.262 
and 3.250 respectively, the hypothesis can be rejected at the 5% level. On the basis 
of the data a 95% confidence statement of the following kind can be made : 


(a) ш does not exceed 2--1.838 “т -- 69.42, 
ог (b) does not fall below 2--1.838 75 = 67.58, 


от е lies between z— 9,962 8 = 67.37 and 2 2,262 —— — 69.03 
(c) д PT) + 1710 


where 10 under square root in the denominator is the sample size and 1.833, 2.262 
are upper 5% and two-sided 5 % values of t from Table 4.1 corresponding to 


n—1 (= 9) d.f. 


(ü) Two-sample problem 

Example: The impact strength readings in foot pounds in samples of sheets 
from two lots were summarised as follows : 

Lot 1: Sample size n, = 8, 


mei 
7,—1 


2, = 0.925, 82 = = .087. 
Lot 2: Sample size n = 10, 


00—25) _ 070. 
7—1 


Do the lots differ significantly in respect of the average а strength 


Za = 0.857, $ = 
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` Assuming that the lots are of equal variability, 


t= (z,—2,) = / 1 1 (л--1)81--(аг--1)82 = 0.499 
ЭН te taz) -1,—2 
The 5% value of |4| with n;--n4—2 = 16 d.f. being 2.120, the data do not lead to re- 
jection of the hypothesis that the two lots have the same average impaot strength. 


(іі) Regression problem 

Example: The thickness of zinc coating on 12 pieces of galvanized sheets 
were determined by the standard stripping method (X) and a magnetic method (Y). 
The least squares line of regression of Y on X and other statistics were as follows 


У = —0.23--1.172. 


Sas = Evj—nz? = 298,015, Syy = Ey?—ng? = 410,345, 8,, = Хацу; — nz = 348,915, 
b = 8,,/8,, = 1.17, R$ = Residual sum of squares = S,,—S2,/S,,=1,836. Test if 
the regression coefficient is significantly higher than 1 at the 1% level. 


R$ 1836 
t= (6—1) = zx Eae M LR C > —— == 6.849. 
gn (n—2)8,, Шау У, 10x 298015 


The upper 1% value of £ with n—2 = 10 d.f. being 2.764, the observed regression coeffi- 
cient is seen to be significantly higher than 1 at the 1% level. 


(iv) Significance of the correlation coefficient 
Example: Isa correlation of r = 0.52 between green weight and yield of jute 
fibre, observed on 20 jute plants significant ? 


t= Уас2 иж = 2.583. 


The 5% and 1% values of | | (for two-sided test) with n—2= 18 d.f. being 2.101 and 
2.878 respectively, the observed correlation is significant at the 5% level but not at 
the 1% level. (This test is however valid only under the assumption that the joint 
distribution of the two variables under study is bivariate normal). 


5. Some other tables 

1. PEARSON, E. 8. and Навтткү, H. O. (Ерв.) (1957): Biometrika Tables for Statisticians, Biometrika 
Trust, Cambridge University Press. 4 
Table 9 gives the incomplete probability integral of t for y= 1(1)24,30,40,60,120, co ; t = 0(0.1) 
4(0.2) 8 for v < 19 and = 0(0.05) 8 (0.1) 4,5 for v > 20. 

2. FEpERIGHI, E. T. (1959): Extended Tables of the Percentage Points of Student's t-distribution. 
Jour. Amer. Stat. Asscn., Vol. 54, рр. 683-688. 
Gives ёр to three 3 places of decimal for the following values p and v. 
p = 0.75, 0.90, 0.95, 0.975, 0.99, 0.995, 0.9975, 0.999, 0.9995, 0.99975, 0.99995, 0.999975, 0.99999, 
0.999995, 0.9999975, 0.999999, 0.9999995, 0.09999975, 0.9999999. 
у = 1(1)30(5)60(10) 100, 200, 500, 1000, 2000 and 10000, 
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TABLE 41 THE t-DISTRIBUTION : FRACTILES 
M 0.975 0.995 0.9995 0.95 0.99 0.999 0.60 0.70 0.75 0.80 0.90 
Мишээл ЛЭЭ 
1 12.706 63.657 636.619 6.314 31.821 318.309 .325 .727 1.000 1.376 3.078 
2 4.303 9.925 31.598 | 2.920 6.965 22.327 .289 „617 816 1.061 1.886 
3 3.182 5.841 12.924 | 2.353 4.541 10.213 .977 .584 ‚165 4978 1.638 
4 2.776 4.604 8.610 | 2.132 3.747 7.173 .271 .569 -741 .941 1.533 
5 2.571 4.032 6.869 | 2.015 3.365 5.893 .267 .559 4727 .920 1.476 
6 2.447 3.707 5.959 | 1.943 3.143 5.208 .265 558 718 -906 1.440 
7 2.365 3.499 5.408 1.895 2.998 4.785 „268 -549 .711 .896 1.415 
8 2.306 3.355 5.041 1.860 2.896 4.501 .262 .546 -706 .889 1.397 
9 2.262 3.250 4,781 1.833 2.821 4.297 .261 .543 .703 .883 1.383 
10 2.228 3.169 4.587 1.812 2.764 4.144 .260 .542 ‚700 .879 1.372 
11 2.201 3.106 4.437 1.796 2.718 4.025 .260 .540 ‚697 «876 1.363 
12 2.179 3.055 4.818 1.782 2.681 3.930 .259 .539 . 695 .873 1.356 
13 2.160 3.012 4.221 1.771 2.650 3.852 .259 .538 -694 .870 1.350 
14 2.145 2.977 4.140 1.761 2.624 3.787 .258 .537 . 692 .868 1.345 
15 2.131 2.947 4.073 1.753 2.602 3.733 .258 .586 -691 .866 1.341 
16 2.120 2.921 4.015 1.746 2.583 3.686 .258 ‚585 «690 .865 1.387 
17 2.110 2.898 3.965 1.740 2.567 3.646 .257 .534 .689 .863 1.333 
18 2.101 2.878 3.922 1.734 2.552 3.610 .257 .534 .688 -862 1.330 
19 2.093 2.861 3.883 1.729 2.539 3.579 .257 .533 .688 -861 1.328 
20 2.086 2.845 3.850 1.725 2.528 3.552 .257 .533 687  ..860 1.325 
21 2.080 2.831 3.819 1.721 2.518 3.527 .257 .532 -686 .859 1.323 
22 2.074 2.819 3.792 1.717 2.508 3.505 .256 532 -686 4858 1.321 
23 2.009 2.807 3.767 1.714 2.500 3.485 .256 .532 „685 4868 1.319 
24 2.064 2.797 3.745 1.711 2.492 3.467 .256 -581 .685 .857 1.318 
25 2.060 2.787 3.725 1.708 2.485 3.450 .256 .531 -684 -856 1.316 
26 2.056 2.779 3.707 1.706 2.479 3.435 .256 .531 .684 .856 1.315 
27 2.052 2.771 3.690 1.703 2.473 3.421 .256 .581 .684 .855 1.314 
28 2.048 2.763 3.674 1.701 2.467 3.408 .256 .580 „683 .855 1.313 
29 2.045 2.756 3.659 1.699 2.462 3.396 .256 .580 „688 .854 1.311 
30 2.042 2.750 3.646 1.697 2.457 3.385 .256 .530 .683 .854 1.310 
40 2.021 2.704 3.551 1.684 2.423 3.307 .255 .529 -681 4851 1.303 
60 2.000 2.660 3.460 1.671 2.390 3.232 .254 .527 „679 4848 1.296 
80 1.990 2.639 3.416 1.664 2.374 3.195 .254 .527 .678 4846 1.292 
100 1.984 2.626 3.390 1.660 2.364 3.174 .954 .526 .677 „845 1.290 
со 1.960 2.576 3.291 1.645 2.326 3.090 .253 .524 „674 4848 1.282 
2 sided| 59 19 0.1% |10% 2% 0.2% 
test % % i$ > 2 A deciles and quartiles 
lsided| 2.5% 0.5% 0.05% | 5% 1% 0.1% 
test 
levels of significance 
Note: 1. v represents the degrees of freedom. 
2. For any given р in the top row, the table provides the value of р such that the probability of £ 
being less than ty is equal to р. For p < 0.5, tp = —ta-p» 277) being zero always. 
3. For obtaining a critical value of [1] for a two-sided or of t for upper-sided test refer to the entry 


corresponding to the chosen level of significance indicated in the last row, and the relevant 


degrees of freedom, 


as that for the upper tail with the sign changed, 


For one-sided tests using the lower tail, the critical value is the samo 


5. THE x?-DISTRIBUTION 


а. Introduction 

Table 5.1 essentially provides, fractiles of tho x2-distribution for degrees of 

freedom v = 1 (1) 30 (5) 40 (10) 100, and for values of j 
p = 0.005, 0.01, 0.025, 0.05, 0.25, 0.50, 0.75, 0.95, 0.975, 0.99, 0.995. 

Columns (1) and (2) of Table 5.1 gives the lower 1% and 5% values and 
columns (3) and (4) the upper 1% and 5% values of the distribution of 2. These 
entries are useful in one sided tests using only the upper or the lower tail. 

For a two sided test one may use equal partition of tails at any given level 
of significance. Columns (5) and (6) provide the acceptable interval of x? at 1% level 
and, columns (7) and (8) that at 5% level. Values of x? beyond the interval on 
either side will be declared significant. 

Columns (9) to (12) provide an alternative set of partitions of y? at the 1% 
and 5% levels of significance for two sided tests. These are called unbiased partitions 
(д2, x2) and satisty the equations 


-у2 —x2/2 
«СИР Ча 


ХЕ ml 
і. | е 12 (x?) 2 dy? = 1—a = (0.99 ог 0.95) 
тағ(2) xi 
where v is the d.f. 

Тһе last three columns of Table 5.1 give the first quartile, median and the third 


quartile of the distribution. 


b. Computation of fractiles for other degrees of freedom 


'The following expansion due to Cornish and Fisher may be used for higher 
values of у. 42 and z are the p-th fractiles of x? (with v d.f.) and the standard 
normal distribution respectively. Then 


i-re d (УЕ) 


1 /6212-142?—32 i 925--25623—433% 
Pil arv P) 
У 405 УМУ 48604/2 
Ж d pee ome ана 
уд 25515 ) 


1 ( 315327-- 435325—28951743— 289717% ) + 
УМ. 9185400^/2 NE 


—arY ca 
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Substituting the value of z, from normal tables, y? can be computed to the 
desired degree of approximation. То facilitate the computations, the coefficients of 
Му, 1, 1/ V/v ete. іп the above expansion are given below for p = 0.5, 0.75, 0.95, 
0.975, 0.99, and 0.995. To compute xü _ у we use the same tabulated coefficients as for 
р but with signs of the first, third and every alternate coefficients changed. Thus 
one can compute x2 for also p = 0.005, 0.01, 0.025, 0.05 and 0.25 using the tabulated 


values of the coefficients. pu 
COEFFICIENTS* IN THE CORNISH-FISHER EXPANSION ZA o i 
i < Ж 
coefficient value of p / = y 
of 0.99 0.95 0.995 0.975 0.5 dt | 
Је 3.9899527  2.3261748  3.6427727  2.7718076 0 0.588726 
1. 2.941963 1.197029 3.756598 ` 1.894306 —0.666667 --0.309376 
уму | —0.290266 —0.554081 —0.073888 —0.486382 0 —0.346849, 7 
1» —0.54197 -0.19206 —0.80252 —0.27240 0.07901 0.06022 
Mey/v | 0.4116 0.0779 0.6228 0.1948 0 —0.0309 
м —0.3425 — —0.1006 _ —0.4642  —0.1952 0.0577 0.0393 
Шу (| 0.208 0.122 0.188 0.170 0 0.012 


5 Sufficient figures are retained to ensure accuracy upto the fourth decimal place for 30 <у< 1600. 
For values of v > 1600, the figures in the first row have to be computed to a higher number of decimal 
places. h 


c. Application 

Some examples illustrating the use of Table 5.1 are given below. 

G) Variance of a normal population —tests and confidence intervals 

Example. The sample variance of the blowing time of 10 fuses is : 

82 = X(a,—2)?/(n—1) = 384.16 (seo.)?. 

Is this compatible with the hypothesis that the population variance is 0% = 300 (sec)?. 

Situation 1: Given that the population variance can only equal or exceed 300. 

(n—1)s? _ 9(384.16) 
° оөз jo 300 

From Table 5.1 the upper 5% point of x? with п—1 (= 9) d.f. is 16.92. Thus 

the hypothesis cannot be rejected. 


— 11.5248. 


Situation 2: Direction in which deviation from the hypothetical value can occur 
is unspecified. 

ТЕ one chooses to apply an unbiased test, the critical values are 2.95 and 20.31. 
Тһе computed value of y? is well within this interval. Hence the hypothesis cannot 
be rejected. 
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On the basis of the observed value of 82, one can make 95% confidence state- 

ments of the following kind. 

(а) с? does not exceed (n—1)s?/3.33 = 1038.72 

(b) о? is not less than (n—1)s?/16.92 = 204.34 

(c) c? lies between (n—1)s?/20.31 = 170.23 and (n—1)s?/2.95 = 1172.01 

(d) с? lies between (n—1)s?/19.02 = 181.78 and (n—1)s?/2.70 = 1280.53, 
where 3.33 and 16.92 are respectively the lower and upper 5% points, and (2.95, 20.31) 
and (2.70, 19.02) are respectively the unbiased and equal бай 5% partitions of x°, 
with 9 d.f. 


(ii) Combination of probabilities : То judge the overall significance of several 
tests. 


Example. The following significance levels were attained in 5 independent 
tests of the same hypothesis : 0.06, 0.06, 0.07, 0.10, 0.09. Considered together, is the 
evidence strong enough to reject the hypothesis ? 


The appropriate statistic is 
k 
P, = —2 log, 102 log; p; = 25.998. 
=l 


which, as a ха with 2k (= 10) d.f., is significant at the 1% level. Hence, even 
though individually none of the 5 tests leads to rejection of the hypothesis, with the 
evidence provided by the five independent tests together, the hypothesis stands 
rejected. 


(iii) Goodness of fit 

For other applications of the x? table in test of goodness of fit, test of 
independence in contingency tables etc., see some standard books on statistical 
methods. 


d. Some other tables 


1. Harp, А. and SINKBAEK. S. А. (1950): А table of percentage point y? distribution. Skand Aktuarieti- 
dskr, vol. 33, pp. 168-175. 
Gives fractiles to three places of decimal for the following values of р: 0.0005, 0.001, 0.005, 
0.01, 0.025, 0.05, 0.1(0.1) 0.9, 0.95, 0.975, 0.99, 0.995, 0.999, 0.9995 and v= 1(1)100. 

2. Harp, A. (1952): Statistical Tables and Formulas, John Wiley & Sons, New York. 
Table V gives fractiles to three figures. Otherwise the coverage is samo аз іп 1. above. Table 
VI gives fractiles of узју correct to four places of decimal for the following values of р: 0.0005, 
0.001, 0.005, 0.01, 0.025, 0.05, 0.95, 0.975, 0.99, 0.995, 0.999, 0.9995 and у= 1(1)@00(5) 200, 
(10) 300 (50) 1000 (1000) 5000, 10000. 

3. Pearson, E. S. and HamrLEv, H. O. (Eps,) (1957): Biometrika Tables for Statisticians, Biometrica 
‘Trust, Cambridge University Press. 


© 
Table 7 gives fot 6-0 0712-1 dv to 5 decimal places for у = 1(1) 30(2) 70, 

ха ар ( 2-3 ) 

2 

%2 = 0.001 (0.001) 0.01 (0.01) 0.1 (0.1) 2(0.2) 10(0.5) 20(1) 40(2) 134. 
Table 8 gives the fractiles of y2 to three and more places of decimal for the following values 
of р: 0.005, 0.010, 0.025, 0.050, 0.1, 0.25, 0.5, 0.75, 0.9, 0.95, 0.975, 0.995, 0.999 and »= (1) 
30(10) 100. 
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6. THE Р DISTRIBUTION 


° . 6.1. FRAOTILES 
а. Introduction 
Table 6.1 gives fractiles of the F distribution for various combinations of v, 
and v, the degrees of freedom of the numerator and denominator mean squares 
respectively. The values of p and the degrees of freedom covered are : 
р = 0.25, 0.5, 0.75, 0.95, 0.975, 0.99, 0.995 
у, = 11(1)9, 12, 24, со 
1(1)30, 40, 60, 120, со. 


Уә 


Tf P, (у, və) denotes the p-th fractile, then we have the relation Fi, (У; Y2) - 


= 1/F,(v2, vi); 80 that Table 6.1 сап be used to obtain the fractiles for p = .005, 0.01 
0.025, 0.05 (i.e. the lower 0.5%, 1%, 2.5% and 5% points of Р) as shown in example 
below. 

Example. To find Ку, ve) for v, = 4, У = 8, р= 0.05. 

The required fractile is 1/6.04 = 0.166, the value 6.04 being the upper 5% point 
of F with v, = 8 and v = 4 df. 


b. Interpolation in Table 6.1 (vand v,-wise) 

In Table 6.1, the larger values of v, and vg have been chosen to be in harmonic 
progression. T'his is because, for large values of v, and у, quadratic or even linear 
interpolation, with the reciprocal of the d.f. as the argument, is sufficiently accurate. 


Formulae for harmonic interpolation | 


yi — wise linear y — wise quadratic 


осуи cB [прения | 9<ч<16 ЫН уа па tae 


тэ 2 при |), iyu Dy, 


м 294 (1—u*)ys4 фи“ 


о ee 
SE РОНА ORT EI ea 


va —wise linear у; — wise quadratic 


Ene [C Dy ceo segs 


30 << 40 (1-4) улс 4-4 ло 


<< (uyou ш | 3564548 ME gg ий но Due 

AE rete et yo 
1 --1 

аас» пе |10) (а о “Sn 


Note: (1) 'ut=u Ни > 0,=1+u if ú < 0 
(e) ГА із the tabulated value for y —k in the formulae for »,—wise interpolation and бог y; =k 


in the formulae for рз wise interpolation 
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VALUES OF v FOR INTERPOLATION IN TABLE 6.1 


1. у = 8(1)60 
vir (2 vi u vi u У ч ГД ч Л “ % 
8 0 18 0.3333 28 —0.1429 38 —0.3684 48 --0.5000 58 0.4188 
9 19 0.2632 29 —0.1724 89 —0.3846 49 0.4898 59 0.4068 t 


10 0.4000 20 0.2000 30 —0.2000 40 —0.4000 50. 0.4800 60 0.4000 
11 0.1818 21 0.1429 31 —0.2258 41 —0.4146 51 0.4706 
12 0 22 0.0909 32 —0.2500 42 —0.4286 52 0.4615 


13 —0.1538 23 0.0435 83 —0.2727 43 —0.4419 58 0.4528 
14 --0.2857 24. 0 34 -0.2041 44 —0.4546 54 0.4444 
15 --0.4000 95 --0.0400 35 —0.3143 45 —0.4667 55 0.4364 
16 —0.5000 26 —0.0769 36 —0.3333 46 —0.4783 56 0.4286 
17 0.4118 27 —0.1111 37 —0.3514, 47 0.4894 57 0.4210 


2. = 30(1)120 


эз u va u v2 u ve и va “ va u 


30 0 45 —0.3333 60 0 75 —0.4000 90 0.3333 105 0.1429 
31 —0.1290 46 —0.3913 61 —0.0328 76 —0.4211 91 0.3187 106 0.1321 
32 —0.2500 47 —0.4468 62 —0.0645 77 —0.4416 92 0.3043 107 0.1215 
33 —0.3636 48 —0.5000 63 —0.0952 78 —0.4615 93 0.2908 108 0.1111 
34 —0.4706 49 0.4490 64 -0.1250 79 -0,4810 94 0.2766 109 0.1009 


35 0.4286 50 0.4000 65  —0.1539 80 —0.5000 95 0.2632 110 0.0909 
36 0.3333 51 0.3529 66 —0.1818 81 0.4815 96 0.2500 11 0.0811 
37 0.2432 52 0.3077 67 —0.2090 82 0.4634 97 0.2371 112 0.0714 
38 0.1579 53 0.2641 68 —0. 2353 83 0.4458 98 0.2245 113 0.0619 
39 0.0769 54 0.2222 69 —0.2609 84 0.4286 99 0.2121 ІМ 0.0526 


40 0 55 0.1818 70 —0.2857 85 0.4118 100 0.2000 115 0.0435 
41 —0.0782 56 0.1429 71 —0.3099 86 0.3953 101 0.1881 116 0.0345 
42 —0.1429 57 0.1053 79 —0.3333 87 0.3793 102 0.1765 117 0.0256 
43 —0.2092 58 0.0690 73 —0.3562 88 0.3636 103 0.1650 118 0.0169 
44 —0.2727 59 0.0339 74 —0.3784 89 0.3483 104 0.1538 119 0.0084 


Example. To compute Ру, м) for у, = 6, у, = 44, р = 0.95. 
A və-wise interpolation is necessary. For у, = 44, we have w = —0.2727, and 
u* = 1--u = .7273. Also from Table 6.1 we have y, = 2.34 and yoo = 2.25. Hence 


the required value 
Yar = (1-4%) о0о = 2.315. 


For higher accuracy the Cornish-Fisher expansion of 2, (the p-th fractile of 
z = jlog,F) may be used. 


(EAT EN 


а) Ba Ee) 


182 ( En E 2 (Me ) 


425 —2524—17723--192 | pg / 448--10124- 117424 
(n 20160 )+8 ( 90720 


65) 12294-519ш4-84122--2560 )} + 
221 1632960 
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where т is the p-th fractile of the standard normal distribution, 


Тће coefficients in the expansion are given below for selected values of p. 


COEFFICIENTS IN THE CORNISH-FISHER EXPANSION 


Iu пука та ин карма оу АШ ————— 


value of р 

gen. 0.5 0.75 0.95 0.975 0.99 0.995 
No/2 0 0.67448975 1.64485303 1.95996398 2.32634787 2.57582930 
-8 0.33333333 0.40915607 0.78425724 0.97357647 1.23531574 1.43914943 
ov o| 0 0.0970966 0.3910327 0.5587089 0.8153747 1.0340770 
EET до | 0 0.1073089 0.3131057 0.4040101 0.5302747 0.6308956 
-ӛс ! 0.0666667 0.1025116 0.3305821 0.4777495 0.7166304 0.9311327 
83/a —0.004938 —0.003764 0.007685 0.017025 0.033873 0.050157 
oN T? 0 0.008539 0.065478 0.108805 0.184807 0.257207 
82,/0/9. 0 0.047595 0.176687 0.249610 0.363825 0.464148 
84/ /203 0 -0.00711 —0.02343 —0.03114 —0.04168 —0.04971 
8c? 0.00952 0.00529 —0.01938 -0.08126 —0.04286 —0.04537 
83 -0.00529 -0.00447 0.00722 0.01859 0.04128 0.06515 
-85)в2 0 0 0 0 0 0.0178 
—63 „/в[@ 0 0.00344 0.01491 0.02660 0.5478 0.09004 
802 0 0.0109 0.0804 0.1534 0.3174 0.5105 


Sufficient digits have been retained so as to ensure accuracy in the sixth place of decimal for 
эз > 24 and у; > 60, 


c. Applications 


Some uses of Table 6.1 are illustrated in the following examples. 


(i) Ratio of Variances—tests and confidence intervals 


Example. Use the data given in subsection 6 of chapter 4 to test if the two lots 
reveal equal variability in respect of impact strength. Denoting the variances of im- 
pact strength in lots 1 and 2 by 02 and 03 respectively, the problem reduces to testing 
0 = 02/03 = 1. To test against alternatives o? = 03 compute Р by putting the larger 
mean square in the numerator and compare it with the upper 2.5% value of F with 
the corresponding degrees of freedom. Thus F =.087/.079 = 1.101. The upper 2.5% 
value of F (with v, = 7 and v, = 9) is 4.20. Hence the hypothesis 0 = 1 cannot be 
rejected on the basis of the given data. 
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One can make 95% confidence statements of the following kind. , 
(а) 01/03 does not exceed 42/83 + 0.27 = 4.08 

(b) 01/0818 not less than 51/82 + 3.29 = 0.33 

(с) 01/03 Нез between 88/82 — 4.20 = 0.26 and 82/82--0.21 = 5.24, 


where 0.27 and 3.29 are respectively the lower and upper 59/ points, and 0.21 and 4.20 
the lower and upper 2.5% points of P with v, = 7 and v, = 9. 


Gi) Analysis of variance — one-way classification 
Example. Five sets of six mixes, each mix providing 24 doughnuts, were 
cooked in five types of fats. The table below gives in grams the fat absorbed рег 
mix. Test if the amount of fat absorbed is a characteristic of the type of fat used for 
cooking. 
GRAMS OF FAT ABSORBED BY MIX OF 24 DOUGHNUTS 


type of fat 
1 2 3 4 5 
4 Ч . 
24 33 37 88 23 
32 21 43 51 25 
28 50 57 57 4 
37 40 29 . 42 37 
16 57 39 45 25 
55 ` 27 47 87 36 
total 192 228 252 270 150 


Grand total G = 1092. Total number of observations, » = 30. 
Correction facter (C.F.) = G?/n = 62/30 = 39748.8 
Total S.S. = 242--322--282-1-..--252--362--0,Е, = 44592.0—39748.8 = 4843.2 
S.S. due to fats — 2.8 ++ og (where T; is the total for the ¢-th fat with 
т; observations) 


-4 (1922--2282-....4-150%)-- О.Е. = 41292.0—39748.8 = 1543.2. 


ANALYSIS ОЕ VARIANCE TABLE 


sources of F= ratio of 
variation d.f. 8.8. m.s. m.s. 
between fats 4 1643.2 385.8 2.922" | 
within fats 25 8300.01 132.0 
total 29 4843.2 


T obtained by subtraction. 


The upper 5% and 1% values of F (for v, = 4, v, = 25) are 2.76 and 4.18 respectively. 
The results are thus significant at the 5% level and it may be concluded that the amount 
of fat absorption depends on the fat used for cooking. 
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(іі) Multiple correlation—test of significance 

The multiple correlation coefficient between rate of gain in weight (21) and 
two other variables, initial weight (х) and age (zs), was Руз = 0.421, based. on 
observations on 40 swines. 

To test for its significance, compute 


n—k—1 gp ғ (04806 
k EI БІ Тл Ds: 


where Ё is the number of independent variables, and т is the sample size. 


The upper 5% and 1% values of F (with у = k = 2 and v = n—k—1 = 37) 
аге 3.25 and 5.23 respectively (values obtained by interpolation). Hence the observed 
values of В,.1з is significant at the 5% level (though not at the 1% level). 


(iv) Test of mean values in multivariate normal populations 
Example. Differences 4, and 4, іп head length and head breadth between 
first-born and second-born sons were observed on 25 families. Test if the first-born 
in a family differs significantly from the second-born, in respect of these two charao- 
teristics. 
The following values were obtained from the data 
Mean difference :* 4, = 1.88, 4, = 1.48. 


The dispersion matrix of the differences estimated оп 24 4.4. (obtained by dividing 
the corrected sum of squares and products by 24) is given by 
w = 68.03, иль = 11.52, way = 24.01 


The inverse of this matrix is, 
wit = 0.0159999, wt? = — 0.007677, w = 0.045332. 


The problem is equivalent to testing if the sample mean vector (d,, d) differs 
significantly from (0, 0). The appropriate statistic (which is distributed as Ғ on 
k and n—k d.f.) is 

j= 23.28 


n—k "E c 

бол (ву Zw? d, d, 1-- 3 gg (0.113121) = 1.3548. 
where n is the sample size and k is the number of variables. Note that (ш) is the 
inverse of the estimated dispersion matrix of 4, and 4,. The upper 5% value of Р 
(with v, = k = 2 and v — n—k = 23) = 3.42. Since 1.3548 is less than this value, it is 
concluded that the data do not provide evidence of differences in the dimensions of 


the firstborn and second-born sons. 


d. Another table 


1. Мвввгмотом, М. and Тномрѕох, C. M. (1948): Tables of percentage points of the inverted beta (F) 
distribution, Biometrika, 38, 73-88. 
Gives to 5 figures fractiles of the F distribution for the following values of p, vi, and vs. 
р = 0.50, 0.75, 0.90, 0.95, 0.975, 0.99, 0.995. 
vı= 1(1)10, 12, 15, 20, 24, 30, 40, 60, 120, со 
va= 1(1)80, 40, 60, 120,00. 


о 


5 
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TABLE 6.1. THE F DISTRIBUTION: FRACTILES 


— n -.[ .  _ _ G 21111 


№ =1 у= 2 

ve |р: 0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 2:0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 va 
1 | 0.17 1.00 5.83 39.86 161.4 647.8 4052 16211 0.39 1.50 7.50 49.50 199.5 799.5 4999.5 20000 1 
2 |0.13 0.67 2.57 8.53 18.51 38.51 98.50 198.5 0.33 1.00 3.00 9.00 19.00 39.00 99.00 199.0 2 
3 |0.12 0.59 2.02 5.54 10.13 17.4 34.12 55.55 0.32 0.88 2.28 5.46 9.55 16.04 30.82 49.80 3 
4 |0.12 0.55 1.81 4.54 7.71 12.22 21.20 31.33 0.31 0.83 2.00 4.32 6.94 10.65 18.00 26.28 4 
5 [0.11 0.58 1.69 4.06 6.61 10.01 16.26 22.78 0.30 0.80 1.85 3.78 5.79 8.43 13.27 18.31 5 
6.| 0.11 0.51 1.62 3.78 5.99 8.81 13.75 18.63 0.30 0.78 1.76 3.46 5.14 7.26 10.92 14.54 6 
7 | 0.11 0.51 1.57 3.59 5.59 8.07 12.25 16.24 0.30 0.77 1.70 3.26 4.74 6.54 9.55 12.40 7 
8 | 0.11 0.50 1.54 3.46 5.82 7.57 11.26 14.69 0.30 0.76 1.66 3.11 4.46 6.06 8.65 11.04 8 
9 |0.11 0.49 1.51 3.36 5.12 7.21 10.56 13.61 0.30 0.75 1.62 3.01 4.26 5.71 8.02 10.11 9 
10 10:11 0.49 1.49 8.29 4.96 6.94 10.04 12.83 0.30 0.74 1.60 2.92 4.10 5.46 7.56 9.43 10 
и 10:11 0.49 1.47 3.23 4.84 6.72 9.65 12.23 0.30 0.74 1.58 2.86 3.98 5.26 7.21 8.91 11 
12 10:11 0.48 1.46 3.18 4.75 6.55 9.33 11.75 0.29 0.73 1.56 2.81 8.89 5.10 6.93 8.51 12 
13 | 0.11 0.48 1.45 3.14 4.67 6.41 9.07 11.37 0.29 0.73 1.55 2.76 3.81 4.97 6.70 8.19 13 
14 10:11 0.48 1.44 3.10 4.60 6.30 8.86 11.06 0.29 0.78 1.53. 2.73 8.74 4.86 6.51 7.92 14 
15 | 0.11 0.48 1.43 8.07 4.54 6.20 8.68 10.80 0.29 0.73 1.52 2.70 8.68 4.17 6.36 7.70 15 
16 10:11 0.48 1.42 3.05 4.49 6.12 8.53 10.58 0.29 0.72 1.51 2.67 8.63 4.69 6.23 7.51 16 
17 | 0.10 0.47 1.42 8.03 4.45 6.04 8.40 10.38 0.29 0.77 1.51 2.64 3.59 4.62 6.11 7.85 17 
18 |0.10 0.47 1.41 3.01 4.41 5.98 8.29 10.22 0.29 0.72 1.50 2.62 3.55 4.56 6.01 7.21 18 
19 |0.10 0.47 1.41 2.99 4.38 5.92 8.18 10.07 0.29 0.72 1.49 2.61 3.52 4.51 5.93 7.09 19 
20 | 0.10 947 1.40 2.97 4.35 5.87 8.10 9.94 0.29 0.72 1.49 2.59 8.49 4.46 5.85 6.99 20 
21 | 0.10 0.41 1.40 2.96 4.32 5.83 8.02 9.83 0.29 0.72 1.48 2.57 3.47 4.42 5.78 6.89 21 
22 | 0.10 0.47 1.40 2.95 4.30 5.79 7.95 9.73 0.29 0.72 1.48 2.56 3.44 4.38 5.72 6.81 22 
23 0.10 0.47 1.39 2.94 4.28 5.75 7.88 9.63 0.29 0.71 1.47 2.55 3.42 4.35 5.66 6.73 23 
24 |0.10 0.47 1.39 2.93 4.26 5.72 7.82 9.55 0.29 0.71 1.47 2.54 3.40 4.32 5.61 6.66 24 
25 |0.10 0.47 1.39 2.92 4.24 5.69 7.77 9.48 0.29 0.71 1.47 2.53 3.39 4,29 5.57 6.60 25 
26 | 0.10 0.41 1.38 2.01 4.23 5.66 7.72 9.41 0.29 0.71 1.46 2.52 8.37 4.27 5.53 6.54 26 
27 10.10 0.47 1.38 2.90 4.21 5.63 7.68 9.34 0.29 0.71 1.46 2.51 8.35 4.24 5.49 6.49 97 
28 | 0.10 0.47 1.38 2.89 4.20 5.61 7.64 9.28 0.29 0.71 1.46 2.50 8.34 4.22 5.45 6.4 28 
29 | 0.10 0.41 1.38 2.89 4.18 5.59 7.60 9.23 0.29 0.71 1.45 9.50 3.33 4.20 5.42 6.40 29 
30 |0.10 0.47 1.38 2.88 4.11 5.57 7.56 9.18 0.29 0.71 145 2.49 3.32 4.18 5.39 6.35 30 
40 |0.10 0.46 1.36 2.84 4.08 5.42 7.31 8.83 0.29 0.71 1.44 2.44 3.23 4.05 5.18 6.07 40 
60 | 0.10 0.46 1.35 2.79 4.00 5.29 7.08 8.49 0.29 0.70 1.42 2.39 3.15 3.93 4,98 5.79 60 

120 | 0.10 0.46 1.34 2.75 3.92 5.15 6.85 8.18 0.29 0.70 „1.40 2.35 3.07 3.80 4.79 5.54 | 120 
co |0.10 0.45 1.32 971 8.84 5.02 6.63 7.88 | 0.29 0.69 1.39 2.30 3.00 3.69 4.61 5.30 | со 

level of 10% 5% 2.5% 1% 0.5% 10% 5% 2.5% 1% 0.5% 

- significai 

xeu one sided test (upper tail) one sided test (upper tail) 
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TABLE 6.1. (continued) THE Е DISTRIBUTION : FRACTILES 


PL 


ЯНОМ 'IVOLLSLLVLS AOA SHTAVL ANV ЧУТЛИЗОЯ 


у= 3 “= 4 

va |р:0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 |р:0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 va 
1 0.49 1.71 8.20 58.59 215.7 864.2 5403 21615 0.55 1.82 8.58 55.83 224.6 899.6 5625 22500 1 
2 0.44 1.13 3.15 9.16 19.16 39.17 99.17 199.2 0.50 1.21 3.23 9.24 19.25 39.25 99.25 199.2 2 
3 0.42 1.00 2.36 5.39 9.28 15.44 29.46 41.47 0.44 1.06 2.39 5.34 9.12 15.10 28.71 46.19 3 
4 0.42 0.94 2.05 4.19 6.59 9.98 16.69 24.26 0.48 1.00 2.06 4.11 6.39 9.60 15.98 23.15 4 
5 0.42 0.91 1.88 3.62 5.41 7.76 12.06 16.53 0.48 0.06 1.89 3.52 5.19 7.39 11.39 15.56 5 
6 0.41 0.89 1.78 8.29 4.76 6.60 9.78 12.92 0.48 0.94 1.79 3.18 4.53 6.23 9.15 12.03 6 
7 0.41 0.87 1.72 3.07 4.35 5.89 8.45 10.88 0.48 0.93 1.72 2.96 4.12 5.52 7.85 10.05 7 
8 0.41 0.86 1.67 2.92 4.07 5.42 7.59 9.60 0.48 0.01 1.66 2.81 3.84 5.05 7.01 8.81 8 
9 0.41 0.85 1.63 2.81 8.86 5.08 6.99 8.72 0.48 0.01 1.63 2.69 3.63 4.72 6.42 7.96 9 
10 0.41 0.85 1.60 2.73 8.71 4.83 6.55 8.08 0.48 0.90 1.59 2.61 8.48 4.47 5.99 7.34 10 
11 0.41 0.84 1.58 2.66 3.59 4.63 6.22 7.60 0.45 0.89 1.57 2.54 3.36 4.28 5.67 6.88 

12 0.41 0.84 1.56 2.61 3.49 4.47 5.95 7.23 0.48 0.89 1.55 2.48 8.26 4.12 5.41 6.52 

13 0.41 0.83 1.55 2.56 3.41 4.35 5.14 6.93 0.48 0.88 1.53 2.43 3.18 4.00 5.21 6.23 

14 0.41 0.83 1.53 2.52 3.34 4.24 5.56 6.68 0.48 0.88 1.52 2.39 3.11 3.89 5.04 6.00 

15 0.41 0.83 1.52 2.49 8.29 4.15 5.42 6.48 0.48 0.88 1.51 2.36 8.06 8.80 4.89 5.80 

16 0.41 0.82 1.51 2.46 8.24 4.08 5.29 6.30 0.48 0.88 1.50 2.33 3.01 8.73 4.77 5.64 

17 0.41 0.82 1.50 2.44 3.20 4.01 5.18 6.16 0.48 0.87 1.49 2.31 2.96 3.66 4.67 5.50 

18 0.41 0.82 1.49 2.42 3.16 3.95 5.09 6.03 0.48 0.87 1.48 2.29 2.93 3.61 4.58 5.37 

19 0.41 0.82 1.49 2.40 3.13 3.90 5.01 5.92 0.48 0.87 1.47 2.27 2.90 3.56 4.50 5.27 

20 0.41 0.82 1.48 2.38 3.10 3.86 4.94 5.82 0.48 0.87 1.47 2.25 2.87 3.51 4.43 5.17 

21 0.41 0.81 1.48 2.36 3.07 3.82 4.87 5.73 0.48 0.87 1.46 2.23 2.84 3.48 4.37 5.09 

22 0.41 0.81 1.47 2.35 3.05 3.78 4.82 5.65 0.48 0.87 1.45 2.22 2.82 3.44 4.31 5.02 

23 0.41 0.81 1.47 2.34 3.03 3.75 4.76 5.58 0.48 0.86 1.45 2.21 2.80 3.41 4.26 4.95 

24 0.41 0.81 1.46 2.33 3.01 8.12 4.12 5.52 0.48 0.86 1.44 219 2.18 8.38 4.22 4.89 

25 0.41 0.81 1.46 2.32 2.99 3.69 4.68 5.46 0.48 0.86 1.44 2.18 2.76 8.35 4.18 4.84 

26 0.41 0.81 1.45 2.31 2.98 8.67 4.64 5.41 0.48 0.86 1.44 2.17 2.74 8.33 4.14 4.79 

27 0.41 0.81 145 2.30 2.96 3.65 4.60 5.36 0.48 0.86 1.43 2.17 2.13 3.31 4.11 4.74 

28 0.41 0.81 1.45 2.29 2.95 3.63 4.57 5.32 0.48 0.86 1.43 2.16 2.11 3.29 4.07 4.70 

29 0.41 0.81 1.45 2.28 2.93 3.61 4.54 5.28 0.48 0.86 1.43 2.15 2.10 3.27 4.04 4.66 

30 0.41 0.81 1.44 2.28 2.92 8.59 4.51 5.24 0.48 0.86 1.42 2.4 2.69 3.25 4.02 4.62 

40 0.41 0.80 1.42 2.23 2.84 3.46 4.31 4.98 0.48 0.85 1.40 2.09 2.61 3.13 3.83 4.37 

60 0.40 0.80 1.41 2.18 2.16 3.34 4.13 4.73 0.48 0.85 1.38 2.04 2.53 3.01 3.65 4.14 

120 0.40 0.79 1.39 2.13 2.68 8.23 8.95 4.50 0.48 0.84 1.37 1.99 2,45 2.89 3.48 8.92 

со 0.40 0.79 1.37 2.08 2.60 8.19 3.78 4.98 0.48 0.84 1.35 1.94 2.37 2.19 3.32 3.72 

level of 10% 5% 2.5% 1% 0,5% 10% 5% 2.5% 1% 0.5% 

significance 

one sided test (upper tail) one sided test (upper tail) 


TABLE 6.1. (continued). 
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у= 5 у= 6 
va |р:0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 |р:0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 |»: 
1 0.59 1.89 8.82 57.24 230.2 921.8 5764 23056 0.62 1.94 8.98 58.20 234.0 937.1 5809 23437 1 
2 0.54 1.25 3.28 9.29 19.30 39.30 99.30 199.3 0.57 1.28 8.31 9.33 19.33 39.33 99.33 199.3 2 
3 0.53 1.10 2.41 5.31 9.01 14.88 28.24 45.39 0.56 1.13 2.42 5.28 8.94 14.73 27.91 44.84 3 
4 0.58 1.04 2.07 4.05 6.26 9.36 15.52 22.46 0.56 1.06 2.08 4.01 6.16 9.20 15.21 21.97 4 
5 0.53 1.00 1.89 3.45 5.05 7.15 10.97 14.94 0.56 1.02 1.89 3.40 4.95 6.98 10.67 14.51 5 
6 0.58 0.98 1.79 3.11 4.39 5.99 8.75 11.46 0.56 1.00 1.78 3.05 4.28 5.82 8.47 11.07 6 
0 0.53 0.96 1.71 2.88 3.97 5.29 7.46 9.52 0.56 0.98 1.71 2.83 3.87 5.12 7.19 9.16 T 
8 0.53 0.95 1.66 2.73 3.69 4.82 6.63 8.30 0.56 0.97 1.65 2.67 3.58 4.65 6.37 7.95 8 
9 0.53 0.94 1.62 2.61 3.48 4.48 6.06 7.47 0.56 0.96 1.61 2.55 3.37 4.32 5.80 7.13 9 
10 0.53 0.93 1.59 2.52 3.33 4.24 5.64 6.87 0.56 0.95 1.58 2.46 3.92 4.07 5.39 6.64 10 
11 0.58 0.93 1.56 2.45 3.20 4.04 5.32 6.42 0.57 0.95 1.55 2.39 3.09 8.88 5.07 6.10 11 
12 0.53 0.92 1.54 2.39 3.11 8.89 5.06 6.07 0.57 0.94 1.53 2.33 3.00 3.73 4.82 5.76 12 
13 0.53 0.92 1.52 2.35 3.03 3.77 4.86 5.79 0.57 0.94 1.51 2.28 2.92 3.60 4.62 5.48 13 
14 0.53 0.91 1.51 2.31 2.96 3.66 4.69 5.56 0.57 0.94 1.50 2.24 2.85 3.50 4.46 5.26 14 
15 0.53 0.91 1.49 2.27 2.90 3.58 ` 4.56 5.37 0.57 0.93 1.48 2.21 2.79 8.41 4.32 5.07 15 
16 0.58 0.91 1.48 2.24 2.85 3.50 4.44 5.21 0.57 0.93 1.47 2.18 2.74 3.34 4.20 4.91 16 
17 0.53 0.91 1.47 2.22 2.81 3.44 4.34 5.07 0.57 0.93 1.46 2.15 2.70 3.28 4.10 4.78 17 
18 0.53 0.90 1.46 2.20 2.77 3.38 4.25 4.96 0.57 0.93 1.45 2.13 2.66 3.22 4.01 4.66 18 
С 19 0.53 0.90 1.46 2.18 2.74 3.33 4.17 4.85 0.57 0.92 1.44 2.11 2.63 3.17 3.94 4.56 19 
20 0.53 0.90 1.45 2.16 2.71 3.29 4.10 4.76 0.57 0.92 1.44 2.09 2.60 3.13 3.87 4.47 20 
21 0.53 0.90 1.44 2.14 2.68 3.25 4.04 4.68 0.57 0.92 1.43 2.08 2.57 3.09 3.81 4.39 21 
22 0.53 0.90 1.44 2.13 2.66 3.22 3.99 4.61 0.57 0.92 1.42 2.06 2.55 3.05 3.76 4.32 22 
23 0.53 0.90 1.43 2.11 2.64 3.18 3.94 4.54 0.57 0.92 1.42 2.05 2.53 3.02 3.71 4.26 23 
24 0.53 0.90 1.43 2.10 2.62 3.15 3.90 4.49 0.57 0.92 1.41 2.04 2.51 2.99 3.67 4.20 24 
25 0.53 0.89 1.42 2.09 2.60 3.13 3.85 4.43 0.57 0.92 1.41 2.02 2.49 2.97 3.63 4.15 25 
M 26 0.53 0.89 1.42 2.08 2.59 3.10 3.82 4.38 0.57 0.91 1.41 2.01 2.47 2.94 3.59 4.10 26 
27 0.58 0.89 1.42 2.07 2.57 8.08 3.78 4.34 0.57 0.91 1.40 2.00 2.46 2.92 3.56 4.06 27 
28 0.53 0.89 1.41 2.06 2.56 3.06 3.75 4.30 0.57 0.91 1.40 2.00 2.45 2.90 3.53 4.02 28 
3 29 0.53 0.89 1.41 2.06 2.55 3.04 3.73 4.26 0.57 0.91 1.40 1.99 2.43 2.88 3.50 3.98 29 
30 0.53 0.89 1.41 2.05 2.53 8.03 8.70 4.23 0.57 0.91 1.39 1.98 2.42 2.87 8.47 8.95 30 
40 0.58 0.89 1.39 2.00 2.45 2.90 8.51 3.99 0.57 0.91 1.37 1.93 2.34 2.74 8.29 8.71 40 
60 0.58 0.88 1.37 1.95 2.37 2.79 8.34 8.76 0.57 0.90 1.35 1.87 9.95 2.63 8.12 8.49 60 
120 0.58 0.88 1.35 1.90 2.29 2.67 8.17 3.55 0.57 0.90 1.33 1.82 2.17 2.52 2.96 3.28 | 120 
oo 0.53 0.87 1.33 1.85 2.21 2.57 8.02 8.35 0.57 0.89 1.81 1.77 2.10 2.41 2.80 3.09 со 
level of 10% 5% 2.59, 1% 0.5% 10% 5% 2.5% 1% 0,5% 
significance 


one sided test (upper tail) 


one sided test (upper tail) 


o 
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TABLE 6.1. (continued) THE F DISTRIBUTION : FRACTILES 


| и Ä——ZA———————Z—Z—————————— А 


у= 24 Уіз-00 
v 
Уа |р:0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 р:0.25 0.50 0.75 0.90 0.95 0.975 0.99 0.995 2 
1 0.72 2.13 9.63 62.00 249.1 997.2 6235 24940 0.76 2.20 9.85 63.33 254.3 1018 6366 25465 1 
2 0.68 1.40 3.43 9,45 19.45 39.46 99.46 199.5 0.72 1.44 3.48 9.49 19.50 39.50 99.50 199.5 2 
3 0.68 1.23 2.46 5.18 8.64 14.12 26.60 42.62 0.73 1.27 2.47 5.13 8.53 13.90 26.13 41.83 3 
4 0.69 1.16 2.08 3.83 5.77 8.51 13.93 20.03 0.74 1.19 2.08 3.76 5.63 8.26 13.46 19.32 4 
5 0.70 1.12 1.88 8.19 4.53 6.28 9.47 12.78 0.75 1.15 1.87 3.10 4.36 6.02 9.02 12.14 5 
6 0.71 1.09 1.75 2.82 8.84 5.12 7.81 9.47 0.77 1.12 1.74 2.72 8.67 4.85 6.88 8.88 6 
7 0.71 1.07 1.67 2.58 3.41 4.42 6.07 7.65 0.77 1.10 1.65 2.47 8.23 4.14 5.65 7.08 Л: 
8 0.72 1.08 1.60 2.40 8.12 3.95 5.28 6.50 0.78 1.09 1.58 2.29 2.93 3.67 4.86 5.95 8 
9 0.72 1.05 1.56 2.28 2.90 3.61 4.73 5.73 0.79 1.08 1.53 2.16 2.71 3.33 4.31 5.19 9 
10 0.73 1.04 1.52 2.18 2.74 3.37 4.33 5.17 0.80 1.07 1.48 2.06 2.54 8.08 3.91 4.64 10 
11 0.73 1.03 1.49 2.10 2.61 3.17 4.02 4.76 0.80 1.06 1.45 1.97 2.40 2.88 8.60 4.23 11 
12 0.73 1.03 1.46 2.04 2.51 3.02 3.78 4.43 0.81 1.06 1.42 1.90 2.30 2.72 3.36 3.90 12 
13 0.74 1.02 1.44 1.98 2.42 2.89 8.59 4.17 0.81 1.05 1.40 1.85 2.21 2.60 8.17 8.65 13 
14 0.74 1.02 1.42 1.4 2.35 2.79 3.43 3.96 0.82 1.05 1.38 1.80 2.13 2.49 3.00 3.44 14 
15 0.74 1.02 1.41 1.90 2.29 2.70 3.29 3.79 0.82 1.05 1.36 1.76 2.07 2.40 2.87 3.26 15 
16 0.75 1.01 1.39 1.87 2.24 2.63 3.18 3.64 0.82 1.04 1.34 1.72 2.01 2.32 2.75 3.11 16 
17 0.75 1.01 1.38 1.84 2.19 2.56 8.08 3.51 0.82 1.04 1.33 1.69 1.96 2.25 2.65 2.98 17 
18 0.75 1.01 1.37 1.81 2.15 2.50 3.00 8.40 0.83 1.04 1.32 1.66 1.92 2.19 2.57 2.87 18 
19 0.75 1.01 1.36 1.79 2.11 2.45 2.92 8.31 0.83 1.04 1.30 1.63 1.88 2.13 2.49 2.78 19 
20 0.75 1.01 1.35 1.77 2.08 2.41 2.86 8.22 0.84 1.03 1.29 1.61 1.84 2.09 2.42 2.69 20 
21 0.75 1.00 1.34 1.75 2.05 2.37 2.80 8.15 0.84 1.03 1.28 1.59 1.81 2.04 2.36 2.61 21 
22 0.75 1.00 1.33 1.73 2.03 2.33 2.75 3.08 0.84 1.03 1.28 1.57 1.78 2.00 2.31 2.55 22 
23 0.76 1.00 1.33 1.72 2.01 2.30 2.70 3.02 0.85 1.03 1.27 1.55 1.76 1.97 2.26 2.48 23 
24 0.76 1.00 1.32 1.70 1.98 2.27 2.66 2.97 0.85 1.03 1.26 1.53 1.73 1.94 2.21 2.43 24 
25 0.76 1.00 1.32 1.69 1.96 2.24 2.62 2.92 0.85 1.03 1.25 1.52 1.71 1.91 2.17 2.38 25 
26 0.76 1.00 1.31 1.68 1.95 2.22 2.58 2.87 0.86 1.03 1.25 1.50 1.69 1.88 2.13 2.33 26 
27 0.76 1.00 1.31 1.67 1.93 2.19 2.55 2.83 0.86 1.03 1.24 1.49 1.67 1.85 2.10 2.29 27 
28 0.76 1.00 1.30 1.66 1.91 2.17 2.52 2.79 0.86 1.02 1.24 1.48 1.65 1.83 2.06 2.25 | 28 
29 0.76 1.00 1.30 1.65 1.90 2.15 2.49 2.76 0.86 1.02 1.23 1.47 1.64 1.81 2.03 2.21 29 
30 0.76 0.99 1.29 1.64 1.89 2.14 2.47 2.73 0.86 1.02 1.23 1.46 1,62 1.79 2.01 2.18 30 
40 0.77 0.99 1.26 1.57 1.79 2.01 2.29 2.50 0.88 1.02 1.19 1.38 1.51 1.64 1.80 1.93 40 
60 0.78 0.98 1.24 1.51 1.70 1.88 2.12 2.29 0.90 1.01 1.15 1.29 1.39 1.48 1.60 1.69 60 
120 0.78 0.98 1.21 1.45 1.61 1.76 1.95 2.09 0.92 1.01 1.10 1.19 1.25 1.31 1.38 1.43 | 120 
со 0.79 0.97 1.18 1.38 1.52 1.64 1.79 1.90 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 со 
level of 1095 596 2.596 196 5% 10% 5% 2.5% 1% 5% 
significance 
one sided test (upper tail) one sided test (upper tail) 
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6.2. ВитА FUNOTION REPRESENTATION 
а. Introduction 


Table 6.2 gives upper 1% and 5% values of the beta distribuion with the density 
1 
Bla, by и" (1—и)-,0 < w < 1, 


for the following values of the parameters a and 5: 
2a = 11) 9, 12, 24, co 
2b — 1(1)30, 40, 60, 120, co. 


Fractiles corresponding to р = 0.01, 0.05 (the lower 1% and 5% points) can be 
read from Table 6.2 Бу interchanging а and 6 and taking the differenco from unity of 
the table entry. 

Example. То find the fractile for да = 5, 20 = 7, and p = 0.05. 

The required fractile is 1--0.87222 = 0.12778, 0.87222 being the upper 5% point 
(0.95th fractile) of beta with 24 = 7, 2b = 5. Ё 


b. Вега distribution—its relation to the distribution of the variance ratio 
(Ғ) and the null-distribution of the multiple correlation coefficient 


Consider the two transformations 


DE ЛУД 
а Ууру. Е 

= У 
СОУС Hik ` 


The first equation transforms the variance ratio (F) having parameters v, and у, (d.f. 
of numerator and denominator) to a beta variable having parameters а = >, b= 2 
while the second transforms the same variance ratio to a beta variable with para- 
meters а and b interchanged i.e. : а = >, == 3 - Table 6.2 directly gives the 
significant values of E? the square of the multiple correlation coefficient with 2a = k, 
the number of independent variables and 2b=n—k— 1, where n is the sample size. In 
6.1c the significance of R? was judged by first computing a function of R? which is 


distributed as F and referring to the F table. 


с. The incomplete beta function—its relation to cumulated binomial 
probabilities 

An equation connecting the incomplete beta integral with the cumulative 
sum of binomial probabilities is given in 1.3b. The use of Table 6.2 in determining 
one-sided confidence limits to the parameter т of the binomial distribution and in 
providing one sided tests of hypothesis concerning 7 is already demonstrated in 
1.3 and c. 


Ë 
Е 
5 
E 
4 
2 
а 
5 
я 
n 
U 
а 
4 
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82 FORMULAE AND TABLES FOR STATISTIOAL WORK 


6.3. «THE DISTRIBUTION OF CELER | 


a. Introduction 
Table 6.3 gives the upper 1% and 59, values of а.ө, Where Smax and 
8,3, аге respectively the largest and the smallest in a set of k independent mean squares 


each based on v d.f. 


b. Application 

Seven pieces of yarn were sampled from each of 5 spinning frames and tested 
for tensile strength. The values 08-52 for the 5 frames are 0.0297, 0.0429, 0.0381, 
0.1181, 0.0467. То test whether the variability is the same for all frames, compute : 
8:8/8айц = 0.1181/0.0297 = 3.98. The 5% value of 818 Ja for k = 5 and v = 6 is 
12.1, so that the observed ratio is not significant at the 5% level. | 


“TABLE 6.3. UPPER PERCENTAGE POINTS OF sd | шд 
(Upper 1% points) 


ы 2 3 4 5 6 1 8 9 10 п 13 


2 199 448 729 1036 1362 1705 2063 2432 2813 3204. 3605 


3 47.5 85 120 151 184 21(6) 24(9) 28(1) 310) 33(7) 36(1) 
4 23.2 37 49 59 69 79 89 97 106 13 120 

5 14.9 22 28 33 38 42 46 50 54 57 60 
6 пл 15.5 19.1 22 95 27 30 32 34 36 37 
7 8.89 12.1 14.5 16.5 18.4 20 22 23 24 26 27 

8 7.50 9.9 11.7 13.2 14.5 15.8 16.9 17.9 18.9 19.8 21 
9 6.54 8.5 9.9 11.1 12.1 13.1 13.9 14.7 15.3 16.0 16.6 
10 5.85 7.4 8.6 9.6 10.4 11.1 11.8 12.4 12.9 13.4 13.9 ч 
12 4.91 6.1 6.9 7.6 8.2 8.7 9.1 9,5 9.9 10.2 10.6 
15 4.07 4.9 5.5 6.0 6.4 6.7 7.1 7.3 7.5 7.8 8.0 
20 3.32 3.8 4.3 4.6 4.9 5.1 5.3 5.5 5.6 5.8 5.9 
30 2.63 3.0 3.3 3.4 3.6 3.7 3.8 3.9 4.0 4.1 4.2 
60 1.96 2.2 2.3 2.4 2.4 2.5 2.5 2.6 2.6 2.7 2.7 
со 1.00 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 


(Upper 5% points) 


в ; 
ШЖШ 2 3 4 5 6 1 8 9 10 n 12 
v 


2 39.0 87.5 142 202 266 333 403 475 550 626 704 
3 15.4 27.8 39.2 50.7 62.0 12.9 83.5 93.0 104 114 124 
4 9.60 15.5 20.6 25.2 29.5 33.6 37.5 41.1 44.6 48.0 51.4 
5 7.15 10.8 13.7 16.3 18.7 20.8 22.9 24.7 26.5 28.2 29.9 
6 5.82 8.38 104 12.1 18.7 15.0 16.3 17.5 18.6 19.7 20.7 
7 4.99 6.94 8.44 9.70 10.8 11.8 12.7 13.5 14.3 15.1 15.8 
8 4.43 6.00 7.18 8.12 9.03 9.78 10.5 11.1 11.7 12.2 12.7 
9 4.03 5.34 6.31 7.11 7.80 8.41 8.95 9.45 9.91 10.3 10.7 
10 3.72 4.85 5.67 6.34 6.92 7.42 7.87 8.28 8.66 9.01 9.34 
12 3.28 4.16 4.79 5.80 5.12 6.09 6.42 6.72 7.00 7.25 7.48 
15 2.86 3.54 4.01 4.37 4.68 4.95 5.19 5.40 5.59 5.17 5.93 
20 2.46 2.95 3.29 3.54 3.76 3.94 4.10 4.24 4.37 4.49 4.59 
30 2.07 2.40 2.61 2.18 2.91 3.02 3.12 8.21 3.29 3.36 3.39 
60 1.67 1.85 1.96 2.04 2.11 2.17 2.22 2.26 2.30 2.33 2.36 
со 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 


"Values іп the column Ё = 2 and in ihe rows р —2 ando are exact. Elsewhere the third digit may 
bo in error by a few units for the 5% points and several units for the 1% points. The third digit figures 
in brackets for v = 3 are the most uncertain. | 


; | 


7. THE CORRELATION COEFFICIENT 


In 4c was described a ¿ test for testing the significance of an observed 
sample correlation coefficient. Table 7.1 gives directly the significant values of r 
(the sample total or partial correlation coefficient under the assumption of normality) 
correct to three places of decimal and d.f. = 1(1) 30 (10) 80, 100(50) 300. With this 
table, the computation of t for testing the significance of r, is unnecessary. 


The first three columns give 5%, 1% and 0.1% level values of |r| for two 
sided tests. The next three columns give upper tail values for one sided tests at 
5%, 1% and 0.1% levels of significance. A negative sign prefixed to these upper 
tail critical values provides the corresponding lower tail values. 

Example: The value of the sample correlation coefficient between head length 
and head breadth computed from measurements on 30 individuals is 0.415. To test 
the hypothesis that the population correlation coefficient is zero. 

Here the d.f. is 30-2 = 28 and the 5% tabulated value for 28 d.f. is 0.361 for a 
two sided test. The observed value being larger, the result is significant at the 5% 
level. If it is known apriori that under the alternative hypothesis the population 
correlation coefficient would be positive, a one sided test is used for judging the signi- 
ficance of the observed correlation coefficient. The 5% tabulated value for one sided 
test is 0.306, thus establishing significance of the observed correlation coefficient. 

TABLE 7.1 THE CRITICAL VALUES OF THE CORRELATION COEFFICIENT 
(TOTAL OR PARTIAL) 
5%, 1% and 0.1% values for one-sided (upper tail) and two-sided tests 


two-sided one-sided. tworsided onevsided 
ағ, | 5% 1% 0.1% 59, 1% 0.1% | 44. 59, 1% 0.1% | 5% 1% 0.1% 
3 .9269 .9388 .9588 .988 .9351 .9551 21 .413 .526 .640 .352 .482 .610 
2 .950 .9:00 .9300 .900 .980 .9280 22 .404 .515 .629 .944 .472 .599 
3 .878  .959 .9211 .805 .934 .986 23 | .396 .505 .618 .337 .462 .588 
4 .811 .917  .974 .799 .882 .963 24 .388 .406 .607 .830 .453 .578 
5 .754 .875  .951 .609 .833 .935 25 .381 .487 .597 .323 .445 .568 
6 .707 .834 .925 .621 .789 .905 26 .974 .478 .588 .317 .437 .559 
7 .666 .798 .898 .582 .750 .875 27 .867 .470 .579 «811 .430 .550 
8 .632 .765 .872 .549 .715 .847 28 .361 .463 .570 .806 .423 .541 
9 1600 .735  .847 | .521 .685 .820 29 .355 .456 .562 .301 .416 .533 
10 1576 .708 .823 | .497 .658 .795 30 .349 .449 .554 .296 .409 .526 
11 .558 .684 .801 .476 .634 .772 40 .304 .393 .490 .257 .858 .403 
12 1599 .661 .780 | .457 .012 .750 50 .278 .354 .443 .231 .322 .419 
13 .514 .641 -760 | .441 .592 .730 60 .250 .825 .408 .211 .295 .385 
14 .497 .699  .742 | .426 .574 . 711 70 .232 .309 .380 .195 .274 .358 
15 .482 .606 .725 | .412 .558 .694 80 .217 .283 .357 .183 .257 .336 
16 .468  .590 .708 .400 .543 .678 100 .195 .254 .321 .164 .230 .302 
17 .456 .575 .693 .389 .529 .662 150 .159 .208 .263 .134 .189 .249 
18 .444  .561 .679 .978 .516 .648 200 .188 .181 .230 .116 .164 .216 
19 .433 .540 .665 .369 .503 .635 250 .124 .162 .206 104 .146 .194 
20 .483 .587 .652 .360 .492 .622 300 .113 .146 .188 .095 .134 .177 


Note that for testing the significance of correlation coefficient (total) computed form n pairs of 
observations, the appropriate degreos of freedom are n-2. For testing the significance of a partial correla- 
tion coefficient between two variables eliminating k independent variables, computed from observations 
on n individuals (ie. on n sets of observations) the degrees of freedom are n-2-k. Thus the partial 
correlation coefficient 719,456 = 0.63 based on 30 observations is significant against the 5% critical value 
on 24 d.f. : 


8. TRANSFORMATIONS 
8.1. Tan SN? 4/p TRANSFORMATION For THE BINOMIAL PROPORTION 


a. Introduction 

Table 8.1 gives the values of sin-4/p (in degrees, correct to 3 places of 
decimal) for р = 0.000(0.001)0.200 (0.005)0.500. For 0.500 < p < 1, use the formula 
sin-1V/p = 90—sin-tV1—p. Thus 

віп”14/0,185 = 90—sin 10.215 = 90—27.625 = 62.375. 
b. Interpolation in Table 8.1. 

For interpolation within the interval 0.000 to 0.030 use the formula 
sin typ = 57.295184/р(1--р(6) degrees. Linear interpolation should suffice in the 
interval (0.030— 0.500). То facilitate linear interpolation within the interval 
0.200 to 0.500, values of A’( = 200A) have also been provided іп an adjacent column, 
the formula applieable being 

sin-14/p = sin Vpo+A'(p—p9) 
where p, is the nearest tabular argument below p. Thus 
sin-1/0.3035 = sin-1V/0.300-1-A/(0.0035) = 33.211 +-62.4(0.0035) = 33.429 
observing that the tabulated value of А” for p = 0.300 is 62.4 


c. Application 

The binomial proportion z/n has mean 7 and standard deviation [7(1—7)/n]*, 
but the standard error ,of sinp (expressed in degrees as in Table 8.1) is 
independent of т and is equal to 28.64780 Ут degrees. Because of this there is some 
theoretical advantage in transforming an observed proportion p to sin-1/p in the 
comparison of proportions in one or multiple way classification by analysis of 


variance. I 
The table is also useful in evaluating the inverse of other trigonometric functions. 
costa = sin-tA/1—a3, | coseca = віп”Қ1/2), 


tan = віп 1014-43), seo = sin? У(2—1)/28, 
cota = sin У 1/(1--23). 
Thus tan-11.24 = віп-14/0:0059 = 90—sin-1/1—0.6059 = 90 —sin-1/0.3941. 
= 90—38.886 = 51.114 
using the table to find sin-1/0.3941. 


d. Some other tables 

1. 8нкрксов, G. W. (1946): Statistical Methods, 4th Ed., Iowa State Univ. Press, Ames, Iowa, 
gives Sinmi Np correct to two places of decimal for p = 0(0.0001) .01(.001) .99(.0001)1. 

2. Бчянкв, В. А. and Yares, F. (1957): Statistical Tables for Biological, Agricultural and Medical Research, 
5th edition, Oliver and Boyd, London, 
gives Біп-іқ/р correct to one place of decimal for р = 0(0.01) 0.99 (Table X) and also for p = zjn; 
ж = 1(1) [in] n = 20) 30 (Table XT). 

3. Harp, А. (1952): Statistical Tables and Formulas, John Wiley and Sons, New York. 
Table 12 gives 2 Sin-1Np in radians, correct to four places of decimal for р = 0(0.001) 1.000. 


1 
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TABLE 8.1. THE SIN-'/» TRANSFORMATION FOR THE BINOMIAL PROPORTION 
Transformation from proportions to degrees 


p = 0.000(0.001)0.199 1 
OU eco ET EE ME suco) del ТВ, АГ Oui АБЕ DIM NS a HAS 


` 


р 0 1 2 3 4 5 6 7 8 9 


1.812 : 2.563 3.140 3.626 4.055 4.442 4.799 5.192 5.444 
6.020 6.289 6.547 6.795 7.035 7.207 7.492 7.710 7,923 
.02 8.130 8.329 8.530 8.723 8.912 9.098 9.279 9.457 9.632". 9.805, 
0 
1 


1141 10.305 10.466 10.626 10.783 10.987 11.090 11.241 11,390 
1682 11.826 11.968 12.108 12.247 12.385 12.521 12.656 12.789 


-05 12.921 13.052 13.181 13.310 13.437 13.563 13.689 13.813 13.936 14.058 
‚06 14.179 14.299 14.418 14.587 14.654 14.771 14.886 15.001 15.116 15.229 
.07 15.342 15.454 15.565 15.675 :15.785 15.894 16.003 16.110 16.217 16.324 
| «08 16.430 10.535 16.640 16.744 16.847 16.951 17.058 17.155 17.256 17.357 
«09 17.457 17.557 17.657 17.756 17.854 17.952 18.049 18.147 18.243 18.339 


10 18.435 18.530 18.625 18.719 18.814 18.907 19.001 19.093 19,186 19.278 
11 19.370 19.461 19.552 19.643 19.733 19.823 19.913 20.002 20.091 20.180 
‚12 20.268 20.356 20.444 20.531 20.618 20.705 20.791 20.877 20.968 21.049 
.13 21.134 21.219 21.304 21.389 21.473 21.557 21.641 21.724 21.807 21.890 
.14 21.973 22.055 22.137 29.219 22.301 22.383 29.464 22.545 22.626 22.706 


.15 22.786 22.867 22.946 23.026 23.106 23.185 23.264 23.343 23.421 23.500 
.16 23.578 23.656 23.734 23.819 23.889 23.966 24.044 24.121 94.197 24.974 
.17 24.950 24.426 94.502 24.578 24.654 24.729 24.804 24.880 24.955 25.029 
.18 25.104 25.179 25.253 25.327 25.401 25.475 25.549 25.622 25.696 25.769 
.19 25.842 25.915 25.988 26.060 26.133 26.205 26.277 26.349 26.421 20.493 


р = 0.200(0.005)0.500 


p Біп-і Мр А” р | Sin-! Мр A’ ? Біп-і Мр A’ 
.200 26.565 71.4 | .300 | 33.211 62.4 .400 39.231 58.6 
.205 26.922 70.6 | .305 | 33.523 62.0 .405 39.524 58.2 
.210 27.275 70.0 | .310 | 33.833 61.8 , 410 39.815 58.2 
.215 27.625 69.4 .315 | 34.142 61.6 „415 40.106 58.2 
.220 27.972 68.8 .320 | 34.450 61.2 .420 40.397 58.0 
.225 28.316 68.4 | .325 34.756 61.2 .495 40.687 57.8 
.230 28.658 67.8 | | -330 35.062 60.8 * .430 40.976 57.8 
.235 28.997 67.4 | .335 | 35.366 60.6 .435 41.265 57.8 
.240 29.334 66.8 | .340 | 35.669 60.2 .440 41.554 57.6 
„245 29.668 66.4 | .845 35.970 60.2 445 41.842 57.6 
.250 30.000 66.0 .850 36.271 60.0 .450 42.130 57.6 
.255 30.330 65.4 | .355 36.571 59.8 .455 42.418 57.6 
.260 30.657 65.2 | .860 36.870 59.6 .460 42.706 57.4 
.265 30.988 64.6 .365 37.168 59.4 .465 49.993 57.4 
.270 31.306 64.4 .870 | 37.465 59.2 .470 43.280 57.4 
.275 31.628 64.0 .875 37.761 59.2 .475 43.567 57.4 фу осе 
.280 31.948 63.6 .880 | 38.057 58.8 .480 43.854 57.4 
.285 32.266 63.4 .385 38.351 59.0 .485 44,141 57.2 
.290 32.583 62.8 | .890 | 38.646 58.6 .490 44.427 57.4 
.295 32.897 62.8 .395 38.939 58.4 495 44.714 57.2 . 

.500 45.000 


Interpolation in Table 8.1 

For р < 0.03, use the formula sin-tWp = 57.99578(1--p/6)V p. Linear interpolation would suffice 
elsewhere, For 0.03 < p < 0.20 if ро and р; be two consecutive arguments іп the first table such that 
ро < p < pi, use the formula sinin p = 103[(p;—p) sin-1 V p1--(p—po)sin-t Уро]. For p > 0.20 the 
values of А” given in Table 8.1 could be used іп the following formula for linear interpolation 

зіп-1 Мр = sin-1 У po-- Ар ро) 

where pọ is the nearest tabular argument below p. For p > .500, use the formula sin-i Мр = 90—sin-t 
М1-р. 3 , 
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8.2. Tam Тахн-1 TRANSFORMATION For CORRELATION COEFFICIENT 


a. Introduction 


Table 8.2 gives the values of z = tanh-ir = log, 157 correct to five places 


of decimal for 7 = 0.00(0.02) 0.20(0.002) 0.860(0.001) 0.999. 


b. Interpolation in Table 8.2 
Within the interval 0.20 <r < 0.95, linear interpolation gives accuracy to four 
places of decimal. For 0 < + < 0.20 the formula 


tanh-ir = r 


could be used. For 0.95 < r < 0.99 quadratic interpolation is necessary to achieve 
rpolation in the table is not advisable for values 


the same degree of accuracy. Inte 
h-r directly using the formula 


of r> 0.99. In such a case one should compute tan 


1 1+-r 
a -lp = ји 
z = tanh’ r=3 log, + 2: 


c. Application 

() Тһе product "moment correlation. coefficient. (interclass correlation) 

For thesample correlation coefficient r in a sample of size from. the bivariate 
normal population, 


1 8 1 8 924 
Ле) =P Шетін 8n? ЭРЧЭЭ 4n? ји “Вия | К 


1--рд J: ^ 
(^ e| 1— 2—1) 1- TG NA j] 
and variance 
na 1 ИР 
V(r) = а-ы (11557567 +... 
ums 11р? 2 
~ [A ras 
where p is the population correlation coefficient. For large п, 


£ = Ele) = tanh p+ ment ~ tanh-!p 


and у ~ 3 


ation and varianoe hold good for а partial correlation 


Тһе same formulae for expect: 
—p where p is the number of variables eliminated. 


coefficient with n changed to n 
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d. The intraclass correlation coefficient 
For the intraclass correlation coefficient 7, based оп Ё variates within a class, 


Fisher proposed the transformation z — 1. log, pap 'The transformed value 


in this case may be obtained by first computing 7” — 2 and reading the value 


of tanh- 7’ from Table 8.2. 


For a given value ов log, LE s c the corresponding value of 7 may 
be obtained in a similar manner by first obtaining the value of »' = tanh с by inverse 
interpolation in Table 8.2 and computing 
= -- “ӘРІП — 
r= ҢІ") 
Тће expeoted value and variance of z, in sampling from a normal population, are given 


by 


1 14-(k4-1 
Ey log, HEN 


V(z) ~ k[2(k—1)(n—2) 
The transformation to 2 would be useful in testing for an assigned value of 


the correlation coefficient (total, partial or intra-class) or in testing the equality of k 
correlation coefficients on the basis of estimates. 


e. Another table 
HARVARD UNIVERSITY COMPUTATION LABORATORY (1949) : 
Annals of the Computation Laboratory of Harvard University, 


(Massachusetts) 
gives tanh-1 to 9 places of decimal for 2 = 0(0.001) 0.5 (0.0005) 0.75 (0.0002) 0.9 (0.0001) 


0.95 (0.00005) 0.975 (0.00002) 0.99 (0.00001) 0.99999. 


Tables of Inverse Hyperbolic Functions, The 
20, Harvard Univ. Press, Cambridge 
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TABLE 8.3. THE TANH-1 TRANSFORMATION FOR CORRELATION COEFFICIENT 
r = 0.00(0.02)0.18 
T 0 2 4 6 8 
.0 .00000 .02000 .04002 .06007 .08017 
m .10034 .12058 .14093 .16139 .18198 
r — 0.200(0.002)0.858 
т 0 2 4 6 8 T 0 2 4 6 8 
.20 | .20273 .20482 .20690 .20899 .21108 -55 .61838 .62125 .62413 .62702 .62992 
.21 | .21317 .21526 .21786 .21946 .22156 .56 .63283 .63575 .63868 .64162 .64457 
22 | .22366 .22576 .22786 .22997 .23208 -57 .64752 .65049 .65347 .65646 .65945 
.23 | .23419 .23630 .23842 .24053 .24265 .58 .66246 .66548 .66851 .67155 .67460 
.94 | .24477 .24690 .24902 .25115 .25328 -59 .67767 .68074 .68382 .68692 .69003 
.25 | .25541 .25755 .25968 .26182 .26396 
.26 | .26611 .26825 0.27040 .27255 .27471 «60 .69315 .69628 .69942 .70258 .70574 
.27 | .27686 .27902 .28118 .28335 .28551 .61 .70892 .71211 .71532 .71853 .72176 
.28 | .28768 .28985 .29203 .29420 .29038 | .62 .72501 .72826 .73153 .73481 .73811 
.29 | .29857 .30075 .30294 .30513 730732 .63 «74142  .74474 .74808 ..75143 .75479 
.64 .75817 .76157 .76498 .76840 .77184 
.30 | .30952 .31172 .31392 .31613 .31833 
.31 | .32055 .32276 .32498 .32720 .32942 
.32 | .33165 .88388 .33611 .33835 .34059 .65 .77580 .77877 .78226 .78576 .78928 
133 | .34283 ..34507 34782 .34958 .35183 .66 .79281 .79637 .79993 .80352 .80712 
184 | .35409 .35636 .35802 .36089 .36317 467 481074 81438 .81804 .82171 .82540 
.68 .82911 .83284 .83059 .84036 .84415 
.35 | .36544 .36772 .37001 .37230 .37459 .69 .84796 85178 .85503 .85950 .86339 
.36 | .37689 .37919 .38149 .38380 .38611 
.97 | .38842 .39074 .39307 .39539 .39772 
.88 | .40006 .40240 .40474 .40709 .40944 .70 .86730 .87123 .87519 .87916 .88316 
439 | .41180 .41416 .41653 .41890 .42127 т .88718 .89123 .89580 .89939 .90350 
72 .90764 .91181 .91600 .92022 .92446 
.40 | .42365 .42603 .42842 .43081 .43321 -13 .92873 .93302 .93734 .94169 .94607 
.41 | -43561 .43802 .44043 .44285 .44527 .74 495048 .95491 .95938 .90387 .96840 
.49 | .44769 .45019 .45256 .45500 .45745 
.43 | .45990 ..46285 .46481 .46728 .40975 
.44 | .47223 .47471 .47720 .47970 .48220 .75 .97296 .97754 .98216 .98681 .99150 
.76 .99622 1.00097 1.00575 1.01058 1.01543 
145 | .48470 .48721 .48973 .49225 .49478 277 |1.02033 1.02526 1.03023 1.03524 1.04028 
.46 | .49731 .49985 .50240 .50495 .50751 .78 |1.04537 1.05050 1.05567 1.06088 1.06613 
.47 | .51007 .51264 .51522 .51780 .52039 279 |1.07143 1.07677 1.08216 1.08760 1.09308 
.48 | .52298 .52559 .52819 .53081 .53343 
149 | .53606 .53870 .54134 0.54399 .54664 
.80 [1.09861 1.10419 1.10982 1.11551 1.12124 
.50 | .54931 .55198 .55465 .55734 .56003 .81 |1.12703 1.13287 1.13877 1.14473 1.15074 
.51 | .56273 .56544 .56815 .57087 .57360 .82 |1.15682 1.16295 1.16915 1.17541 1.18174 
.52 | .57634 57908 58184 58460 .58737 .83 |1.18814 1.19460 1.20113 1.20774 1.21442 
.53 | .59015 .59293 .59572 .59853 .60134 .84 [1.22117 1.22801 1.23492 1.24191 1.24899 
.54 | .60416 .60698 .60982 .61266 .61552 .85 {1.25615 1.26340 1.27075 1.27818 1.28571 
т = 0.860(0.001)0.999 
r 0 1 2 3 4 5 6 7 8 9 
„86 1.29334 1.29720 1.30108 1.30498 1.30891 1.31287 1.31686 1.32087 1.32491 1.32898 
.87 1.33308 1.33721 1.34137 1.34555 1.34977 1.35403 1.35831 1.36262 1.36697 1.37135 
.88 1.37577 1.38022 1.38470 1.38922 1.39378 1.39838 1.40301 1.40768 1.41239 1.41714 
.89 1.42193 1.42676 1.43163 1.43654 1.44150 1.44651 1.45156 1.46665 1.46179 1.46698 
.90 1.47222 1.47751 1.48285 1.48824 1.49368 1.49918 1.50473 1.51034 1.51601 1.52174 
.91 1.52752 1.53337 1.53928 1.54526 1.55130 1.55741 1.56359 1.56984 1.57616 1.58256 
.92 1.58903 1.59558 1.60221 1.60892 1.61571 1.62260 1.62957 1.63663 1.64379 1.65104 
.93 1.65839 1.66584 1.67340 1.68107 1.68885 1.69674 1.70475 1.71288 1.72114 1.72958 
.94 1.73805 1.74671 1.75552 1.76447 1.77358 1.78284 1.79227 1.80188 1.81166 1.82162 
.95 1.83178 1.84214 1.85270 1.86349 1.87450 1.88574 1.89723 1.90898 1.92100 1.93331 
-96 1.94591 1.95882 1.97207 1.98566 1.99961 2.01395 2.02870 2.04388 2.05952 2.07565 
-97 2.09230 2.10950 2.12730 2.14574 2.16486 2.18472 2.20539 2.22692 2.24940 2.27291 
.98 2.29756 2.32346 2.35074“ 2.37958 2.41014 2.44266 2.47741 2.51472 2.55499 2.59875 
199 | 2.64665 2.69958 2.75873 2.82574 2.90307 2.99448 3.10630 3.25039 3.45338 3.80020 


9, ORDER STATISTICS 
9.1. Ехркотвр VALUES OF ORDER STATISTICS 


a. Introduction 
Consider a sample (z,,25,..,2,) of size п from a standard normal distri- 
bution. Let these observations be arranged in increasing order of magnitude as 


follows 
$a) € Bay  -.. S tm 


Table 9.1 provides the expected value of а.) given by 


© П 2 aT LJ n-i 

Bay = J ей 41 Медо] | J Мое | Мода 
for i= [(n--1)/2] (1) n, n = 2(1)90. For i < [(n:-1)/2] the expected values are 
obtained using the relation 


Ежи = Beni 
b. Applications 


Table 9.1 is useful in the analysis of ordinal data where one has to replace the 
ranks by the expeoted values of the corresponding normal order statistics. Here 
the next step often involves an analysis of variance of these assigned scores. The 
sums of squares of the expected values given in Table 9.1 are useful in these 
caloulations. See also the explanatory notes preceding Table 10.3 in this connection. 


Another use of Table 9.1 is in obtaining factors by which the range or a quasi- 
range, in a sample of size from the normal population (ид, с),ћаѕ to be multiplied 
to give an estimate of the standard deviation c. Thus we see from Table 9,1 that 
in a sample of size 20, |тағ-2)--2.26 provides an unbiased estimate of the 
population standard deviation, since for m = 20, Exis) = Ежи) = 1490 and 
Ex) = —Ba( 941) = — 1.130. 


с. Another table of expected values 


Harrer, Н. L. (1960): Етресісд values of Normal Order Statistics, Technical report 60-292, Aeronautical 
Research Laboratories, Wright-Patterson Air Force Base, June 1960. 
Expected values to five places of decimal for n = 2(1)100 and for selected values upto n = 400. 


TABLE 9.1. EXPECTED VALUES OF ORDER STATISTICS xj, IN SAMPLES FROM A 
STANDARD NORMAL DISTRIBUTION 


order n= 2 3 4 5 6 7 8 9 10 
т .56 .85 1.03 1.16 1.27 1.35 1.42 1.49 1.54 
n—l 0 .30 .50 .64 ‚716 .85 .93 1.00 
n—2 0 .20 .35 .47 457... 74 .66 
n—3 0 .15 .27 .38 
т-4 0 12 
$ “ад, 0.6272 1.4450 2.3018 3.1912 4.1250 5.0452 5.9646 6.9656 7.9320 


KE асе Е елен СР ie a Ман 
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TABLE 9.1 (continued). EXPECTED VALUES OF ORDER STATISTICS zç, IN SAMPLES FROM А 
STANDARD NORMAL DISTRIBUTION 


79 .85 90 .95 .99 1.03 1.07 1.10 1.13 
54 -60 66 E .76 .81 85 .89 92 
31 .39 .46 .52 .57 62 67 71 15 
10 .19 .27 .34 .39 .45 50 .55 .59 
0 .09 .17 .23 .30 .85 .40 45 

0 .08 -15 .21 .26 31 

0 .07 .13 .19 

0 06 


9.8662 10.8104 11.7846 12.8232 13.6600 14.7258 15.7454 16.6864 17.7144 


order |n=21 22 23 24 25 26 27 28 29 30 
(еды сой e A LANE RSS ГРЫ oe алые publici PRD TATE 

n 1:80:5:1501: 33:890" 1:05 9 15071 nnd. 0800 29:00 SEN SETT 
»—1 1148:/1:48. 01:48): 01:800 (1:88. ¿Y eee C088 a nisa Bi posu 1162 
nce Nee але Пе | 1945 27960) SSO аав у авур 71130 
n—3 252 1198 ^ ^. 3.01 0 10490 1507. 91:00 атсетат. 
n—4 18 182 :85 188 :91 :03 196 Тор (17002) 2:08 
п—5 288: .67 :10 :13 :16 179 182 185 187 180 
n—6 49 158 157 .60 .04 167 170 КЕ :16 :18 
ОННО RST) Eb 45 :48 159 155 158 161 164 161 
п—8 54 29 193 187 41 m E 151 834 157 
n—9 (18:71:17 199 196 180 134 :38 E үп 147 
п—10 0 :06 al :16 130 124 198 139 135 138 
n—11 0 05 .10 14 119 152 196 199 
n—12 0 05 109 S a 21 
n—13 0 .04 :09 12 
п—14 0 :04 
n 

S We? | 8.6242 19.6862 20.6176 21.6040 22.6352 23.5470 24.5992 25.5808 26.5806 27.5154 
1 

order |n=31 32 33 34 35 36 37 38 39 40 
n 8.06 2.07 2.08 2.09 2.1 2.12 2.13 2.14 2.15 2.16 
n—l POIN 1:650 1 X768. ^ ABS 1500 расло а Ыы бе м 1238 
n—2 1.38 140 148 1.48 1.45 1.46 148 1.49 1.50 1.52 
n—3 ОН бо табе ават F, 21.85 ао паз (А агави 00:94 
n—4 ОО РОВ ЕН ТЕА УАТ атары A 12105. i 3210 er 
n—5 192 104 :96 198 1.00 — 1.00 1.08 1.056 1107 1.08 
n—6 180 :82 185 187 189 :01 92 .94 19% 198 
n—1 69 — .72 174 176 179 181 183 185 186 188 
n—8 160 — .62 165 167 169 {19 E 175 «77 179 
n—9 .50 — .58 156 158 160 163 165 167 169 Es 
n—10 10044 147 150 159 154 157 159 261 163 
n—11 133 — .36 .39 ‘41 144 E 49 151 154 156 
n—12 :94 —.98 :31 :34 136 139 42 44 146 149 
n—13 16 120 -23 126 120 132 134 237 139 149 
n—14 “08512218 118 118 -23 194 197 130 .33 -35 
7—15 бра :08 al 24 117 120 193 196 198 
n—16 0 :04 :07 10 14 116 29 199 
n—M 0 108 107 10 13 116 
4:538 ( 0 -03 :06 .09 
n—19 0 193 


59:27) 28.5730 29.5960 30.5562 31.5152 32.5618 33.5166 34.5346 35.4840 36.4414 37.4288 
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9.2. FRAOTILES OF A Norman DISTRIBUTION 
а. Fractile mean and variance 


For a standard normal distribution with the density function N(x) = (2л) * 
el (wo < z < co), consider the system of intervals (а, а] š = 1,2,...,0 where 


4, = —00, 4, = оо and the 9—1 other a’s are chosen such that 
p 1 я 
Г Ма = — (i=1,2,...,9). 
4 9 


The interval (0;, а] will be referred to ав the i-th g-fractile interval of the standard 
normal distribution. Table 9.2 gives the mean 


pas! 
Ig = g 1 aN (x)da 


and variance 


gi %+1 n 5 
hø T 2! аса 


in the i-th g-fractile interval for i = 1(1)g, 9 = 2(1)20. 


b. Application : $raphical tests of normality 


Let zv, Xo, ..., €, be a sample of n observations from a population. Two graphical 
tests are described for examining whether the parent population is normal. 

(i) Normal probability graph 

Denote the ordered observations by Фа) Vg.» Vem Consider the pairs 
(dy, жуу), -s (Чьи) Where d; is the standard normal deviate corresponding 
to the cumulative probability of i/n. The values of d; can be obtained from Table 3.1, 
by inverse interpolation if necessary. Then the (d; £n), i = 1, 2, ..., (n—1) are plotted 
on a graph paper with orthogonal axes (x and y) with d; on x-axis and z; on y—axis. 
Tf the parent population is normal the points will lie close to a straight line. 

(ü) Fractile graph* 

We consider the order observations Xu) 205), +++, (л) as in method 1. Now 
divide the observations into a chosen number, g, of groups such that each group consists 


of h = n/g consecutive order observations. The groups so obtained are called fractile 
groups. The i-th fractile group consists of the observations 


Талу» йаа)» эээ» Vah+h-D 
The sample i-th fractile mean is the average of the observations in the i-th 
fractile group and is represented by 


rd Tam +++ Then) 
раа аст ON 


* The fractile graphical analysis was recently developed by Mahalanobis (Econometrica, 28, 325- 
351). It is capable of a very wide application. The particular application of testing for normality was 
suggested by A. Linder in the convocation address at the Indian Statistical Institute in 1963, 
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We consider the pairs 

(иат Zia) t= 1,2,..,g 
where ду, ор are the fractile means of the population as defined in section 1, and tabu- 
lated in Table 9.2. Then the g points (Hu gj Zu, n) # = 1,2,...,g are plotted on a 
two dimensional chart representing jy, z оп x-axis and Ер, д on y-axis. If the parent 
population is normal the graph will be close to a straight line. 


Example: Given 100 independent observations on log weight of an individual, it 
is required to examine whether the distribution of log weight is normal. 


first half sample 


2.081 2.204 2.130 2.207 2.111 2.189 2.230 2.150 2.208 2.191 
2.094 2.174 2.177 2.170 2.098 2.105 2.198 2.085 2.145 2.131 
2.120 2.186 2.097 2.171 2.168 2.215 2.096 2.116 2.132 2.062 
2.112 2.078 2.171 2.177 2.151 2.241 2.167 2.105 2.175 2.151 
2.103 2.144 2.204 2.189 2.108 2.267 2.173 2.076 2.283 2.165 
second half sample 
2.108 2.046 2.192 2.258 2.236 2.098 2.210 2.207 2.137 2.179 
2.159 2.125 2.127 2.138 2.102 2.166 2.192 2.212 2.143 2.171 
-2.185 ^ 2.236 2.075 2.079 2.162 2.052 2.153 2.206 2.235 2.215 
2.239 2.046 2.131 2.152 2.116 2.172 2.272 2.086 2.124 2.139 
2.134 2.140 2.115 2.122 2.132 2.197 2.137 2.143 2.124 2.135 


We illustrate the fractile graph method which is less well-known than the proba- 
bility graph method. 


In such problems involving graphical analysis of data, it is useful to split the 
sample into two independent half samples (of 50 observations each in the present case) 
and draw the fractile graph for each half sample and also for the combined sample. 
Such a procedure would enable us to examine the consistency between parallel samples 
and also to have an idea of the magnitude of the sampling error (separation between 
half sample graphs) involved. The observed deviation from a straight line of the 
fractile graph for the combined sample has to be judged against sampling error, i.e., 
the deviation to be expected due to sampling. 


fractile mean 
fractile 
group half sample combined theoretical 
1 2 sample (from Table 
9.2) 
1 2.076 2.060 2.068 —1.755 
2 2.096 2.102 2.097 -1.045 
3 2.108 2.125 2.117 —0.677 
4 2.126 2.134 2.131 —0.387 
5 2.150 2.139 2.143 —0.126 
6 2.169 2.154 2.162 0.126 
у 2.175 2.171 2.174 0.387 
8 2.186 2.194 2.190 0.677 
9 2.204 2.222 2.211 1.045 
ю | 2.247 2.254 2.253 1.755 ! 


The two fraetile graphs based on samples of 100 observations are in the chart 
on page 94. The deviations from a straight line appear to be small compared to 
the difference between the half sample fractile graphs, 


О 
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TABLE 9.2. MEAN AND VARIANCE FOR FRAOTILES OF A STANDARD NORMAL 
DISTRIBUTION 


For each combination of a value of g and a fractile number there are two entries, of which the top 
entry represents the mean and the lower entry, the variance 
---л------------------ 7 2 
fractiles 
g 1 2 3 4 5 6 7 8 9 10 


2 |-0.7979 0.7979 
0.3634 0.3634 


3 | -1.0908 0 1.0908 
0.2800 0.0603 0.2800 


4 | -1.9711 -0.3247 0.3247 1.2711 
0.2416 0.0372 0.0372 0.2416 


5 |-1.3998 -0.5319 0 0.5319 1.3998 
0.2186 0.0284 0.0212 0.0284 0.2186 


6 | 1.4901 -0,6885 -0.2121 -0.2121 0.6825 1.4991 
0.2029 0.0236 0.0154 0.0154 0.0236 0.2029 


7 |-1.5795 —0.7998 -0.3684 0 0.3684 0.7998 1.5795 
0.1914 0.0206 0.0123 0.0108 0.0123 0.0206 0.1914 


8 |-1.6468 -0.8954 -0.4913 -0.1580 0.1580 0.4913 0.8954 1.6468 “ 
0.1824 0.0186 0.0105 0.0084 0.0084 0.0105 0.0186 0.1824 


9 |-1.7046 -0.9757 -0.5922 -0.2832 0 0.2832 0.5922 0.9757 1.7046 
0.1751 0.0170 0.0092 0.0070 0.0065 0.0070 0.0092 0.0170 0.1751 


10 |-1.7550 -1.0446 -0.6773 -0.2865 -0.1260 0.1260 0.3865 0.6773 1.0446 1.7550 
0.1691 0.0159 0.0083 0.0061 0.0058 0.0053 0.0061 0.0083 0.0159 0.1691 


11 | -1.7097 -1.1050 -0.7507 -0.4741 -0.2304 0“ 
0.1640 0.0149 0.0077 0.0054 0.0046 0. 0043 


12 |-1.8308 -1.1585 -0.8151 -0.5499 -0.3193 -0.1048% 
0.1597 0.0141 0.0071 0.0049 0.0040 0.0037 


13 |-1.8760 —1.2004 -0.8723 -0.6165 -0.3964 -0.1943 0% 
0.1559 0.0135 0.0067 0.0045 0.0036 0.0032 0.0031 


14 | 1.0002 -1.2499 -0.9237 -0.6759 -0.4645 -0.2723 -0.0898* 
0.1525 0.0129 0.0063 0.0042 0.0033 0.0029 0.0027 


15 |-1.9396 -1.2895 -0.9703 -0.7294 -0.5252 -0.3411 -0.1681 0* 
0.1495 0.0125 0.0060 0.0040 0.0031 0.0026 0.0024 0.0025 


16 | -1.9677 -1.3259 -1.0129 -0.7779 -0.5800 -0.4027 -0.2375 -0.0785* 
0.1467 0.0191 0.0057 0.0038 0.0029 0.0024 0.0022 0.0021 


17 | -1.9939 -1.3596 -1.0520 -0.8223 -0.6298 -0.4584 -0.2996 -0.1481 0% 
0.1448 0.0117 0.0055 0.0036 0.0027 0.0022 0.0020 0.0019 0.0018 


18 |-2.0183 -1.3008 -1.0882 -0.8631 -0. 6754 -0.5090 -0.3558 -0.2106 -0. 0697* 
0.1420 0.0114 0.0053 0.0034 0.0026 0.0021 0.0018 0.0017 0.0016 
19 | -2.0412 -1.4200 -1.1218 -0.9009 -1.7174 -0 5655 -0.4071 -0.2672 -0.1824 0% 
0.1400 0.0111 0.0051 0.0033 0.0024 0.0020 0.0017 0.0016 0.0015 0.0015 


20 |-2.0697 -1.4473 -1.1532 -0.9361 -0.7563 -0.5983 -0.4541 -0.3189 -0.1802 -0.0627% 
0.1380 0.0108 0.0050 0.0032 0.0023 0.0019 0.0016 0.0015 0.0014 0.0013 


*Forg > 11, mean and variance are given only for the first g/2 fractiles if gis even and (g-+1)/2 
fractiles if gis odd. The rest of the fractile means and variances for any ( сап be written down by sym- 
metry, the sign being changed in the ease of the means. Thus the 7th, 8th, . fractile means for 
g=11 are 0.2304, 0.4741, ......etc. and variances 0.0046, 0.0054, ......ебе. For g=12, the 7th fractile mean 
and variance are 0.1048 and 0.0087 and so on, 
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—.—.— HALF SAMPLE 1 
------ HALF $AMPLE 2 
COMBINED SAMPLE 


SAMPLE FRACTILE MEANS 


-1775 -105 -0'68 -0'59 -013 073 049 068 705 175 
POPULATION FRACTILE MEANS 


9.3. Тнк MAXIMUM OBSERVATION 


Table 9.3 provides the upper 5%, 1% and 0.1% points of the maximum 
observation „у in a sample of size n from N(0, 1) for n = 1 (1)30. Owing to the sym- 
metry of N(0, 1) the same table is also applicable to —2 1), ta, being the minimum 
observation in a sample of size n. 

Tt is known from experience that the average and standard deviation of the 
weight of individual cigarettes are 6.00 and 1.50 units. 5 cigarettes selected at 
random weighed 6.00, 9.50, 4.41, 7.51 and 4.29 units. Examine if the maximum 
observation is an outlier. The extreme standardised deviate (9.50—6.00)/1.50 = 2.33. 
This exceeds 2.319 the upper 5% value given in Table 9.3 forn = 5. Hence one 
has reasons to suspect the maximum observation. 


TABLE 9.3. UPPER PERCENTAGE POINTS OF THE MAXIMUM OBSERVATION 


| 
в |0.1% 1% 5% | ^ | 0.1% 196 59, n | 0.1% 1% 5%, 
1 | 3.000 2.326 1.645 | | 11 | 3.748 3.117 2.601 | | 21 | 8.902 3.308 2.815 
2 | 3.290 2.575 1.955 | 12 | 3.765 3.143 2.630 | | 22 |3.914 3.316 2.830 
3 | 3.403 2.712 2.121 | | 13 | 3.785 3.166 2.657 23 |3.924 3.328 2.844 
4 |8.481 2.806 2.234 14 |3.803 3.187 2.682 24 |3.934 3.340 2.857 
5 |3.540 2.877 2.319 | 15 |3.820 3.207 2.705 25 |3.944 3.351 2.870 
6 | 3.588 2.984 2.386 | | 16 | 3.836 3.226 2.726 26 | 3.954 3.362 2.883 
7 | 3.628 2.981 2.442 17 | 3.851 3.243 2.746 27 | 3.963 3.378 2.895 
8 | 3.662 3.022 2.490 18 | 3.865 3.259 2.705 28 | 3.971 3.383 2.906 
9 | 3.692 3.057 2.531 | | 19 |3.878 3.275 2.783 | | 29 | 3.980 3.392 2.917 
10 |3.719 3.089 2.568 20 | 3.890 3.289 2.799 | | 30 | 3.988 3.402 2.928 
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Tan EXTREME STUDENTISED DEVIATE FROM THE SAMPLE MEAN 


9,4. 


) computed 


2—10 
8, 


(ог 
from a sample of size n drawn from N(x, с), where 2 is the sample mean zu) and 
Хүр) are the minimum and the maximum observation in the sample and s? is an 


,-2 
independent unbiased estimate for g? based on v degree of freedom. 


$, 


Table 9.4 gives the upper 19, and 5% points of Zin 


Table 9.4 is useful in deciding whether to reject an allegedly outlying ob- 


servation, as in 9.3 when the population mean and variance are unknown. 


UPPER PERCENTAGE POINTS OF THE EXTREME STUDENTISED 


TABLE 9.4. 


DEVIATE FROM THE SAMPLE MEAN 


ANANA 
ra ° o 


10. NONPARAMETRIC TESTS 


a. One sample problem 


То test the hypothesis that a given sample (21, 2)...» т.) has arisen from a 
population with a numerically specified distribution function F(x). 


The Kolmogorov-Smirnov test (Table 10.1) 


Let F,(x) be the proportion of observations in the sample less than or equal to 
x. F,(x) is called the empirical distribution function. Define 


D*(n) = sup {Ё(ж)—Е(@)} 
D-(n) = sup (F(z) —Р (а) 
Рп) = вар| Ё,)--2(2) | = max {D*(n), D-(n)}. 
The choice of the test criterion depends on the specific departures intended to be 
detected. 


The 1% and 5% critical values of D*(n), D-(n) and D(n) are given іп Table 10.1 
for n=1(1) 20(5)35 in the special базе where F(z) is continuous. A computed value of 
the criterion larger than or equal to the critical value given in Table 10.1 is 
significant. Table 10.1 also gives formulae for calculating the critical values when 7 


is large. 


Example. Test if the observations .068, .098, .117, .136, .317, .628 could have 
arisen in sampling from a rectangular distribution over the interval (0, 1). 


Here n = 6, and D(n)— .531. The 5% value of D(n) for n = 6is.521. Henoe the 
observed value is significant at the 5% level. 


b. Two sample problem 
Consider two samples (211, 29 +++ 219) and (ta Фар +++) Зал) of size m and ng 
respectively and the hypothesis that both the samples have arisen from the same 
population. 
(i) The Kolmogorov-Smårnov test (Table 10.2) 
Let Fin, and Fon, be the empirical distribution functions derived from samples 
1 and 2 respectively. Define 
Оңт, ng) = sup (F,,(2)— Fs (2)! 
D-(ny, т) = sup {Fn (2) Fs 6) 
Dia, na) = sup |Р, (z) —PF,,(z)| 
= max {D* (т т), Dm та) 


_ — ——— qi 
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The choice of the test criterion depends on the specific departures from the 
hypothesis intended to be detected. 

For the special case n4 = n, = n, Table 10.2 provides 5% and 1% critical values 
for т D*(n, n) (or nD-(n, n)) and nD(n, n) covering the values of n = 3(1) 30(5) 40. 
A computed value of nD+(n, n) or nD-(n, n) or nD(n, n) is declared to be significant 
if it exceeds or is equal to the critical value given in Table 10.2. 

When n, and % are large the following formulae may be used for calculating the 
critical values of the test criterion : 


one-sided test statistic two-sided test statistic 
Dt(n,, ng) ог D-(n4, no) · (вы, т) 
1% 5% 1% 5%, 
Ї + n 
1.52 (шіт) 1,99 (тама 1.63 (um uy 1.36 (Stm) 
түла тү” түту DIR 


The critical values given in Table 10.2 and also the asymptotic formulae given 
above are applicable only if the population distribution under the hypothesis is known 
to be continuous. 
(ii) Other tests 
Let the observations in the combined sample of size n = 74-7, be serially 
arranged in increasing order of magnitude 
20545... Ко 
Let à, tg, .. o ба (sqq. „< п), be the serial orders of observations 
in sample 2. 
A general form of test statistic for testing the hypothesis of equality of distribu- 
tion functions is 
anli) tanli) t <- Hanlin) 
where for each л, а, (i) is a given function defined over the integers i = 1, 2, ... 7 
The following are well known special cases : 
(а) Fisher-Yates test 
а (5) = expected value of the i-th order statistic in a sample of size 7) 
from N (0, 1). These expected values are given in Table 9.1. 
(b) Wilcoxon (Mann-Whitney) test 
a (š) = i. 
(e) Van der Waerden test 


a,(¢) = ( EXE quantile of №0, 1) defined by the equation 


apli) 
1 mod= дүү 


The values of a,(i) may be obtained Бу interpolation in Table 3.2. 
13 
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(a) The Fisher- Yates test (Table 10.3) 

Here observations in each sample are replaced by scores defined in the following 
manner. Ifa particular observation has rank i in the combined sample of size n, the 
score replacing this observation is given by the expected value of the i-th order 
statistic in a sample of size т from N(0, 1). Define 


C, — sum of the scores received by the second sample observations. 


Table 10.3. provides the 1% and 5% critical values of C, for a two sided test and also 
the upper 1% and 5% values of C, for a one sided upper tail test. The lower 1% 
and 5% values are obtained by prefixing a negative sign to the upper 1% and 5% 
values respectively. Table 10.3 covers the values of n = 6(1)10 where m, is the size 
of the smaller sample. 


For larger values of n one may apply the usual two sample t-test (described in 4) 
to the scores. 


(6) The Wilcoxon (Mann-Whitney) test (Table 10.4) 

Define U,, as the number of times an observation in the second sample precedes 
an observation in the first considering all pairs of observations one from each sample. 
Clearly 

04 = тт mlt) py 
where №, = sum of the ranks assumed by the second sample observations. Define 
U.s in a similar manner and let U = min (Uj, Up). 


Table 10.4 provides 1% and 5% critical values of U. An observed value equal to 
or less than the value given in table is declared to be significant. Тһе selection of the 
statistic U;;; Uz, ог U depends upon the type of alternative hypotheses. For instance 
if it is desired to examine that the variable of the first population is stochastically 
larger than the second, one uses Uys. If the nature of departure to be detected is not 
specified one uses U. Table 10.4 covers values of n, and n, = 1(1)20. 


For larger values of n, and na, the sampling distribution of U may be assumed to 
be normal with 
mean = "7/2, 
variance = mnefn - по + 1)/12. 
(c) Тһе Wald-Wolfowitz run test (Table 10.5) 


Consider the serial arrangement of observations in increasing order of magni- 
tude as discussed in (ii) above and replace each observation by 1 or 2 according as it 
arises from sample 1 or 2. А run is a succession of like symbols (numerals) preceded 
and followed by none or an unlike symbol (numeral). Let W be the total number of 
runs (i.e. the total of the number of runs of 1 and the number of runs of 2). W is 
proposed as a test statistic. 


Table 10.5 provides the lower 1% and 5% critical values of W for 74, n, upto 20. 
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For larger values of m, п, the sampling distribution of W may be assumed 
to be normal with 


27147 
mean =— 1241, 
Tia По 
5 2nyng(2n4n, — та — n, 
variance - = (21753 —n,—n3) 


(па + пр) (n; 4-n4—1) ` 


Example: In а certain feeding experiment 6 pigs were kept under a control 
diet while 6 others were provided with feed ‘А’. The gains in weight (in lbs) over 
а certain period were as follows : 

Control: 8.1, 6.8, 6.9, 7.5, 8.8 (Sample 1) 
А: 8.2, 8.4, 8.3, 8.7, 8.9 (Sample 2) 
Examine if feed ‘A’ is an improvement over ‘control’. 
Kolmogorov-Smirnov test : Here 5D+(5, 5) = 4 which is equal to the 5% value 


given in Table 10.2. Hence the hypothesis that the two feeds are equally good is 
rejected (at the 5% level) in favour of ‘А’. 


Fisher-Yates test : We get the following rankings for the combined sample of 10 
observations : 


Rank order (i) 1 2 3 4 5 6 7 8 9 10 
Value ТОЛА КАТ CY ЛЕ ЖҮЛГЕ TY азе 
Sample index 1 1 1 1 2 2 2 2 1 2 

Em (from Table 9.1 for n = 10) —19 18 „38 .66 ETFI 


Hence C, = 2.58. From Table 10.3 the 5% value of C, for a one-sided test (for 
n = 10 and n = 5) is 2,58. The observed C, is thus significant at the 5% level. 


Wilcoxon (Mann-Whitney) test: Неге Е, = 86. Hence Up, = 25--15—36 = 4. 
This is also significant at the 5% level, the critical value of Us, for ny =n, = 5 being 
4 from Table 10.4. 


Since 5 (5, 5) is also equal to 4 the hypothesis that the two feeds are equally 
good cannot be rejected by a two sided Kolmogorov- Smirnov test. It is seen that a 
two sided Fisher-Yates test or a two sided Wilcoxon (Mann-Whitney) test also fails 
to reject the hypothesis. When alternatives are two sided one could also use the 
Wald-Wolfowitz run test. 

Wald-Wolfowitz run test: Total number of runs in «the serial arrangement given 
above is 4. This is not significant at the 5% level, the critical value for 74 = n, = 5 
being 2 from Table 10.5. 


c. Matched-pair sample 
Consider n pairs of observations (2;, y;) š = 1, 2,..., and the hypothesis that 
for each i the distribution of (x;, y;) is the same as that of (y;, 24). ' 
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(i) The sign test 
Consider only the n’ < n pairs where x;y; and let be the number of pairs 
where x,<y;. Кога given п’ the distribution of z, under the given hypothesis, is 
binomial with z = $. This hypothesis could be tested in the manner discussed in 1.3. 
(ii) Тһе Wilcoxon test (Table 10.6) 
Compute d,=z, —y; Here again as in the sign test all the n—n’ pairs where 
d; = 0 are dropped out. The remaining d; are ranked in increasing order of magni- 
tude disregarding sign, the smallest |d;| receiving rank 1. ‘Then to each rank is affixed 
the sign of 4; to which it corresponds. Define 
Т. = sum of all ranks with a negative sign, 
T, = sum of all ranks with a positive sign, 
T = min (T_, 73. 
Table 10.6 gives the 1% and 5% values of T, Т. or T,. A computed value of 
T is significant if it is less than or equal to the value given in Table 10.6. 
The choice of the statistic Т_, Т, or T depends on the type of alternatives 
one wishes to detect. 


Table 10.6 covers values of n’ = 6(1)25. For larger values of n’ the sampling 
distribution of Т, (or equivalently T'_) may be assumed to be normal with 


зайн ТӨСЕУ! 
4 
кеа Ad, Жа 
24 
Note that TFT. = олш. 


Example: The following table gives the yield rate of paddy (in 1aaunds per acre) 
as observed in ten pairs of concentric circles of radii 2 ft and 4 ft. Examine if the 
yield rate has been over-estimated by the smaller circle. 


sample: 1 2 3 4 5 6 7 8 rh 10 
25. 612 53 5.59 6.34 6.29 5.98 5.61 4.48 5.93 5.33 (у) 
4f. 550 600 471 6.12 5.93 5.56 541 5.14 5.66 5.67 (г) 


Неге we have 


ү 


sample : 1 2 3 4 5 6 T 8 9 10 
z—y -0.62 0.61 -0.88 -0.22 —0.36 -0.42 -0.20 0.71 -0.27 0.84 
Rank of | 2-9 | 8 W+) 10 2 5 6 1 X+) з 4+) 


T, = 4- 9-7 = 20. The 59, value of Т, (for а one-sided test) for » = 10 
is 10 from Table 10.6. Hence the observed result is not significant. 
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d. Spearman's rank correlation coefficient 


When n individuals in a sample are ranked according to each of two different 
characteristics, the association between the characteristics may be measured by Spear- 
man’s rank correlation coefficient. This is the ordinary product moment: correlation 
coefficient applied on rank pairs. When there are no tied ranks, the correlation coeffi- 
cient can be computed by the formula 


n 
6 542 
авг E. 1 
МЕЗ а ен 


where d; is the difference in the two ranks of the i-th individual. 


Table 10.7 gives the upper 1% and 5% values of |7,| for a two-sided test and 
also the upper 1% and 5% values of 7, for a one-sided upper tail test. The lower 
1% and 5% values of r, for a one-sided lower tail test are obtained by prefixing а nega- 
tive sign to the corresponding upper tail values. 


Table 10.7 covers sample sizes upto n = 10. For n larger than 10, the critical 
values of given in Table 7.1 with d.f. у = n—2, may be used as approximate critical 
values of r, 


Example: А set of 10 individuals were ranked by two independent examiners 
with respect to their reasoning abilities. The ranks are given below. Test for asso- 
ciation between ranks by the two examiners. 


Individual : 1 2 3 4 5 6 7 8 9 10 
Examiner 1: 7 1 3 5 9 8 4 10 2 6 
Examiner 2: 6 2 4 3 8 10 5 9 1 jl 

МИНИ наме ST FÅ DA Bl å EE НА СЕ LEER ees 
а 1 -1 -1 2 1 -? -1 1 1 -1 


Xd?= 16, п—т = 990, r, = 1—96/990 = 0.9030 


'This is significant at the 1% level, the critical value for a two-sided test being 
0.794 from Table 10.7. 


| 
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TABLE 101. THE ONE SAMPLE TABLE 10.2. THE TWO SAMPLES 
KOLMOGOROV.SMIRNOV TEST KOLMOGOROV-SMIRNOV TEST 
(5% and 1% critical values for one- (5% and 1% critical values for one- 
and two-sided tests) and two-sided tests) 
Е 
one-sided test two-sided | one-sided two-sided 
D+(n) or D-(n) D(n) | nD+(n,n) or nD-(n,n) nD(n,n) 
n 1% 5% 1% 5% n 1% 5% 1% 5% 
1 .990 -950 .995 .975 3 - 3 - - 
2 .900 .776 .929 .842 | 4 - 4 - 4 
3 .185 .636 .829 .708 | 5 5 4 5 5 
4 .689 .565 734 624 | 
5 .627 .509 .669 .563 6 6 B 6 5 
7 6 5 6 6 
8 6 5 7 6 
6 .577 .468 .617 .519 9 7 6 7 6 
7 .538 .436 .576 .483 10 7 6 8 7 
8 507 1410 1549 1454 | 
9 .480 .987 .513 .430 11 8 6 8 1 
10 1457 1860 :489 :409 12 8 6 8 7 | 
13 8 7 9 7 : | 
14 8 7 9 8 | 
n 497 Еу; 468 .391 15 a Ü 9 $ 
.419 > — 1338 .449 .375 
13 1404 1325 432 1361 б 9 3 10 8 
14 17 9 8 10 8 
22 .390 :314 1418 .349 18 10 8 10 9 
1877 .304 .404 .338 19 10 8 10 9 | 
20 10 8 1 9 ! 
16 .366 .295 .392 .327 21 10 8 11 9 | 
17 .355 .286 .381 .318 22 11 9 11 9 | 
18 .346 .279 -371 .309 23 1 9 1 10 
19 .837 .271 .361 .301 24 11 9 12 10 
20 .329 .265 .352 .294 25 1 9 12 10 
26 11 9 12 10 
25 .295 .238 .317 .264 27 12 9 12 
2 1270 1218 .290 .242 EM 12 10 n n 
5 .251 .202 .269 .224 12 10 
~ 30 12 10 13 п 
35 13 п 14 12 
over 35| 1.52 1.92 1.63 LES 40 14 п 15 13 
Nn Nn Nn Nn TE M ES бы 
over40| 1.52,/2% 1.222 1.63,/88 1.36,/24 
1 
TABLE 103. THE FISHER-YATES TEST ! 
(5% and 1% critical values for one- and two-sided tests) | 
| one-sided two-sided | one-sided two-sided 
n= Frk "r Г ыы ГҮН И, A 
пут, | т | 1% 5% 1% 5% m| 1% 5% 1% 5% 
6 ГА ЕТТЕ xe = EST my = | 
7 3| = 2.11 = 33 3, 2-5 2.33 25 2.69 
7 3 хоо 2.46 = - 4, 3.26 2.42 - 2.72 
8 2 дэл 2.97 єє. — 2 - 2.54 - 2.54 
8 Si es 248 227060 3| 3.20 2.32 = 8.66 
8 |с 2.59 = 45 9:88 4| 3.32 2.54 8.58 2.89 
| 5| 3.46 2.58 3.70 2.94 | 


NONPARAMETRIO TESTS 


TABLE 10.4. THE WILCOXON (MANN-WHITNEY) TEST 


(1% critical values of 7), ог U2; for one-sided test) 
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SA Ра 187 ЕБВ |159 (19):10::317 32; па 914 218) ЛӨ 17. 
т 
1 КЕЛСЕ о N Aes EEE аи O NICE 1 
2 ел Ree are ут ка OOO EO ROL «0,7507 Ба 2 
3 же ie Ne Ge no PO: VE а ава 2702058: 08 045 4 ҮЙҮ, 8 
4 О M TOS 29: 1:95:04 248: 55:19. (44513114 08.99. 591.30. 4 
5 d Oe ED а бе кб ак S. O 30. E US паз ЧА 15-16 5 
6 JP ЛА гала VE 1607 (8.29 11.3209 16) 28718: 19 20: 99 6 
7 SO 8 4:48 УЛ (9 00112 44 46747719 221 028 794 26° 98 7 
8 - - 0 2 4 6 7 911 13 15 17 20 22 24 26 28 30 32 34 8 
9 = - 1 8 5 7 9 11 14 16 18 21 23 26 28 31 33 36 38 40 9 
10 = - 1 8 6 8 11 13 16 19 22 24 27 30 33 36 38 41 44 47 10 
11 - - 1 4 1 9 12 15 18 22 25 28 31 34 37 41 44 47 50 53 11 
12 - - 2 5 8 11 14 17 21 24 28 31 35 38 42 46 49 53 56 60 12 
13 - 0 2 5 9 12 16 20 23 27 81 35 39 43 47 51 55 59 63 67 13 
14 - 0 2 6 10 13 17 22 26 30 34 38 43 47 51 56 60 65 69 73 14 
15 - 0 3 7 11 15 19 24 28 33 37 42 47 51 56 61 66 70 75 80 15 
16 - 0 3 7 12 16 21 26 31 36 41 46 51 56 61 66 71 76 82 87 16 
17 - 0 4 8 13 18 23 28 33 38 44 49 55 60 66 71 77 82 88 93 17 
18 - 0 4 9 14 19 24 30 36 41 47 53 59 65 70 76 82 88 94,100 18 
19 - 1 4 9 15 20 26 32 38 44 50 56 68 69 75 82 88 94 101 107 19 
20 - 1 5 10 16 22 28 34 40 47 53 60 67 73 80 87 93 100 107 114 20 
ny 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20) n, 
(5% critical values of 0; or Uz; for one-sided test) 
№ 1.2 8 4 5 6 7 8 9 10 11 12 13 М 15 16 17 18 19 20 
n 
1 О EM E P ars er айу irs) eee ТОМО 1 
2 т 007407 9 90 0H ВА 52:542. (19008) ан 2 
3 па | SOMONE Ease 18: 48! АБУ 080 КО PTI ee Ss (9 46141 3 
4 =L pe) 410 21912; 78: ЯТТЫ 00. 74. ви (97 30: 11/09, d£ 16/46 A72 ЛВ 4 
5 POSE 15216 18 29 1112-19. 157167 1085 ЛӘ. 20% 22: 031 25: 5 
6 = 0 2 3 5 7 8 10 12 14 16 17 19 21 23 25 26 28 30 32 6 
7 - 0 2 4 6 8 11 13 15 17 19 21 24 26 28 30 33 55 97 39 7 
8 - 1 8 5 8 10 13 15 18 20 23 26 28 31 38 36 39 41 44 47 8 
9 - 1 8 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 9 
10 - 1 4 7 11 14 17 20 24 27 31 34 37 41 44 48 51 55 58 62 10 
11 - 1 5 8 12 16 19 23 27 31 34 38 42 46 50 54 57 61 65 69 11 
12 - 2 5 9 13 17 21 26 30 34 38 42 47 51 55 60 64 68 72 77 12 
13 - 2 6 10 15 19 24 28 33 37 42 47 БІ 56 61 65 70 75 80 84 13 
14 - 2 1 11 16 21 26 31 36 41 46 51 56 61 66 71 77 82 87 92 14 
15 - 3 7 12 18 23 28 33 39 44 50 55 61 66 72 77 83 88 94 100 15 
16 - 8 8 14 19 25 30 36 42 48 54 60 65 71 77 83 89 95101107 16 
17 - 8 9 15 20 26 33 39 45 51 57 64 70 77 83 89 96 102 109 115 17 
18 - 4 9 16 22 28 35 41 48 55 61 68 75 82 88 95 102 109 116 123 18 
19 0 4 10 17 23 30 37 44 51 58 65 72 80 87 94 101 109 116 123 130 19 
20 0 4 11 18 25 32 39 47 54 62 69 77 84 92 100 107 115 123 130 138 20 
т 
17:32:18 4 .5 „6. 179,80 (90100185 18 18 34. 15. 10 27-18-19: 90 D 
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FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 10.4. (continued); THE  WILCOXON (MANN-WHITNEY) TEST 


(1% critical values of U for two-sided test) 


= 
ооо TWH Ys 
3 


ir 42752835:/44/5.] 76 TB aS: олы 182082747 IG 1007 776419 020 
å = = - - - - = ЗЭ ус? - = = = = - i N - 3 
= | ја И АИ ыи ЕИ ie они 070 2 
Е С usa 3 25 31:9 3 
zo rS crono E CIO eS 20795 810 & 555750370 0: 7771,8: 4 
ОЕ бө ESSEN SST SEO 713 1:125 18 5 
о p IS аа FS 16 21507910 0 11-5312: LS Б зе Ate 1S 6 
S l s FOLE а NE о ese 190 053 1098183 то татар 124 7 
‚= UST RD Ө АКО ИКО 117719715290; 718: 20022024 269-287 90 8 
2 - 0 1 3 5 7 9 11 13 16 18 20 22 24 27 29 31 33 36 9 
- – о 2 4 6 9 H 13 16 18 21 24 26 29 31 34 37 39 42 10 
- = о 2 5 7 10 13 16 18 21 24 27 30 38 36 39 42 45 48 11 
- — 1 8 6 9 12 15 18 21 24 27 31 34 37 41 44 47 51 54 12 
- — 1 3 7 10 13 17 20 24 27 31 34 38 42 45 49 53 57 60 13 
- - 1 4 7 Il 15 18 22 26 30 34 38 42 46 50 54 58 63 67 14 
- — 2 5 8 12 16 20 24 29 33 37 42 46 51 55 60 64 69 73 15 
~ — 2 B 9 13 18 22 27 31 36 41 45 50 55 60 65 70 74 79 16 
- — 2 6 10 15 19 24 29 34 39 44 49 54 60 65 70 75 81 86 17 
- -,2 6 11 16 21 26 31 37 42 47 53 58 64 70 75 81 87 92 18 
- 0 3 7 12 17 22 28 33 39 45 51 57 63 69 74 81 87 93 90 19 
- 0 3 8 13 18 24 30 36 42 48 54 60 67 73 79 86 92 99 105 20 
т 
12 3 4 5 6 7 8 9 10 11 12 18 М 15 16 17 18 19 20 SN 


(59, critical values of U for a two-sided test) 


= 
Әсеас Оноо 


№ Lira 022616010589 110; ARE а Ма 16.16 17 18 19 20 
т 
PRS Тұз Ет хамаг ла ал ен лал MENE SEE 
Еа ұны жЕ УЕ, UM усы а ed PE mcm a Pine у ne = T 
жі А cess M mes Tm pcr a Дүн А ОЛИ АТИНИ IA ДА АСЫ Ке ая 2 
SEN О RENE CT LEON Sp LEES GONE САЛ ТАБА (БА ТУР ау ыдын 3 
LIMES 9-3 W МӘЗ Me. VA БОЛН ТЭ 80159 210 SEE аза ақа 4 
шам 010051552003: 19:36:16 59 28: ОЛГО (187 34 1007 11-1819 120 5 
– —- 1235 6 8 10 11 13 14 16 17 19 21 22 24 25 27 6 
- — 1 3 5 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 7 
- о 2 4 6 8 10 18 15 17 19 22 24 26 29 81 34 36 38 41 8 
– 0 2 4 7 10 12 15 17 20 23 26 28 31 34 37 39 42 45 48 9 
- 0 8 5 S 11 14 17 20 23 26 29 33 36 39 42 45 48 52 55 10 
- о 3 6 9 13 16 19 23 26 30 33 37 40 44 47 51 55 58 62 11 
- 1 4 7 11 14 18 22 26 29 33 37 41 45 49 53 57 61 65 69 12 
- 1 4 S 12 16 20 24 28 33 37 41 45 50 54 59 63 67 72 76 13 
— 1 5 9 13 17 93 26 31 36 40 45 50 55 59 64 67 74 78 88 14 
- 1 5 10 14 19 24 29 34 39 44 49 54 59 64 70 75 80 85 90 15 
- 1 6 11 15 21 26 31 37 42 47 53 59 64 70 75 81 86 92 98 16 
- 2 6 11 17 92 28 34 39 45 БІ 57 63 67 75 81 87 93 99 105 17 
— 2 7 12 18 24 30 36 42 48 55 61 67 74 80 86 93 99 106 112 18 
218 7 13 19 25 32 38 45 52 58 65 72 78 85 92 99106 113 119 | + 19 
— 2 8 13 20 27 34 41 48 55 62 69 76 83 90 98 105 112 119 127 20 
| mm = 
т 
1 2 8 а 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 NG 
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(1% critical values) 


NONPARAMETRIO TESTS 


TABLE 10.5. THE WALD-WOLFOWITZ RUN TEST 
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12 


Ov 59 
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9 10 10 10 10 


9 10 10 10 11 11 


8 


9 
12 12 13 ІЗ 13 М 


11 12 12 13 13 13 


9 10.10 11 11 11 
9 10 10 11 11 11 12 12 


9 10 10 11 11 H 12 12 18 
9 10 10 11 11 12 12 13 13 


9 
9 10 11 12 13 14 15 16 17 18 19 20 
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TABLE 10.6. THE WILCOXON MATCHED PAIR 
SIGNED RANK TEST 


(5% end 1% critical values of T-, T4} and T) 


Де фе ү. Ф 
(one-sided) (two-sided) 
n ЊЕ STE SNOOP al 
1% 5% 1% 5% 
6 - 2 - 0 
у! 0 3 - 2 
8 2 5 0 4 
9 3 8 2 6 
10 5 10 3 8 
11 7 13 5 11 
12 10 17 7 14 
13 13 21 10 17 
14 16 25 13 21 
15 20 30 16 25 
16 24 35 20 30 
17 28 41 23 35 
18 33 47 28 40 
19 38 58 32 46 
20 43 60 38 52 
21 49 67 43 59 
22 56 75 49 66 
23 62 83 55 73 
24 69 91 61 81 
25 77 100 68 89 


TABLE 10.7 SPEARMAN'S RANK CORRELATION 


COEFFICIENT 
(5% and 1% critical values of r, for one- and two- 
sided tests) 
one-sided two-sided 
n Бэ 

196 596 1% 5% 

4 — 1.000 — ds 
5 1.000 .900 - 1.000 
6 .943 .829 1.000 :886 
7 .893 .714 .929 .786 
8 .833 .643 .881 .738 
9 . 783 .600 .833 .683 
10 .746 .564 .794 .648 
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11. CONTROL CHARTS 


11.1. MEASUREMENTS DATA 
a. Introduction 


Control charts are used to detect changes in the mean value (centre of 
location) and in the variability (dispersion) of a process. The procedure consists in 
obtaining measurements on a sample of n items, computing chosen measures of loca- 
tion and dispersion, plotting the computed values on appropriate charts and taking 
decisions (regarding changes in the processes) depending on the positions of the plotted 
points. 

How is a control chart drawn for any particular measure of location or dis- 
persion ? Let T represent any such measure based on т observations in a sample. 
The central line of the control chart for Т is drawn at E(T), the expected value of T 
and the upper and lower control limits at E(T)--b,0(T) and E(T)—b,o(T) respectively, 
where b, and b, are suitably chosen constants and o(7) is the standard deviation of 
Т. Тһе limits obtained by choosing 5,, b, such that 

Probability (Т—Е(Т) > 5,о(Т)) = о/2 

Probability (T —E(T) < —b,o(7')} = 02 
are called « probability limits. Those obtained by choosing b, = b, = 3 are called 
three sigma limits. 

As an example for location, T may be the average 2 or the median 4 of the 
sample. Charts using 2 and # are called the z chart'and 4 (median) chart respectively. 
As a measure of dispersion 7! may be the standard deviation 8, or the range R of the 
sample leading to an s-chart or an R-chart. 

Let the true process average and standard deviation be represented by д and 
с. Under the asumption of normality of the observations, the 0(7) for each measure 
T considered in Table 11.1 is found to be a multiple of c, the process standard 
deviation. Hence the upper and lower control limits in all these cases can be 
written as 

Е(Т)--д0, E(T)-ar 
when д and с are specified. 


The process mean and standard deviation may not be specified in practice, 
but may be estimable on the basis of previous data. If the past data are sufficiently 
numerous, yielding stable estimates of # and с, the same formulae E(T)--2, с, ЕТ) 
—z,o for control limits can be used substituting estimates for E(T) and с. 


b. Construction of a control chart 
Table 11.1 provides the formulae for E(T), and multipliers of с ог of an estimate 
ofc for a wide variety of measures, T. The general procedure for constructing a 
control chart is as follows : 
(i) Decide on the subgroup (or sample) 8120 n. 
(ii) Choose a suitable measure of location and/or a measure of dispersion 
(see column (1) of Table 11.1 for measures commonly used). 
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(11) (a) ТЕ the standards, i.e., the mean and the standard deviation of the 
process are known, use the formulae in column (3) for E(T), the central 
line, and the formulae in column (6) for multiplying factorsz, 2,. Thus, 
if we want a control chart for the measure s, the sample standard devia- 
tion, the central line is at cys and the upper and lower control limits are 
at Boo and Bo. 


(b) If the standards are not known, decide to use one of the alternative 
estimates of A(T) given in columns (4) and (5) for the central line and one 
of the alternative estimates 8, R, or В for c as defined in 11.1c below. 
The multiplying factors for these estimates are given in columns (7), (8) 
and (9). Thus, if we want a control chart for the median 2 choosing баз. 
the estimate of and choosing R as an estimate of с, the central line is at 


& and the formulae for the upper and lower control limits are, as found 
from column (8) of Table 11.1, 


&--F,R and $—F,R. 


(iv) Having ehosen the appropriate formula from Table 11.1 we have to 
find the numerical values of the symbols A, Ag, ..., By, Вә, ... etc. 
They depend on the value of n and the nature of control limits required 
(3 sigma or probability limits). Тһе values of all the symbols of Table 
11.1 for 3 sigma limits are given in Table 11.2 for values of n = 2 
(1) 10 and for some symbols upto n = 20. The values of some symbols 
for probability limits are given in Table 11.3. 


c. Estimation of standards 


The methods for computing different estimates of ~ and c from past data are 
as follows. Let 2, ..., ту be the available series of past data. Divide the series into 
groups of n observations obtaining k = [Nm] subgroups omitting if necessary a few 
observations at the end. It is assumed that М is large compared to n. For each 
subgroup compute the value of a measure of location and a measure of dispersion as 


shown in the following table. 


In theory we can use any of the 8 estimates of іп conjunction with any ofthe 
four estimates of c, but in Table 11.1, we have indicated only some of the combina- 
tions for which tables exist for computing the control limits. It is also customary to 
examine the homogeneity of past data before using the estimated values of j and ог for 
control limits. This is done by constructing control charts based on the estimates 
and plotting the subgroup values. Thus if we are computing the subgroup means 
and standard deviations we may construct an 2 chart using the estimates 2 and 8. 
On such a chart we can plot the Ё consecutive values 2), ...,% and judge whether 


they were under control, 
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ган alternative measures 
original alternative measures of location of dispersion | | 
series | -—_—_—____——- 
mean median sum midrange} standard range 
(past data) 2 deviation 
2 z Ze M 8 R 
21 - 
1 5 21 ті (52), м; 81 B, 
yn 
аты 
2 5 Ф =, (Za). M: 82 Е, 
Тап У 
n h—1) 44) E 
k : E 2, (“а)ь My D Rr 
Vkn 
moan z š ба) м z E 
median 2 2 (Zo) М å R 
v— n O ,—TM ——PÑISÇ Ə ÑaAa 
^ providing 8 estimates of y. providing 4 estimates of o 


The symbols used are self-explanatory. Thus 2 is the median of the subgroup medians 
£, Ža... is the mean of subgroup means Z 2) ..., Фр; 5 is the median of 
subgroup standard deviations 81, 55, ..., 8, and so on. 


11.2. ATTRIBUTES DATA 


Instead of providing а measurement such as the length of ап item, sometimes 
it is scored as bad or good, or as within or outside certain gauge limits, or as having 
а certain number of defects. The relevant formulae for the central line and the 3- 
sigma limits in such cases are given in Table 11.4. 


d amd p charts: When an item is scored as good or bad, the quality of & 
subgroup of n items is judged by the number defective (d) or the proportion defeotive 
(p). If the number defective is assumed to have а binomial distribution with the 


parameter 7, then 


Е(р) = п, Е(4)- nm 
olp) = Мл(1--)т, o(d) = vnml—m) 


which provide the formulae for the central line and the upper and lower control limits 
for the p and d charts. 
If probability limits are required one has to use the cumulative probabilities 


of the binomial distribution. Let d, and 4, denote the upper and lower limits for d 
at a probability 2/2 on each side. Then they satisfy the equations 


>» (å ) мати < >, E (3) а — ту“ « 5- 
Џ 
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Тће values of d; and d, for given т and 7 can be determined using the entries of Table 
1.2. In the case of the p chart the upper and lower propability limits are d,/n and 
d,/n, where 4, and 4, are as determined above. 


If the value of z is not specified, an estimate from past data may be substi- 
tuted in the above formulae. The best estimate of т is p the observed proportion of 
defective items in the past data. Of course, the control chart for p or 4 with an esti- 
mated z can be used to test the homogeneity of past data by dividing the original 
series into subgroups of size n and plotting the individual values of p or d for each sub- 
group. 

b—a and b--a or g and h charts, In some cases, an item із scored as above an 
upper gauge value, as below a lower gauge value or as between the two values. Out of 
т items let b be the number of items above à given value and а be the number below 
another given value. Тһе quality of subgroup is judged by 9 = b—a which is sensi- 
tive for a change in the average size of the items and/or № = b+-a which is sensitive 
for a change in the dispersion of the size of the items. The formulae for the central 
line and upper and lower 3 sigma limits for g and h are given in Table 11.4, where 
7, and т, denote the hypothetical proportions of the items below the lower gauge 
and above the upper gauge value respectively. 


The determination of probability limits for small values of т is somewhat 
difficult in the case of b—a. For b-a it is done as in the case of the number 
defective chart choosing 7 = 744-75. 


If the values of z, and z, are not known they may be estimated by p; 
and p, the observed proportions of items below the lower gauge value and above 
the upper gauge value respectively. The estimate of y(— 75—7,) is (= 25—21) 
and the estimate of (= 7,-l-75) is 2(= p,+p2). The control charts constructed by 
using the estimated values of у and ó can be used for testing the homogeneity of past 
data. 


11.3. Count or Derrors Data 


c, C, 6 charts : Тһе quality of ап item such as a glass pane or a piece of cloth 
of given dimensions is judged by the number of defects (с) on it. On the assumption 
of а Poisson distribution for c, the mean and variance are each equal to A, the 
Poisson parameter. The formulae for the central line and the 3 sigma limits for c 
the number of defects on a single unit, С the total number of defects оп % units and с 
the average number of defects per unit are given in Table 11.5. Тһе probability 
limits can be obtained by first computing the cumulative probabilities from the indivi- 
dual terms of the Poisson distribution given in Table 2.1. 


When the value of A is not specified 10 may be estimated from past data by 
the average number of defects per unit. The homogeneity of past data can be 


examined by considering subgroups and plotting the suecessive values of C or c on 
the appropriate chart based on the estimated value of A. 


TABLE 114. 
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FORMULAE FOR CONTROL CHART LINES: MEASUREMENTS DATA 


Charts for central tendency and dispersion 


(For description of estimates in columns (4), (5), (7), (8) and (9) see sub-section 11.1c) 
— ZQ 


sub-group (sample) central line factors to multiply given standard or estimates 
quality to obtain UCL and LOL 
description symbol | using given using estimate pee te using estimato 
of chart (statistic) standard — 
$ T mean median c 5 Е В 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
measures of location 
m as distances from the central line 
mean 2 u г E +4 +4; +A; +A; 
sum Ут ny (52) (Za) nA nA, та, ELM 
median Ф u š š AF . EF ° +P, 
midrange M u М м +6 ; +а: +6 


standard 
deviation 8 
range R 
moving 


range (n = 2) r 


largest 
measurement L 


smallest 
measurement S 


when L and S аге 
plotted together 
with M 


as distances from the origin 


B, б : 
Bs у 
dao R eR D: | р, р, 
Di ; Ds Ds 
1.1286 ; 118% | р.њ = 2) Юз =?) Dim = 2) 
Рип = 2) Ра» = 2) Di = 2) 
order statistics 


utddes М-ав 
и-414:8 M—jR 


for UCL of L: 
for LCL 088: 


as distances from the central line 


+H . +H; . 
+H +H; 

+H’ Š +H; " 
—H' б -Н, . 


Note: nis the sub-group sample size. The 3 sigma values of all the symbols A, Ај, ..., Hy, H 2 for different 
^ values of n are given in Table 11.2. The values of By, By, Do, Di, Dg for one-sided upper pro- 
bability limits at various levels are given in Table 11.3. Tho values of A, Ay, Ас, Аз, Р, Р, Fs, 

and G, бз, Оз for probability limits are obtained by multiplying the values for 3 sigma limits 

given in Table 11.2 by the following factors, 


probability level : 


factor to multiply 3-sigma limits : 


0.1% 
1.097 


0.5% 1% 5% 10% 
0.936 0.859 0.658 0.548 


Tho values of the other symbols for probability limits are not given. 


The values of c>, d; and ез are also given in Table 11.2 for n = 2( 1)10. ~ 
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TABLE 112. FAOTORS FOR COMPUTING CONTROL CHART LINES 
Three sigma limits 


р ыала азарае 


sub-group (sample) size т formula 
2 for general 
factor, 2 3 4 5 6 7 8 9 10 n 


A | 2.121 1.732 1.500 1.342 1.225 1.134 1.01 1.000 0.949 ЕНГІ 


41 3.760 2.394 1.880 1.596 1.410 1.277 1.175 1.094 1.028] Ales 
Аз 1.881 1.023 0.729 0.577 0.483 0.419 0.373 0.337 0.308] 4/9 
Аз 2.224 1.091 0.758 0.594 0.495 0.429 0.380 0.343 0.314) A/dm 


B, 0 0 0 0 0.026 0.105 0.167 0.219 0.262] 0c2—303 
Bi | 1.843 1.858 1.808 1.756 1.711 1.672 1.638 1.609 1.584| оз-оз 
В; 0 0 0 0 0.030 0.118 0.185 0.239 0.284 Bio. 
Bi | 3.267 2.568 2.266 2.089 1.970 1.882 1.815 1.761 1.716 В: 
D; 0 0 шық 0 0 0.204 0.388 0.547 0.687 4—34 
D, | 3.686 4.358 4.698 4.918 5.078 5.204 5.306 5.393 5.469] 4,--34; 
Ds 0 0 0 0 0 0.076 0.136 0.184 0.223 Dild, 
Da | 3.207 2.515 2.282 2.115 2.004 1.924 1.864 1.816 1.777 12/4 
Ds 0 0 0 0 0 0.078 0.139 0.187 0.227 Dildm 
D, | 9.804 2.744 2.976 2.179 2.055 1.907 1.902 1.850 1.808] Da/dm 


F 2.121 2.009 1.638 1.607 1.390 1.376 1.230 1.223 1.116 30 


Р, 1.880 1.187 0.796 0.691 0.549 0.509 0.432 0.412 0.363] Fdz 
Fs 2.224 1.265 0.828 0.712 0.562 0.520 0.441 0.419 0.369] F/dm 


в 2.121 1.805 1.638 1.532 1.458 1.402 1.358 1.322 1.292) Зем 


G; 1.880 1.067 0.796 0.659 0.575 0.518 0.477 0.445 0.420] 614; 
G; 2.224 1.137 0.828 0.679 0.590 0.530 0.487 0.453 0.427] 6/4 


H 2.477 +244 2.104 2.007 1.935 1.878 1.832 793 1.760] 307, 


2 1. 
H 3.041 3.090 3.133 3.170 3.202 3.230 3.256 3.278 3.299] Н--14: 
Ha 2.195 1.326 1.022 0.863 0.763 0.694 0.643 0.604 0.572 Н|4, 
Hy 2.695 1.826 1.522 1.363 1.263 1.194 1.143 1.104 1.072) Н,+% 


dius, аттар вера LARGEUR UE M ы ETT WIERIS DICES РИБАРА 
0.564 0.724 0.798 0.841 0.869 0.888 0.903 0.914 0.923) 


d, | 1.128 тё 2.0508 2.326 2.584 3.704 2.847 2.070 3.078 
da | 0.084 1.688 1:978 2.267 — 2.472 2.45 2.791 2.915 3.024 
e, | 1.188 1.6 1.041 1.081 1.026 1.022 1.020 1.019 1.018| 


Note: The constants tabulated in Table 11.2 have been calculated under the assumption 
that the population distribution is normal. The constants in the general formula of the last column 


are defined as follows. 


с; = Е(8) = (3 јели (757 ) 03 = сг = Ёст —ei | d: = ЕВ), ду = оң, dn = Е), 


ва = da]dm where 8, Е, R, eto are as defined in column (2) of Table 11.1. In the tabulated values 


of dm, В(В) is approximated by the median of the distribution of R. 


CONTROL OHARTS 113 


TABLE 11,2 (continued). FACTORS FOR COMPUTING CONTROL CHART LINES 
Three sigma limits 


т 


sub-group (sample) size n ' 
factor 11 12 13 14 15 16 17 18 19 20 
A 0.905 0.866 0.832 0.802 0.775 0.750 0.728 0.707 0.688 0.671 
En 0.973 0.925 0.884 0.848 0.816 0.788 0.762 0.738 0.717 0.697 
Bi 0.299 0.331 0.359 0.384 0.406 0.427 0.445 0.461 0.477 0.491 
В, 1.561 1.541 1.523 1.507 1.492 1.478 1.465 1.454 1.443 1.433 
В, 0.321 0.354 0.382 0.406 0.428 0.448 0.466 0.482 0.497 0.510 
В, 1.679 1.646 1.618 1.594 1.572 1.552 1.534 1.518 1.508 1.490 
о ја нимфа о АА ығ LH ЗОРЕ ма LA алалы жесе ха oct LL ИИА, 
factor 21 22 23 24 25 26 27 28 29 30 
А 0.655 0.640 0.626 0.612 0.600 0.588 0.577 0.567 0.557 0.548 
En 0.679 0.662 0.647 0.632 0.619 0.606 0.594 0.583 0.572 0.562 
Bi 0.504 0.516 0.527 0.538 0.548 0.557 0.566 0.574 0.$82 0.589 
В, 1.424 1.415 1.407 1.399 1.392 1.385 1.378 1.372 1.366 1.360 
B; 0.523 0.534 0.545 0.555 0.565 0.574 0.582 0.590 0.597 0.604 
B, 1.477 1.466 1,455 1,445 1.435 1.426 1.418 1.410 1.408 1.396 
АИ UE EE В ХҮРЭЭГЭЭ Hare umen Ub d ЛҮД 
TABLE 11.3. FACTORS FOR COMPUTING CONTROL CHART LINES 
One-sided upper probability limits 
| 
proba- sub-group (sample) size n 
bilit; factor 
level 2 3 4 5 6 7 8 9 10 
0.1% В, 2.327 2.146 2.017 1.922 1.849 1.791 1.744 1.704 1.670 
B, | 4.125 2.966 2.528 2.286 2.129 2.016 1.932 1.865 1.810 
Da 4.65 5.06 5.31 5.48 5.62 5.73 5.82 5.90 5.97 
D, 4.12 2.99 2.58 2.36 2.22 2.12 2.04 1.99 1.94 
Dg 4.88 3.19 2.08 2.43 2.27 2.17 2.09 2.02 1.97 
0.5% В, | 1.985 1.879 1.792 1.724 1,671 1.628 1.592 1.562 1,536 
В, 3.518 2.597 2.246 2.051 1.924 1.833 1.764 1.709 1.665 
Da 3.97 4.42 4.69 4.89 5.03 5.15 5.26 5.34 5.42 
Т, 8.52 2.61 2.28 2.10 1.98 1.90 1.85 1.80 1.76 
Dg 4.16 2.78 2.37 2.17 2.04 1.95 1.88 1.83 1.79 
1% В, 1.821 1.752 1.684 1.630 1.586 1.550 1.520 1.494 1.472 
В, 3.228 2.421 2.11 1.939 1.826 1.745 1.684 1.635 1.595 
Ds 3.64 4.12 4,40 4.60 4.76 4.88 4.99 5.08 5.16 
Di 3.23 2.43 2.14 1.98 1.88 1.80 1.75 1.71 1.68 
Эд 8.82 2.59 2.22 2.04 1.93 1.84 1.79 1.74 1.71 
5% В, 1.386 1.413 1.398 1.378 1.358 1.341 1.326 1.313 1.301 
В, 2.457 1.958 1.752 1.639 1.563 1.510 1.469 1.437 1.410 
D; 2.77 3.31 8.63 8.86 4.03 4.17 4.29 4.39 4.47 
Dy 2.46 1.96 1.76 1.66 1.59 1.54 1.51 1.48 1.45 
Dg 2.90 2.08 1.83 1.71 1.63 1.58 1.54 1.51 1.48 
=i 
Note: The values of By, D, and Dg given in Table 11.3 provide only approximate probability 
limits. 
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They have been calculated using the formulae B4 = Вз/сз, D4 = Dido, Ds = Рај у T 
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TABLE 114. FORMULAE FOR CENTRAL LINE AND 3-SIGMA LIMITS: ATTRIBUTES DATA 


за (sample) | upper and iower control limits UCL 


quality central lino | and LCL (as distances from central line) 
description symbol | using given using | using given using 
of chart (statistic) standard estimate | standard estimate 


1. Attributes Data—General :—number defective or fraction defective chart: 


fraction defective p т р +з n PNEU -p 
n 
number defeetive d пл а +3 4 пт(1—т) +3 4 np(1—p) 
(= лр) 


9. Attributes Data—double gauging :—(b—a) and (5--а) charts : (The number below lower gauge is denoted 


by а and the number above upper gauge by b. Тһе hypothetical proportion below the lower gauge 
is denoted by ті and above the upper gauge by ту). 


change in location  b—a-—g| n(m—7-))-—nY g +3 Мпв—туг 43 np—giin 
change in disper- фа = Ш n(m-tm)=n8 Ñ 4:3 8—8) 3 Vnp(1—2) 
sion P" 

(= np) 


Note : т denotes the sub-group sample size. 


TABLE 11,5. FORMULAE FOR CENTRAL LINE AND 3-SIGMA LIMITS : COUNT OF 
DEFECTS DATA 


Number of defects or defects per unit charts 


pueris D qaa wer nC SÅ 
numbor of defects = S = 
on unit (n = 1) c A š +3 NÅ 33/5 
number of defects e ni С 4:3 Jn zm y 50 
on group of n E 
units (=e) (= ne) 
у -.0 - X Я 
defects per unit , Oni X с ENS EE 
n 


Note: n denotes the sub-group sample size. The method for obtaining probability limits ін explained 
in the text. They depend on tho tables of individual terms of the binomial and Poisson distribu- 
tions (вео Tables 1.2 and 2.1). 


12. LOT (ОК PROCESS) QUALITY ESTIMATION 

а. Percentage defective 

In sampling with replacement, the number d of defectives in a sample of 
size п from any lot follows a binomial distribution b(n, т) where л is the proportion 
of defectives in the lot. This distribution also holds good, as an approximation, in 
sampling without replacement, if the lot size is very large compared to the sample size. 

Confidence intervals for m are tabulated in Table 1.3 for n < 30. Table 
12.1 provides 95%% and 99%% confidence intervals for 1007 (percentage defective) 
based on the Clopper-Pearson system, for n = 40, 50, 75, 100(100)500, 1000. 


b. Average number of defects 

Under fairly general conditions, the number of defects per unit, in units of 
identical dimension, follows a Poisson distribution. 

Two sided 95+% and 9989, confidence intervals for the Poisson mean Л, the 
average number of defects per unit, are given in Table 2.2. 


с. Average measured value of a characteristic 
When the measured value of a characteristic is normally distributed as №, a?) 
confidence limits for its average (и) based on a sample of size n are given by 
` 959, limits: z + 1.907//n. 
99% limits: 2 + 2.580/Vn 
if ø is known. 

When å is not known, the confidence limits for и will be obtained from the 

following formula 

100(1—a)% limits: z + t,8//n—1 
where t, is the two-sided 100%% point of the /-distribution with 7-1 d.f. given 
in Table 4.1 (refer to the bottom row of Table 4.1), and s = V/Z(x,—z)[n. 

When o is not known, instead of the sample standard deviation, the sample 
range Е or the mean range В from k sub-groups (samples) each of size n may be used 
along with 2, to obtain confidence limits for и. Ёог computing 95% and 99% confi- 
dence intervals of the type z + № R, the factor № has been tabulated in Table 12.2 
for n = 2 (1)15 and k = 1 (1)15. 


d. Standard deviation of a measured value 

Either the sample standard deviation s or the sample range В may be used to 
obtain the confidence interval for the parameter c of the normal distribution. 
Table.12.3 gives factors f, and f, for computing 95% and 99% confidence intervals 
for c, of the type (fıs, fas). Table 12.4 provides factors g, and g, for computing 
95% and 99% confidence intervals for o, of the type (gi В, gs В). 

Example. The range of breaking strength as observed in 10 pieces of hard 
drawn соррег wire was 50.2 pounds. То obtain 95% confidenoe limits for c. 

From Table 12.4, the 95% values of g, and g, for n = 10 are read as 0.209 
and 0.597 respectively. Hence 95% confidence limits for c are 0.209X 50,2 = 10.6 
pounds and 0.597 х 50.2 = 30.0 pounds. 


FORMULAE AND TABLES FOR STATISTICAL WORK 


91'29—28'97 


18:10--98726 9v Y9—T9 GV 
| %9:00-90-11 ФР'РР—69'06 00°S¢—00'SF 
L8*LT—P8'GI $8'78—50`95 9Р:57—9/'58 6L'09—IG ^V 
80:01--160:8 81:80--64:91 90'66—T8'06 66'88—70`85  ILl'L9—68'GF 
<6:01--06::  990'IG—TL'TI 26'95—19'81 PI 68-08"92 81'29—20'86 
98'6 —07'9 24:61--06:21 12:%0--00:91 90'38—9L IG YL'LF—GL' EE 
9178 —09'9 9817—8011 66:12--16:8І 99'82—89'81 90-57788 
99'L —I9'P 81:01--66:6 68`81—09°11 66:92-49:81 88:98-11 68 
9070 —&L'S 86-81-4061 (81:9Г-69:6 668:12-59:21 19:16-81:61 LI'09—88'66 
86:02 —08'8 98:11--9:9 LL'FT—88'8  99'6L—91'Il 76'85—26'01 15'99—80`98 
1978-1876  TL'OL—SL'G 8681-5601 1411-0126  vZ'97—IL' PI 83'09—88'08 
987% —9»'G 19'6 —566'7  L6'IL—LUI'9 (98:8Г-18:8 16780-524:01 BL'9P—8L'97 99'89—00' 96 
902% —90'G 9Р8 -80%  TS9'OL—cl'G (86:6Г-08:9 — $L'06—1e'00 86:6%--72716 96 16--58:82 
1978 —69°1 06:12 — 9208 (01:6-80:9 LO'GI—LP'G  GÓ'LI—9c'S  99'76—988'01 Ll'9P—98'GG LY'T9—t9'06 
0056 PET LOL —OI'S 18:8 —88'8 89-11-6176 66°/1—08°, (16:68-00:91 81:6Р-69:12 88:29-009:66 
Pre —9»'I 88:9 —76:5 19'8 —89'E 08—56?  SL'OL—VW'L 6%:26-11701 88`57—89`05 89:09—18-I& 
2876 —86`1 09-9 —82'5 16:01--<9%%  0c'91—$0'L 68 18—88' PI 86'07—82'61 9189—6665 
05:8 --06:1 98'9 —29'5  £6'L — 868 80:01-88" Р (29:8Г-09:9 67 08—6F EI 99-68581 62'90—61'82 
80'8 —661 2179-90 6972 --80:6 8101-0119 90:8Г-08:9 81`65—19°С1 91:88-11:11 2879—1705 02 90--08:66 
96:5-001:1 88'9 —06'5 SE'L — 8875 6/76 — 08:26 9771—58:0 10:80-78711 01798-066:41 887024--90772 18'60—19'ТЕ 
9822-1017 %9:2--І:2 6071 —690'G (66:6-68:6 88:6Г-09:4 9695—5011 95`98—68°7Т 18'09—56'55 19'10—92'65 
1276 —66'0 07'9 —66'1 8/`9 —675 76:8 —88°6 60:61-40:4 2895—6701 88-001/81 14:87-016:18 Т1'69—р0' 16 
69:2 --260 (91:4-8:1 679 —08'5 (86:8--80:6  69'GL—Y9-y 89:92-09:6 ZE—IL'ZI 0L'9»—G9'01 19'99—98'vz 
LPG —78'0 167-601 6179—1160 $US —c8'G  60'GI—9c:$ (60:82-09:8 (68:08-000:11 19'РР—98'11 O0Z'$9—8$L'cz 
FEG —LL'O  L9'P -%СІ 28'9 — 661  £L'L —L9'G ӨРІП-88%6 (18:60-18:1 ©6`60——09°01 67`57—85`9Т 89'10—29:02 
55'5 — 690 69: —681 19'9 —PL'I BEL —66'5 6801-0446  OZ'IG—IL'L 18:12-14:6 78`07—69°7Т 61:6Р--18:81 
60:62 —69:0 LIF —Tc I 0&9 —99:1 0629 --80:2 80:01-61:8 50`05—96`9 (80:02-00:8 (11:88-90:61 $9:9»—99'91 
L0'l —99:0 26:86 OLT 88°F —LE'I 679—181 996 —LL'Z  €8'8L—c0:9  £L'TG—99'L 96:06-44:11 68 £$—09'7I 
ЖЕСІ —87'0 995—960 LIP —0Oc'I  10'9 —09'l 806 —IF' 2041-06:9  91'80—89:9 ZL'8E—E0'OL 05:17—69°51 
6 1111-4190 оте —28'0 96°F —£0I  $9'9 —LE'T 07:8 —LO'T 08:9Г-08"Р  99'IC—y9:90 918—898  97'82—98'01 | 6 
8 8991 —38'0 716 —69:0 666—080 105-921 9121-0411 9L 91—c9:& 6:6Г-012Р 11:60-11:1  99'9£—90'8 | 8 
L | PHL —80:0 88:5 —99:0. 696 —0L'O LL —86'0 GUL —0v'I 68:81-98%2 66:8Г-98:8  TL'OGC—c8'9 BL'GE—FE'L | L 
9 1181-4600 196 —£90 9868-1480 6 ?-410 ӨРӘ —60'I 096Г-02:8  09'01—66'2 168:%2-50%  T8S'60—IL'9 | 9 
9 | LI'L —9L0 975—580 26:0-09:0 S8'£ —£€'0  8L'9 —08:0 8011-419:1 884-002 18:10-48:6  08'907—6DL'P | с 
т | OL —lUO %0:2 — 660  $€'G —15'0 88 —9t'0 90:9 —000 6686—0171 OL'SI—LF'I 8561—5658 9982-6282 | 7 
€ |18:0-%900 Рат —U0 8128-9100 682-120 ФОР —те'о 798 —c9:0 9011-5870 989Г-081 6802-1081 | © 
2 1520-0200 FFI —90'0 6101 —90°0 66'5 —800 16:6-010 0876 --<26:0 11781-60  26'91—19'0 | 2 
т |960 —00°0 ІГІ -100 881-10:0 581.-10:0 6 —10'0 тад —£0'0  99'01—90'0 91:81-500 | I 
o |150 —000 70-000 260-000 221 `0 5871 —00'0 296-000 087% —00'0 ТІГІ —000 188-000 | 0 
Р 0001 009 00% 00! 005 og op :u | р 


116 


(вөлтзоөтөр jo sequmu реллезо = р ‘ozs ordures = и) 
juoo1od 96 :4uerogjooo eouapypuon 
HALLOWSHG WOVINWONWd UOA STVAUHLNI HONSGIJNOO 


` 


"гаг CIS VIL 


эв» 


= - 
Ган 009 | 51'76—88' ср 009 
062 | 89'85—Ре'та 88'99—LT FF osz 
002 | FF'SG—ES'9I a8'9P—88'P8 89 99—LP EF . 002 
OST | II'SI—0G'ZI $9`98—58`75 86-ЕР-26716 99'L9—9P ZF ost 
001 | 49°3I—69"L L6'Pa—89'ST 96:0Е--19:6І €L'0P—9P'93 97 69—PL'OP 007 
06 | 16:11--08:9 08:68-12 81 08'88—88'LI 98:48-418:86 08-79—86`98 06 
08 |9У:01-466:4 (29:02-066:11 09:42--80:81 #4'86—26'05 66 69-011716 08 
OL | 26:6 —90'9 Ф%-81--82701 18:22-:08:21 91708-08:11 18799--18798 9L 
09 |61'8 —15'7 SI'9I—09'8 ТІ:002-89701 98:92-16"91 66'8£—96 12 09 
OG | €0°L —LE°S  G6'8I—18'9 OG LI—99'8 98-55871 99'E8—19'LI I1:69—68'9€ 08 
ФР |68:9-06:2. LL'GL—L6'9  S8'91—09'L 66:08-10701-86:08-48:41 06'89—61'28 ст £ 
0% |9879 —99'G 19:11-041:4 PP PI—LP'9 01:6Г-89:8 81780-00:81 48:89-09:12 0? 
og |90:2--9120 77079 (66:01-049:8  SULI—Gc&:/L 88700-ФІ-ТІ 85`87—61`85 8619-0118 38 
ов |99'P —LL'I 966 —99"& ТІӨСТІ--ӨР% 0:8Г-86:4  29'22—80'6 90-6Р--06:81 67'99—18'95 08 
80 | 90°F - 66-І €0°S —6L'G 00701--00:6 — €G'£L—69'P  z9'6L—IL'L 6916-1791 %4:8%-01706 97'89—99`18 35 
та | 26:86 ЧЕТ GL'L —39'G 04'6 —18'8 <8:21--ЕР%% 60-61-2170 69'98—L6 EI 98:1Р-00:61 89:99-091:68 Ра 
я 85 | 08:5 — тег 791—675 68:6 516 SPT SLP 781—780 67.98 8161 96:5%-06:21 81:79-066:16 85 
© 55 |19:6 LL 0&`„—1&°6 606—766 — TO'GI—£6-8 P8'LI—96'S LE PE—GE GI 99'РР—28'01 16:29—95'95 55 
Е 12 | 99:6 --60:1 90:4 —08:3 8128-0416 69-11-6086 Po'LI—89'9 9Z`£€—I9`II 61:8%-94:91 10:19--20:%6 16 
E 05 | GFE —ZO'L 08:9 —90'G 178—195 — GG ПРЕ (89:0Г-18:4 51`58—78`0Т 69'15$—0L'PI 80'69—28'55  $9'0L—9v 66 | OG 
Ë 61 | 08'8 —96:0 (48:9-016:1 918—685 (18:01-008"8 60:91--98:%%  86'06—80'01 Ра'ОР—99'61 61:18-418:16 28:89--66746 | GI E 
2 SI |1128 —88:0 65'9 —9L'[ P8'L — 166 66:01-596:6  GP'SI—SPP PE'63—E8'G  81'8£—T9'CI Р1'99—69'61 90'99—91'95 | ST 
М | FO —I8:0  T0'9 —Z9`'I 097 —80'3 866 --<122 0871-2179  89'85—60'8  08'26—80'11 GI'£9—00'80 72'29—80'25 | LT 
Ë 91 | 16°S —FL°0 8188-0911 08:-08:1 99:6 —6P'G SIPI—LL'8 (18:18-18",  08'96—70'01 80'19—УР'9Т 82'10—90'15 | 91 
ST | 84:5 —L9:0 59`9 GET 88'9 —69`I ELG —9z'G 99-61578 067902-91727 65`78—10`6 00°6F—16'FI 26'89—90:61 | SI 
FI | 99'ë —09°0 98-41 99:9 —Z9`I 0118-1092 20:6Г-80:8 EL 6-09:9 9L'38—1L'8 68`9F—ZFP'SI 19'99—61'21 | FL 
Б SI | 19:5 —79'0 00:9 -801 809-961 18:8-48:1 8001-9772 26:62-1224 00718-87, — Р'РР—16'11 00'79—92'91 | €I 
о GL |88:02-488:0 ФУ? —96'0 06:9 -001 &8°/ —09'1  vO'II—GP'G (0120-0178  £9:62—88'9 99`57—99`01 ФР'19—РРЕТ | ZI 
ы II | 95'5 — о LHF —68:0 108-021 68-2 —68°1 8601-0175  ФР'та—оРР  £0'80—66'9 2609-6176 1878-8911 | II 
© OL |'ё—0 06" —IL'O 68875 —68`0 69—611  G£'OL—6L'I 08:08-08:8 0%:90--1702  920'86—98'2  21'99—86'6 | OT 
6 |1671 -60:0 66:6-68:0 687 —TL'O 679 —66'0 99:6 6771 86:81-10:8 (941:96-08"Р  £L'9£—090'9 1678-9878 | 6 
S (|68:1-092:0 тв —87'0 797—090 86079 —08:0 16:8-18:1 19:11-49:8 90:80--80:8 98'88—68'9 99:07-08:9 | 8 
L |69'1 —81'0 96:8 —L&'0 GI" -9%0 9070 —Z9'0 888—160 82:9Г-80:2  v£'Ic—6L'c 1605—0809 6976-4678 | L 
9 |91 0 1058-1200 68°& —РЕО 80:8-09:0  L€'L —69:0 6671—9091 1661-0772 0785—6776 8978—6077 | 9 
3 |681 —60'0 26—810 978 —55'0 62°F —08'0 18:9-090 1481-6017 111-18:1 08:86-28:6  19'16—08'6 | 8 
т |88:1-10:0 09:65 — РО 11:8-41:0 91Р--088:0: 91"9-8:0 90:21-80:0 98'91—16'0 11:66-88"1 (98:82-611 | F 
€ |6071 —90:0 81:52 -/00 61:52 —80'0 196 —IT'O 8£'9 --Л:0 0201-5670 (88:ЁГ-09:0 15'05—69`0  Y8'Pz—98'0 | 6 
б |260 —10'0 98:1-00:0 06:52 —£0'0 40:65 -<500 40% -<00 68—010 8L'TI—FI'O 351—150 8112-9020 | 5 
Т | 72:0 --000 врт —00:0  $8'I —00'0 97:5 —00'0 99:86 —00'0 05:2 —10`0 69:6-10:0  76'21—10'0 411-100 | I 
0 |8970 —00°0 <021 —00°0 6Ё1-000 «ІСІ —00'0 19:2-000 91:2--00:0 58-9 —00'0  90'01—00'0 ІР 21-000 | 0 
2 0001 008 00% 008 005 оот Sh og op iu | р 


(sea1900jøp jo лодшти редловао = р “өлів opdures = u) 
queored 66 :3uerogjeoo eouepguoj 
ялШОнЯЯа HOVINHOUUd нон STVAYHLNI SONSGLINOO (972402) Var HTEVL 


118 FORMULAE AND TABLES FOR STATISTICAL WORK 


oo > o оо - ve To wo о a 
wl SIRS SS өзен ње, зе зе ваше Бе зе. oS 
"les 55 ос 55 do соо оо зе оо оо oo оо оо co 
- єє ~ eo юг o> ос +o “> ">> 
ы зі ёз 28 Se ял Ss zz 58 әс бо oo 55 oo oo oo 
E 
і ж ra on or © гт noo no че + 0 
2 с Нена а је SA 09 99 <> oo oo OS oo 56 25 
А “јео сс 55 so 55 55 55 зе оо оо оо оо оо co 
Б 
= һо об oo вы Hr VO HO HO 
д alee Әң да 28 88 32 58 886 55 55 55 55 55 55 
8 P: ээ 55 oo oo oo oo oo oo со oo со oo оо oo 
ena t со oo oo с or мо «9 
3 ~ |98 aa за JE ыле Sa oo oo oo 85 со 25 ге 
И s pls 2 4 e XC MO ES NE Su ре å 
= oo 55 зе ос 55 SS се зе coo оо оо оо ос оо 
са 
о 
^ = 2 ao се до се өс зе cr vr ме ve 
а 5|2 38 45 За 22 аз SA 52 SS 55 SS 85 55 SS зе 
= 8 55 55 55 o сс зе 55 зе оо оо оо оо oo оо 
н ы 
@ & or eo con ~ ~ + DA ж. гэ со coo on oD o> юм 
о 2-|%5 A8 Ха 85 55 85 85 55 55 55 55 55 55 SS 
в ӨФ|,| ос oo oo oo оо оо оо оо oo оо оо ос oo oo 
т 
ES Е 
8 
ө о + om оа Om ~ - о o on о ~ o> 
82 з|5|8% 88 Sa 28 15 28 58 82 58 SS 88 88 85 35 
4 8 оо оо oo oo се oo oo оо oo oo oo oo ээ oo 
ая 
Зи 
са ~ 00 оо - «ез Фо Om oc t ос on etu 
å 4 2 |= 88 па 25 за mz дї 85 52 85 58 58 22 SS 55 
ВЕ ° $$ oo 55 оо соо соо сс сс се SS зе зе оо co 
т 
бе 8 
mt e mo о ео с са De o со оо о» 
Оо serpere EP ELI ES me mH E 85 $2 88 58 58 25 oo 
o Я oo ге oo со сс зе 55 55 оо oo со зе се co 
8 
> о ва O mr —w оз - co 
9|ә|ЕЗ 85 48 AA ва 25 да 23 83 8д 82 53 58 58 
E 5 5-4 ос зе зе сс сс 55 зе ос SS 55 ее соо co 
9 өз о on + mi 
Å $|4|88 88 85 58 ча X2 85 да SX 28 88 85 25) 58 
8 j 
Qa - = or се юэ © - aon 
= о Өө s= 59 as AQ AA -а Se ыы = а Su өз on 
g ig зе зе зе SS зе зе соо сс SS сс зе oo оо 
= 
ao зо че е ео со ~ - 
å «RS SS mea LEE S ES манас EU оюнан Ба да 
Ag od со oo oo соо 55 SS SS 55 SS зе се oo 
а 
ба 
- бөзі от аа ~ әз сон Oe бг. со со on 
8 |93 -8 si SS то оо оо 55 55 55 55 55 соо cc 
ea 
8 
ю > зе зе юз зе о о юэ i e © 
MISS 55 55 со 55 55 55 55 55 55 oo оо оос со 


LOT QUALITY ESTIMATION 119 


TABLE 12.3, FACTORS f, AND f, FOR DETERMINING CONFIDENCE LIMITS FOR 
NORMAL PARAMETER с, USING SAMPLE STANDARD DEVIATION 


sample 95 percent 99 percent sample| 95 percent 99 percent 
size size | — a 
т л fa fi fa n л f: Л ф 
2| 0.631 45.128 0.504 225.674 16 0.763 1.598 0.698 1.865 
3| 0.638 7.697 0.532 17.299 17 0.768 1.569 0.704 1.818 
4| 0.654 4.305 0.558 7.468 18 0.772 1.548 0.710 1.777 
5| 0.670 3.213 0.580 4.915 19 0.776 1.519 0.715 1.741 
6 | 0.684 2.687 0.599 3.817 20 0.780 1.499 0.720 1.709 
7| 0.696 2.379 0.614 3.219 25 0.797 1.420 0.741 1.590 
8| 0.707 2.176 0.628 2.844 30 0.810 1.367 0.757 1.512 
9 | 0.716 2.032 0.640 2.587 40 0.830 1.300 0.782 1.414 
10 | 0.725 1.924 0.651 2.401 50 0.844 1.259 0.799 1.355 
11 0.783 1.841 0.661 2.259 60 0.855 1.230 0.813 1.314 
12 | 0.740 1.778 0.670 2.147 70 0.864 1.209 0.824 1.283 
13 | 0.746 1.718 0.678 2.057 80 0.871 1.192 0.834 1.260 
514 | 0.752 1.672 0.685 1.982 90 0.877 1.179 0.841 1.242 
15 | 0.758 1.632 0.692 1.919 100 0.882 1.168 0.848 + 1.226 


TABLE 12.4. FACTORS 9, AND 9. FOR DETERMINING CONFIDENCE 
LIMITS FOR NORMAL PARAMETER c, USING SAMPLE RANGE 


sample 95 percent 99 percent sample 

size size 
| n 91 92 m ga n 
2 0.315 22.3 0.252 113. 2 
3 0.272 3.300» 0.226 7.410» 3 
4 0.251 1.68 0,213 2.92 4 
5 0.238 1.18 0.205 1.80 5 
6 0.229 0.938 0.199 1.84 6 
7 0.223 0.799 0.194 1.08 7 
8 0.217 0.709 0.190 0.930 8 
9 0.213 0.645 0.187 0.825 9 
10 0.209 0.597 0.185 0.749 10 
11 0.206 0.561 0.182 0.692 11 
12 0.203 0.531 0.180 0.646 12 
13 0.201 0.506 0.179 0.610 13 
14 0.198 0.486 0.177 0.580 14 
15 0.196 0.468 0.175 0.555 15 
16 0.195 0.453 0.174 0.583 16 
17 0.193 0.440 0.173 0.514 17 
18 0.191 0.428 0.172 0.498 18 
19 0.190 0.418 0.171 0.484 19 
20 0.189 0.408 0.170 0.471 20 


«и, (9,8): These values could be in error in the last digit by the maximum amount of 
+1, +3, 4-1 respectively. 


13. ACCEPTANCE SAMPLING 


a. Introduction 


In lot acceptance by sampling, a decision is made to accept or reject each lot 
as а whole by inspecting a sample of items drawn from the lot. Three types of 
sampling plans are considered : (a) Single Sampling Plans (Table 13.2), (b) Double 
Sampling Plans (Table 13.3) and (c) Multiple Sampling Plans (Table 13.4). Under 
each type, the plans are classified according to AQL (acceptable quality level) and 
sample size code number. The choice of a sampling plan for a particular product 
requires decisions on the type of the plan, the AQL and the inspection level. The 
inspection level and the lot size determines the sample size code letter (see Table 
13.1). The code letter, the AQL and the type of the plan determine the sampling 
scheme, i. е., the sample size and acceptance number. 


b. Inspection level 


Five different inspection levels are used. Inspection levels I and II are 
applicable in the selection of ‘special small sample inspection plans' which may 
be found appropriate due to consistent supply of good material or as agreed 
between the producer and consumer. Тһе relative amounts of inspeotion per lot 
resulting from inspection levels III, IV and V are approximately 1:21:3. For 
majority of products, under normal conditions of acceptance inspeotion, a reasonable 
compromise between high inspection costs and the risks involved obtains for sample 
Size corresponding to inspection level IV. 


c. Type of sampling plans—single, double and multiple 


While any desired quality protection can be achieved with all tho types of 
plans, mentioned above, however in practice, the choice of an appropriate type 
of sampling plan is made on the basis of certain basic factors, namely, (a) sampl- 
ing inspeetion cost which generally depends on the size of tho sample required 
to be inspected, and (b) the administrative cost involved in using them. For 
approximately the same protection against rejection of lots of high quality (and/ 
or acceptance of lots of low quality) the single sampling plans require a larger 
sample than the other two types and hence the cost of inspection is maxi- 
mum. The average amount of inspection (and hence cost of inspection) is lower 
for double sampling plans and the least for multiple sampling plans. Single 
sampling plans are however administratively simpler and easier to operate than the 
other types of plans; while the multiple sampling plans are the more complicated 
and require more skill to operate and more recording and computation. 
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d. Illustrative examples 


Example 1. The sampling plans given in Tables 13.2 to 13.4 can be used in two 
situations (1) where an item is scored as good or bad (in which case the AQL is speci- 
fied by fraction or percent defective) and (2) where the observation is the number of 
defects per item, such as the number of cracks оп a copper sheet of a given size (in 
which case AQL is specified by number of defects per 100 items). The following 
examples refer to these two situations. Suppose lots containing 400 bicycle rims are 
submitted for inspection of defects in the thickness of chromium plating by BNF jet 
test. A single sampling plan with an AQL of 1.5% defectives and inspection level IV 
is decided on for inspection. Reference to Table 13.1 gives the sample size code letter H, 
corresponding to which Table 13.2 gives a sample size of 50 and acceptance number 2. 
The sampling plan would then work as follows. 


From each lot of 400, select 50 rims at random and check for defects in chromium 
plating by the BNF jet test. The lot is accepted if the number of defective rims 
in the sample is 2 or less and otherwise it is rejected. 


Example 2. Suppose lots containing 250 copper sheets each are submitted for 
inspection for surface defects like cracks etc. A double sampling plan with inspec- 
tion level III and AQL of 15 defects per 100 sheets is to be adopted for inspection. 
Reference to Table 13.1 gives the sample size code letter E, corresponding to which 
Table 13.3 gives the following sampling procedure : 


sample sample cumulative acceptance rejection 


size sample size number number 
first 8 8 2 5 
second 8 16 6 7 


From each lot draw a first sample of 8 copper sheets in a random manner and 
count the number of defects. The lot is accepted if the total number of defects 
in the sample pieces is 2 or less and rejected if it is 5 or more. ТЕ the total number 
of defects in the first sample is between 2 and 5 a second sample of 8 copper sheets 
is collected and inspected. "The lot is accepted if the total number of defects in the 
combined sample of 16 sheets is 6 or less and rejected if the total number of defects 


is 7 or more. 


e. Normal, reduced and tightened inspection 

Inspection under a sampling plan that isin force for a particular product and 
producer is called ‘Normal Inspection’. It is continued as long as the quality of the 
product submitted is in the neighbourhood of the chosen AQL. In case the quality 
becomes consistently worse or better than the stipulated 402, tightened inspection or 
reduced inspection is to be resorted to. ; 


16 
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Тће eriteria of the following type may be applied for changing from normal to 
tightened inspection and vice versa. 


(1 If 2 out of 5 consecutive lots have been rejected while on normal inspec- 
tion, change over to tightened inspection. 


(2) If, while on tightened inspection, 5 consecutive lots have been accepted 
change over to normal inspection. 


A plan for tightened inspection may be chosen as follows : 


Retain the same sample size code letter as before but refer to an AQL a 
step lower than the AQL used for normal inspection. For example if for normal 
inspection we use the sample size code letter J and AQL of 1.595, the AQL to be 
used for tightened inspection is 1% for the same code letter Ј. E 


Тһе criteria of the following type may be applied for changing from normal to reduced 
inspection and vice versa. 


(3) If none out of 10 consecutive lots has been rejected while on normal 
Då inspection change over to reduced inspection. 


(4) If a lot is rejected and if at the same time the rejected lot is preceded by 
less than 10 lots accepted on reduced inspection change over to normal 
inspection. 


The choice of a plan for reduced inspection may be made as follows : 


Rotain the same AQL as before but refer to the sample size code letter 
one step (or two steps if further reduction in the sample size is desired) lower 
than that used for normal inspection. Thus, in the example discussed above, 
for reduced inspection we use the code letter H with an AQL of 1.5%, 


f. Disposition of unacceptable lots 


Lots found unacceptable shall not be re-submitted for inspection unless all 
‚ items have been re-inspected and all defective items are removed or defects rectified. 
The re-submitted lots shall be inspected using either normal or tightened inspection. 


8. Operating characteristic of the single sampling plans 


For the single sampling plans given in Table 13.2, Table 13.5 gives values of 
producers risk (calculated as the probability of rejection of lots of AQL quality), 
LTPD values (calculated ав being equal to the quality of lots which are accepted 
in 5% or 10% of cases) and-also the АООТ, value which is by definition the maxi- 
mum average percent defective (or number of defects per 100 items) in the outgoing 
material when all rejected lots are screened and accepted after the replacement of the 
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defectives found. Table 13.5 is useful as a guide іп the choice of а plan to meet (at 
least approximately) alternative requirements imposed on the plan such as in terms 
of specified values of AQL with Producer's risk and AOQL or alternatively, AQL 
with Producer's risk and LT'PD with Consumer's risk. Let us find a plan which 
satisfies nearly the following specification 


AQL = 1% with producer's risk = 5%, 


LTPD == 5% with consumer's risk = 10%. 


From Table 13.5 we find 


sample size AQL Producer’s LTPD Consumer’s 
code letter risk risk 

J 196 4.74% 6.7% 10% 

к 1% 3.83% 5.3% 10% 

1, 1% 1.66% 4.6% 10% 


© 


Thus a choice could be made in Table 13.2 between sample size code letters J, К or L. 


The calculations in Table 13.5 are based on Poisson probabilities and are there- - 


fore strictly applicable when the inspection is by count of defects for a lot specification 
expressed in terms of average number of defects per 100 items. It has however been 
verified that for an AQL of 10% defective or less, except when otherwise stated the 
calculations are reasonably correct for inspection by attributes. The calculations also 
approximately hold good for double and multiple sampling plans with the same sample 
size code letter. 


TABLE 13.1 SAMPLE SIZE CODE LETTERS BY INSPECTION 
LEVELS AND SIZES OF LOTS 


level of inspection 


lot size 1 ТЕТ. IV У 

2 to 8 A A A A B 

9 15 A А А в с 

16 25 в в в с р 

26 50 в с с р Е 

51 100 с с с Е Е 

101 150 с D D Е а 

151 300 р Е Е G н 

30 . 500 D Е F H J 
501 1 000 Е Е в Ј к 

1 001 3 000 Е G H K L 

3 001 10 000 F G J L M 
10 001 35 000 F н к м N 
35 001 150 000 G J L N Б) 
150 001 500 000 G Ј м Р Q 
500001 and above H K N Q R 


TABLE 13.2. SINGLE SAMPLING AQL PLANS 


ACCEPTABLE QUALITY LEVEL 
SAMPLE 


ED SAMPLE FOR PERCENT DEFECTIVES OR DEFECTS PER 100 ITEMS 
CODE ЭНЭ 


FOR ОЕРЕСТ5 РЕВ 100 ITEMS ONLY 


15.0 | 25-0 | 40-0 
LETTER 
(n) 


65-0 | 100-0 [150.0 [ 250-0 


== 
ig 
с 
ТҮН 
| Е | 
ЖАСЫН 
зон 
ia 


© == 
-hek 


2 
о 
° 


The rejection number (г) will always be one more than the acceptance питьег (а). 


ACCEPTANCE NUMBER (а) 


с Use the first sampling plan below the arrow. When !he sample size equals or exceeds lot size, do 100 percent inspection, 


Use the first sampling plan above the arrow. 


Tcl 
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TABLE 13.3. DOUBLE SAMPLING AQL PLANS 


ACCEPTABLE QUALITY LEVEL 


FOR PERCENT DEFECTIVES OR DEFECTS PER 100 T FOR DEFECTS PER 100 ITEMS ONLY 
оло | oas | 0-25 | 0-0 | о-в &5 | 100 25-0 100-0 | 150-0 | 25080 | 400-0 | 650-0 h 000-0 
a rja г а г "|в г rja r а га га го га га 
FRE ПД Баба s 
FIRST о 210 з 17 22|25 31 
SECOND| 31423515 37 38 |56 57 
о 20 sh 4 25 и 
1 2|3 аја 5 56 57 
ЕНЕ 3|1. 212 5 
ЕНЕ 4|4 sje 7 
ЕД) i sls ЫГ ; 
4 
516 7|8 9 ь 
ата | 9 о 
6 7|8 9/12 13 8 
h-] 
H 
2 
272271 а 
18 19 = 
т 
m ВМ : 
8 
= UNE с 
E е 
1250 
5ЕСОМО| 1250 | 2500 12 13|18 19 
а — Acceptance Number. 
f — Rejection Number. ЧУ Use the first sampling plan below the arrow; when the sample size equals 
3k — Use corresponding single sampling plan ог exceeds the lot size, 90-100 percent inspection. = 
(or alternatively, use double sampling T асе he тою" 
plan below, where available). < use the first sampling pla St 


TABLE 134. MULTIPLE SAMPLING AQL PLANS 


ACCEPTABLE QUALITY LEVEL 


-FOR PERCENT DEFECTIVES OR DEFECTS PER 100 ITEMS 


EE DEFECTS PER 100 ITEMS ONLY 


040 | 0-5 | 0:25 | 0-0 


0:65 1-0 15 2-5 40 6-5 10:0 15.0 25-0 65-0 Еши 150.0 | 250-0 | 400-0 | 650.0 [1000-0 


ШЕЛ 


а} із the acceptance number and rj is the rejection number 
in the ith cumulative sample (/-1,2,3,.....7). 


Use the corresponding single sampling plan d 
alternatively, use multiple plan below; where суойсые 


t Use the corresponding double sampling plan n 
alternatively, use multiple plan below, where avoilable 


8оочоог|чооогыо 


ЕЁлЛбоов 


өтог|8юФчоог| ч. оогоо 


әоғ|бдочооғк|әооокошо 


poser pue уг n3 омео 
zgz9oveo|;sseoco|osweos-«jez ~ 


СЛ ЕКА СААС ГУУЗ ЧУТ 


кез 
9-3 
47-4 
2 5 
3 6 
4 6 
62957 
CIO sh 
1513 814 
2 6|з 10] в, 
з 7/5 1018 1312 
5 8/7 ии 15|17 
7 9|: 12] 46 17121 
э 10/13 14138 19] 25 


* Аскерћапсе по! permitted at this sample size, 


Use the first sampling plon below стом. When the sample size 
equals or exceeds lot size, do 100 percent inspection. 


Use the first sampling plan obove orrow. 
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TABLE 13.4 (continued. MULTIPLE SAMPLING AQL PLANS 


ACCEPTABLE QUALITY LEVEL 
FOR PERCENT DEFECTIVES OR DEFECTS PER 100 ITEMS 


FOR DEFECTS PER 100 ITEMS ONLY 


0:25 | 040 | 0-65 | 10 5 25 | <o | 65 | 100 | 1*9 | 250 150-0 [250-0 | 400-0 | 650-0 |1 000-0 
9 |94 "|9; nje "|; "| 9% "19; ч 17 ШОН tifar |8; жү) Әс M 
1 t ах «|o 410 79-9 
2 о 310 sji 63 |7 1 
3 о 31 6|3 ele ajna 19 
4 ег 7|5 ю 17 |19 25 
9 ES$ el? njn 20|25 29 
6 з 5|4 9|ю 12116 23| 31 зз 
7 4 -5|6 юз 14] 18 26|37 38 
Y H ЕЕЕ «о 51 72 9 
2 9 о $] 613 в wj? w 
2 0 4 4/2 ejs wie 13/13 19 
“ 1 a ES D 17|19 25 
5 2 3 6/5 n 20|25 29 
6 85 4 6/7 w 23| 1 33 
7 4 6 7/9 18 26|37 38 
+ sjo 1 9 
5 1 sit LI ЦЭ ~ 
1 2 63 8 19 
2 3 715 25 
з s ej? 29 
4 7 sjo 33 
6 9 wjn 38 
hå 0 4 
1 15526 
2 3 в 
з 5 w 
5 7 и 
7 ю 12 
9 13 м 
° 0 5 
1 3 8 
3 6 10 
5 вз 
7 м 15 
10 м 17 
13 18 19 
о ЗЕЯ 
3 LI 10 
6 з 1 
8 2 17 
т 17 20 
14 а 23 
| 18 25 26 
1 25:2-9 
& ? “ 
8 13 19 
13 19 25 
7 25 29 
n » 3 
25 37 38 u 
о is the acceptance number and rj is the rejection number " + acceptance по! permitted at this sample size, 
" in the ¿th cumulative sample (1= 1,2, 3,....7). Чу Use те first sampling plan below arrow. When te sample size 


Ж Use the corresponding single sampling plon equals or exceeds lot size, do 100 percent inspection, 
Glternatively, use multiple plan below, where available <} Use the first sampling plan above arrow. 
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TABLE 13.5. PRODUCER’S RISK (PR) LOT TOLERANCE PERCENT DEFECTIVES 
(LTPD) AND AVERAGE OUTGOING QUALITY LIMIT (40QL) FOR THE 
SINGLE SAMPLING AQL PLANS 


ILI WI 
| т 
sample sample sample 
аш РЕ | LTPD |4002| size | PR| LTPD |A0QL size |РЕ| LTPD AOQL 
code code — code 
letter 1096 5% lətter 109, 5% letter 109, 5% 
AQL = 0.10 AQL — 1.5 AQL — 25.0 
| D | 11.31) 28.8 | 37.4] 4.6| A 9.0: 194.5] 237.2 42 
к (11.75 1.8 [2.4| 029 G 8.49| 12.2 | 14.8 | 2.6 | B 4.1 | 177.4 200.9 46 
N 9.02 0.8 |1.0| 0.17| H 4.05| 10.6 | 12.6 | 2.7/0 3.8 | 133.0| 155.1 39 
P 4.74 0.7 |0.8| 0.17) у 3.38| 8.4| 97| 2.4|D 1.7 | 115.9) 131.4 40 
9 3.83 0.5 |0.6| 0.16 к 1.25) 7.4| 84| 2.5|Е 1.8 | 90.5 101.1 34 
R 1.66 0.5 |0.5| 0.16) т, 1.19 5.9| 6:6| 2.2| F 1.4| 77.1 84.8 33 
M | 0.94 4.9| 5.4| 2.1|G 1.7 | 63.0 68.4 29 
16 N 1.03] 4.0| 4.4| 1.9| H 0.9! 56.4 60. 
AQUI P | o| 3:5| 3:8| 1.8 
J 11.34 2.9 |3.7 | 0.46 AQL = 40.0 
M 8:20 12 |1:5| 0.27 AQL = 2.5 A | 4.7) 206.1; 314.8 69 
N (408 1.1 |1:3| 0.27) C |] 11.75) 46.1 | 59.9) 7.4| B 3.4 | 222.7 258.5 65 
Р 13.38 0.8 |1.0| 0.24) Е 9.02] 19.5 | 33.7 | 4.2] С 1.7 | 185.6 210.3) 63 
о (1525 0.7 |0.8| 0.285| а | 4.74 16.6 | 19.7) 43) D 1.7 | 147.1| 164.4 56 
R 1110 06 |0.7| 0.22| Æ | 3.83 13.4 | 15.5| 3.9) E 1.8 | 118.6 130.5) 50 
D i 1.66 116 18.1 4.0| F 1.7 | 100.7 109.9 Ч 
к | 148 9.4 | 10.5 | 3.6| G 1.2 | 88.1 94.6 
AQL = 0.25 L 1.37 7.7| 8.5| 3.3 
M 1.52) 6.4| 6.9| 3.0 AQL = 65.0 
s a БӘД ӘН ЕМГ eL e САНА СЕРЕ ИА 
M |45617 |20| 0.44 poster B 1.5 | 309.2 350.4 110 
м |383 1.3 16| 0.39 OH C | 1.8| 235.4 263.0 90 
P |160 18 |13| 0.40| B | 11-31 76.8 | 99.9 | 12 D | 1:8 | 192.7 212.1 82 
о |148 09 [11| 036| Е 9.63 29.9 | 36.5 | 6.51 E | 2.6 | 155.0 168.5) 72 
R |137 os |0.9| 09) E 4.74 26.6 | 31.5 | 6.9| F 1.4 | 141.0] 151.3] 73 
в 4.11 20.9 | 24.2 | 6.1 
1.66 18.5 | 21.0 | 6.3 2 
AQL = 0.40 J 1.68| 14.7 | 16.4 | 5.6 AQL = 100.0 
к 1.37| 12.3 | 13.6 52| А 1.7 | 403.8| 525.7, 160 
а |90) 7.2 (9.41 14 | L 1:73 10.1 | 10.9 | 47| B 1.2 | 392.4 438.3 150 
K |9.02 3.1 |3.8| 0.67| М 1.09 8.9| 9.6| 4.7| € 1.4 | 308.3 339.3] 130 
L |474 27 |811 0.09 D | 1.7 | 251.8 273.8] 120 
M 3.99 2.1 | 2.5| 0.62 AQL = 6.5 Е 1.4 | 217.0] 232.8] 110 
1.66) 1.9 |2.1| 0.63| A |12.101115.1 |149.8 | 18 
Р 1.68 1.5 |1.6| 0.6| р 9.63| 48.6 | 59:3 | 11 AQL = 150.0 
Q (147 1.2 | 1.4) 0-52 | E 5:41 40.9 | 48.4 | 11 A 1.2 | 588.6] 657.4 220 
В | 1.73; 1.0 | 1.1] 0.47| F 4:31 33.4 | 38,8 97| В | 0.7 | 513.8) 565.5) 220 
а 1.96] 29.0 | 32.9 | 9.9| © 1.0 | 402.9) 438.1 190 
н 1.83| 23.5 | 96.3 | 9.0| D 0.6 | 352.5| 378.4] 180 
AQL = 0.65 J 1.7] 19.3 | 21.2 | 8.2| Е 1.0 | 294.9] 313.21 170 
к | 1.95 16.1 | 17.5 | 7.5 
E Mob n 15.0) 18 | L 1.41| 14.1 | 15.1 | 7.3 AQL — 250.0 
? 19 |5.9 | 1.1 А 1.4 | 770.7) 848.3] 330 
к |4.92] 4.3 |5.0| 1.1 AQL = 10.0 B 1.0 | 671.5| 730.1| 310 
L | 4.31] 3.3 |3.9| 0.97| р 9.02 77.8 | 94.9, 17 © 0.9 | 564. 1) 605.4 290 
м |183 2.9 |3.3| 1.00| р 4:74! 66.5 | 78.7 | 17 D | 1.3 479.2 509.0 270 
B ta 2 2 0.00 | к 4.31 51.4 | 59.6 | 15 Е 2.2 | 413.8| 435.4| 250 
Q |19] 18 221 0.82| F 1.66) 46.4 | 52.6 | 16 
раа prs dE G 1.68 36.8 | 41.1 | 14 AQL = 400.0 
` . . ` H | 1.37 30.8 | 33.9 | 13 A 1.7 (1007.311095.2) 470 
ji 1.73| 25.2 | 27.4 | 12 B | 0.6 | 940.11009.0) 490 
AQL — 1.0 K | 0.94 22.6 | 24.2 | 12 с 1.3 | 766.8] 814.4 430 
D | 1.7 | 672.5 707.5| 410 
Е [12.19 17.7 98.0 | 2.8 AOL = 15.0 
н |9.02] 7.8|9.5| 1.7 | B 7.5 |129.7 1158.2 | 28 SUUM 
Т |4 4 0.7 7.9 тт | 6 4.1 106.5 125.9 | 27 А | 1.4]1410.21513.5, 730 
к |58) 53|62|16 | D | 3.4| 83.5 | 96.9 | 24 B 1.0 |1278.011357.1| 720 
т 1.66 4.6 |5.3| L6 | E 1.5 | 71.3 | 80.9 | 24 6 2.2 |1075.9|1182.0) 660 
м |1.55 3.7|4.2| 1.4 | Е 1.2 | 58.9 | 65.7 | 22 
N ты A: D^ 1.3 | а 1.0 | 48.2 | 53.0 | 21 AQL — 1000.0 
š .7| 1.2 | н | 1.0] 40.3 | 43.8 | 19 А 1.4 |1916.9/2035.9| 1100 
о 10.4 2.5|24| 1.2 | I 0.6 | 35.3 | 37.8 | 18 в 0.6 (1793.2|1886.6| 1100 


14, LAGRANGIAN INTERPOLATION COEFFICIENTS 
a. Lagrange's formula 


Given the values of a function f(x) at x = 2, (i = 1, 2, ..., m), the inte 
value at any value of z is given by formula 


ss 


Ла) = Å АД) = | 

(57) 

‚ (@—а)(@—а%)... (BA (oa) -.. (0—2) Nx 
(@—,)(а—)... (а-а 1)0; —®)... (%— mq) ` 


where Air) = 


NN 


polynomial which coincides with f(x) at the chosen points. 


The coefficients А,(2) are tabulated in Tables 14.1 to 14.4 for the special case 
where the chosen arguments z; are at equal intervals and for m = 3, 4, 5 and 6. These 
tables will be found very useful for polynomial interpolation since they avoid the 
computation of a table of differences (see chapter VI of Part I). 


b. Application 


Suppose a function f(x) is tabulated at intervals of 10, say at x = 30, 40, 50, 60, 
70, 80, ..., and the value of the function is required at 52. Let us decide оп a four 
point interpolation formula (т = 4) and choose the arguments 40, 50, 60, 70. In 
Table 14.2 the four arguments are always written as —1, 0, 1, 2, so that a suitable 
translation and scale transformation is required бо apply the formula. In the present 
case the origin is 50 and the scale is 10, the width of the interval of tabulation. Now 
we compute u = (52—50)/10=0.20, subtracting the value of the origin and dividing by 
the width of interval. Reading from Table 14.2 we find the values of A. |, Ao, А, А, 
corresponding to ù = 0.20. Then the interpolated value for f(52) is 4.,/(40) 4, 
Х50)-4, /(60)--4, f(70). We could have chosen any set of four consecutive argu- 
ments. But it is better, if possible, to choose the arguments symmetrically about the 
interval containing 52. 


Example. ‘The following are the 1% values of chi-square for different degrees of 
freedom. 


d.f. ж 


30 14,95 

40 22.16 

50 29.71 

60 37.49 

70 45.44 

80 53.54 

90 61.76 s 
100 70.07 


Find by interpolation the values of x? for (i) 52 d.f. and (ii) 33 d.f. 
17 


130 FORMULAE AND TABLES FOR STATISTICAL WORK 


(1) EVALUATION OF THE 1% VALUE OF y? FOR 52 D.F. 
USING 4-POINT INTERPOLATION (TABLE 14.2) 


52-50 _ 0.20 


К. тай 


coefficients col. (2) xcol. (3) 
foru = 0.20 


(3) (4) 
А_1= —0.048 —1.0637 
0.804 25.6694 
0.216 8.0978 


A= —0.032 —1.4541 


1.000 31.2494 (Required value) 


(П) EVALUATION OF THE 1% VALUE OF y2 FOR 33 D.F. 
USING 4-POINT INTERPOLATION (TABLE 14.2) 


38—40 — -040 


SI 


gele kb col. (2) xcol. (3) 
(3) (4) 
-= 0.5355 8.0057 
Ag= 0.6885 15.2572 
A= —0.2835 —8.4228 
Аз= 0.0595 2.2307 


1.0000 17.0708 (Required value) 


In this case it is not possible to choose tabular values symmetrically on either side 
оҒа, The four tabular arguments closest to z are 30, 40, 50 and 60. 
c, Another table 


1. NATIONAL, BUREAU OF STANDARDS (1944): Tables of Lagrangian Interpolation Coefficients, Columbia 
University Press. 


Coverage : 
Formula. Coefficients given to u 
3 pt. 9 dec. —1(0.0001)1 
4 pt. 10 dec. —1(0.001) 0(0.0001) 1 (0.001) 2 
5 pt. 10 dec. --2(0.001) 2 
6 pt. 10 dec. — 2(0.01)0 (0.001)1 (0.01)3 
7 pt. 10 dec. —3(0.1) —1 (0.001)1 (0.1)3 
8 pt. 10 dec. —3(0.1)0 (0.001)1 (0.1)4 
9 pt. 10 dec. —4(0.1)4 
10 pt. 10 dec. —4(0.1)5 
11 pt. 10 dec. —5(0.1)5 
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TABLE 14.1. THE LAGRANGIAN INTERPOLATION COEFFICIENTS 


"Three-point formula (Quadratic) 


Note : If the arguments chosen are zi «2» «775 and interpolation is required at z(z; «2« 23), compute 
u == (z—273)/h, where h = zs — ад == —25. Read the three entries 4. 4, Ao, А corresponding to u. Then 
the interpolated value is 4.4 f(a1)+Ao f(zə) + Ai (хз). It z is such that 21<4<%е, then compute 
u = (22 —m)|h and use the formula 4 1 f(zs) + Ао f(zs)+ 41 Қал). 


© Ал А А 2 MY Ay А 

-00 | — .00000 1.00000 .00000 450 | — .12500 .75000 -37500 
201 | —.00495 .99990 .00505 451 | —.12495 .73990 . 38505 
-02 | —.00980 .99960 .01020 .52 | —.12480 .72960 .39520 
.03| —.01455 .99910 .01545 :58| —.12455 .71910 40545 
:04| —.01920 .99840 ‚02080 .54 | —.19420 ‚70840 «41580 
405 | —.02375 .99750. .02625 .55| — .12375 „69750 + 42625 
.06 | — .02820 .99640 .03180 .56 | —.12320 .68640 „43680 
-07 | — 03255 .99510 .03745 .57 | —.12255 467510 44745 
4 08 | —.03680 .99360 .04320 .58 | —.12180 . 66360 - 45820 
.09 | —.04095 99190 .04905 .59 | —.12095 .65190 . 40905 
.10| —.04500 .99000 .05500 .60 | — .12000 ‚64000 .48000 
«11 | —.04895 .98790 .06105 .61 - 11895 .62790 .49105 
-12 | — .05280 .98560 .06720 .62 | —.11780 .61560 .50220 
418 | —.05655 .98310 .07345 :63| —.11655 .60310 .51345 
414 | — .06020 „98040 .07980 .64 |. —.11520 .59040 ‚52480 
.16| —.06375 ‚97750 ‚08625 .65| —.11375 .57750 .53625 
.16| —.00720 .97440 .09280 .66| —.11920 150440 e .54780 
417 | —.07055 197110 .09945 .67 | — .11055 .55110 .55945 
.18| —.07380 .90760 .10620 .68| —.10880 ‚53760 ‚57120 
419 | —.07695 .96390 .11305 .69| —.10695 152390 .58305 
+20 | —.08000 .96000 .12000 .70| —.10500 .51000 .59500 
+21 kr .95590 .12705 21 — .10295 .49590 . 60705 
2| — .95160 .13420 72 | — .10080 .48160 .61920 
.233| — .94710 .14145 :73 | —.09855 “46710 ‚63145 
| — . 94240 . 14880 74 | — .09620 “45840 . 64380 
-25 . 93750 .15625 15| —.09375 149750 ‚65625 
.26 . 93240 . 16380 .76 | —.09120 .49240 .66880 
21 ‚92710 ‚17145 177 | —.08855 (40710 :68145 
:28 .92160 .17920 .78 | —.08580 .39160 . 69420 
‚29 .91590 .18705 .79 | —.08295 .37590 . 70705 
-30 .91000 .19500 .80| — .08000 “36000 ‚19000 
:31 .90390 .20305 .81 | —.07695 .84390 .73305 
.82 .89760 .21120 .82 | —.07380 .32760 ‚14620 
-33 .89110 .21945 182 | — 07055 181110 .75945 
.94 .88440 .22780 184 | —.06720 “90440 .77280 
| +35 .87750 .23625 .85 | — .06375 .27750 . 78625 
.36 .87040 .24480 :86 | — 06020 “96040 .79980 
487 | .86310 .25345 .87 | —.05655 “94810 ‚81345 
-38 .85560 .26220 .88 | —.05280 .22560 .82720 
-39 | .84790 .27105 .89 | —.04895 “90790 84105 
40 .84000 .28000 .90| — .04500 .19000 .85500 
41 .83190 .28905 .91| —.04095 .17190 . 86905 
42 . 82360 .29820 .99 | — .03680 .15360 . 88320 
4 .81510 .30745 .93 | —.03255 118510 89745 
44 .80640 .31680 .94 | —.02820 ‚11640 ‚91180 
.45 .79750 .32625 .95 | —.02375 .09750 .92625 
+46 . 78840 .33580 196 | =.01920 .07840 ‚94080 
47 .77910 .34545 .97| — .01455 .05910 .95545 
-48 . 76960 .35520 .98| —.00980 .03960 .97020 
«49 .75990 .36505 -99 | —.00495 -01990 «98505 
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TABLE 14.3. THE LAGRANGIAN INTERPOLATION COEFFICIENTS 


Five-point formula (Quadric) 


и AS ADS Ap Ai А, 
0.02 0.0016493 —0.0130654 0.9995000 0.0135986 —0.0016827 
0.04 | 0.0032614 —0.0255898 0.9980006 0.0277222 —0.0033946 
0.06 0.0048825 —0.0375662 0.9955032 0.0423618 —0.0051315 
0.08 00063590 —0.0489882 0.9920102 0.0575078 —0.0068890 
0,10 0.0078375 -0.0598500 0.9875250 0.0731500 —0.0086625 
0.12 0.0092646 —0.0701466 0.9820518 0.0892774 —0.0104474 
0.14 0.0106373 —0.0798734 0.9755960 0.1058786 —0.0122387 
0.16 0.0119526 -0.0890266 0.9681638 0. 1229414 —0.0140314 
0.18 | 0.0132077 —0.0976030 0.9597624 0.1404530 —0.0158203 
0:20 0.0144000 -0.1056000 0.9504000 0.1584000 --0.0176000 
0.99 0.0155269 —0.1130158 0.9400856 0.1767682 —0.0193651 
0.24 0.0165862 —0.1198490 0.9288294 * 0.1955430 —0:0211098 

Ы 0.26 0.0175757 —0.1260990 0.9166424 0.2147090 —0.0228283 
0.28 0.0184934 —0.1317658 0.9035366 0.2342502 —0.0245146 
0.30 0.0193376 —0.1368500 0. 8895250 0.2541500 —0.0261625 
0.32 0.0201062 —0.1413530 0.8746214 0.2743910 —0.0277658 
0.34 0.0207981 —0.1452766 0.8588408 0.2949554 —6.0293179 
0.36 0.0214118 —0.1486234 0.8421990 0.3158246 —0.0308122 
0.38 0.0219461 —0.1513966 0.8247128 0.3369794 --0.0322419 
0.40 0.0224000 —0.1536000 0.8064000 0.3584000 —0.0336000 
0.42 0.0227725 —0.1552382 0.7872792 0.3800658 —0.0348795 
0.44 0.0230630 —0.1563162 0.7673702 0.4019558 —0.0360730 
0.46 0.0232709 —0.1568398 0.7466936 0.4240482 —0.0371731 
0.48 0.0233958 —0.1568154 0.7252710 0.4463206 —0.0381722 
0.50 0.0234375 —0.1562500 0. 7031250 0.4687500 —0.0390625 
0.52 0.0233958 —0.1551514 0.6802790 0.4913126 —0.0398362 
0,54 0.0232709 —0.1535278 0.6567576 0.5139842 —0.0404851 
0.56 0.0230630 —0.1513882 0.6325862 0.5367398 —0.0410010 
0.58 0.0227725 —0.1487422 0.6077912 0.5595538 —0.0413755 
0.60 0.0224000 —0.1456000 0.5824000 0.5824000 —0.0416000 
0.62 0.0219461 —0.1419726 0.5564408 0.6052514. —0.0410059 
0.64 0.0214118 —0.1378714 0.5299430 0.6280806 —0.0415642 
0.66 0.0207981 —0.1333086 0.5029368 0.6508594 —0.0412859 
0.68 0.0201082 —0.1282970 0.4754534 0.6735590 —0:0408218 
0.70 0.019375 —0.1228500 0.4475250 0.6961500 —0.0401625 
0.72 0.0184934 —0.1169818 0.4191846 0.7186022 —0.0392986 
0.74 0.0175757 —0.1107070 0.3904664 0.7408850 —0.0382203 
0.76 0.0105862 —0.1040410 0.314054 0.7629670 —0.0369178 
0.78 0.0155269 —0.0969998 0.3320376 0.7848162 —0.0353811 
0.80 0.0144000 —0.0896000 0.3024000 0.8064000 —0.0336000 
0.82 0.0132077 —0.0818590 0.2725304 0.8276850 —0.0315643 
0.84 0.0119526 —0.0737946 0.2424678 0.8486374 —0.0292634 
0.86 0.0106373 —0.0654254 0.2122520 0.8692226 —0.0266867 
0.88 0.0092646 —0.0567706 0.1819938 0.8894054 —0.0238234 
0.90 0.0078375 —0.0478500 0.1515250 0.9091500 —0.0208625 
0.92 0.0063590 —0.0386842 0.1210982 0.9284198 —0.0171930 
0.94 0.0048325 —0.0292942 0.0906872 0.9471778 —0.0134035 

d 0.96 0.0032614 —0.0197018 0.0603366 0.9653862 —0.0092826 
0.98 0.0016493 —0.0099294 0.0300920 0.9830066 —0.0048187 


Note: If the arugments chosen are v «25 24 244 25 and interpolation is required at a (vg вага), 
compute u=(x—23)/h, where № is the interval of the argument. Read the entries A_s, 4.1, Ao, А, Аз 
corresponding to м. Then the interpolated value is A-s f(z1)-- 4.1 fær) + Ао (ев) + 41 (2a) + As ав): If e 
is such that ;<2<2з, then compute u=(23—z)/h and use the formula A..f(zs)+ 4-1 f(74) +Aofles)+ 


Ay f(za) + Азат). 
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TABLE 144. THE LAGRANGIAN INTERPOLATION COEFFICIENTS 


Six-point formula (Quintic) 


A» Aa Ao А, A; En 
.01 .0004957921 —.0049333767 .9965420858  .0100660817 --.0025038746 .0003332917 .99 
.02 .0009830066 --.0097336932 .9928367064 .0202619736 --.0050143268 .0006663334 .98 
.03 10014614085 --.0144012590 .9888864505 .0305841170 --.0075295922 .0009988752 .97 
„04 .0019307725 —.0189364224 .9846939648 .0410289152 — .0100478976 .0013306675 . 96 
.05 .0023908828 — -0233395703 .9802619531 .0515927344 --.0125674609 .0016614609 .95 
.06 .0028415335  —.0276111276 ,9755931752  .0622719048 --.0150864924 .0019910065 .94 
.07 .0032825281 — .0317515567 .9706904458 .0730627217 —.0176031946 .0023190557 .93 
.08 .0037136794 --.0357013568 .9655566336 .0839614464 —.0201157632 .0026453606 +92 
.09 .0041348096 — .0306410640 .9601946604 .0949643071 --.0226228873 .0029696742 .91 
.10 .0045457500 —.0433912500 .9546075000 .1060675000 --.0251212500 .0032917500 .90 
SIT .0049463412 —.0470125223 .9487981771 .1172671904 —.0276105290 .0036113426 „89 
.12 .0053364326 --.0505055282 .9427697664 .1285595136 —.0300883968 .0039282074 .88 
413 00571588297 — 0538709296 .9365253917 .1399405758 --.0325530217 .0042421011 .87 
.14 .0060845585 — .0571094524 .9300682248 .1514064552 --.0850025676 .0045527815 ! 88 
415 10064493259 —.0602218359 .9234014844 .1629532031 —.0374351953 .0048600078 .85 
.16 .0067890995 — .0632088576 .9165284352 .1745768448 —.0398490624 .0051635405 .84 
417 .0071247422 --.0660713273 .9094523870 .1862733805 --.0422423240 .0054631416 .83 
.18 10074401654 — .0688100868 .9021766936 .1980387864 —.0446131332  .0057585746 .82 
.18 .0077622787 —.0714260096 .8947047517 .2098690158 --.0469596417 .0060496051 .81 
.20 .0080640000 — .0739200000 .8870400000 .2217600000 --.0492800000 .0063360000 ‚80 
.21 .0083542553 — 0762929929 .8791859183 .2337076492 —.0515723583 .0066175284 .79 
‚22 .0086329786 --.0785459532 .8711460264 .2457078536 —.0538348668 .0068939614 .78 
.23 .0089001118 ---0806798752 .8629238830 .2577564845 —.0560656760 .0071650719 .77 
.24 | .0091556045 —.0826957824 .8545230848 .2698493952 — .0582629376 .0074306355 .76 
.25 .0093994141 — 0845947266 .8459472656 .2819824219 --.0604248047 .0076904297 .75 
-26 | .0096315055 —.0863777876 .8372000952 .2941513848 —.0625494324 .0079442345 T4 
.27 | .0098518513 — -0880460729 .8282852783 .3063520892 — .0646349783 .0081918324 .73 
.28 .0100604314 — .0896007168 .8192065536 .3185803264 —.0666796032 .0084330086 .72 
.29 .0102572328 --.0910428802 .8099676929 .3308318746 — .0686814711 .0086675510 71 
.30 .0104422500 —.0923737500 .8005725000 .3431025000 — .0706387500 .0088952500 .70 
Бэ! .0106154844 — .0935945385 .7910248096 .3553879579  — .0725496127 .0091158993 .69 
.32 .0107769446 — .0947064832 .7812284864 .3676839936 — .0744122368  .0093292954 .68 
.33 .0109266459 — .0957108458 .7714874249 .3799863433 —.0762248054 .0095352378 467 
.34 .0110646105 — -0966089124 .7615055448 .3922907352 — .0779855076 .0097335295 .66 
.35 0111908672 — .0974019922 .7518867969 .4045928906 — .0796925391 .0099239766 .65 
.36 .0113054515 —.0980914176 .7411351552 .4168885248 — .0813441024 .0101063885 . 64 
.87 .0114084054 — .0986785435 .7307546195 .4291733480 —.0829384077° .0102805783 .63 
.38 .0114997774 — -0991647468 .7202492136 .4414430664 — .0844736732 .0104463626 .62 
.39 .0115796219 --.0995514258 .7096229842 .4536933833 —.0859481254 .0106035618 -61 
-40 -0116480000 --.0998400000 .6988800000 .4659200000 --.0873600000 .0107520000 «60 
41 .0117049786 —.1000319092 .6880248508 .4781186167 —.0887075421 .0108915052 .59 
.42 .0117506306 --.1001286132 .6770601464 .4902849336 --.0899890068 .0110219094 .58 
.43 .0117850351  —.1001315915 .6659915155 .5024146520 — .0912026598 .0111430487 .57 
44 -0118082765 —.1000423424 „6548226048 .5145034752 —.0923467776 .0112547635 -56 
+45 .0118204453 -- .0998623828 .6435575781 .5265471094 —.0934196484 .0113568984 55 
-46 ‚0118216375 — .0995932476 .6322006152 .5385412648 --.0944195724 .0114493025 54 
E -0118119546 —.0992364892 .6207559108 .5504816567 --.0953448621 .0115318292 .58 
.48 .0117915034 —.0987936768 .6092276736 .5622640064 -- .0961938432 .0116043366 .52 
449 .0117603961 —.0982663965 .5976201254 .5741840421 --.0969648546 .0116666877 -51 
-50 ‚0117187500 —.0976562500 .5859375000 .5859375000 — .0976525000 .0117187500 -50 
Аз Аз А1 40 Ал A-2 u 


Note. If the arguments chosen are 271<74<4;<(7,<2<26 and interpolation is required at x 
such that тас ос 2, compute и = (z—25)/h where h is the interval of the argument. Then read the 
entries A_», 4.1, 40, 41, Аз and Аҙ corresponding to и and use the formula 


Aa Дал) 41 f(zə)-- Ао f(zs)+- Ai flea) + А» f(vs) + As Лав! 


For values of u іп the right hand side column of the table, the coefficients are to be read аз 
indicated in the bottom row of the table. Thus for и = .59, 4.» = .0108915052, 4., = —.0887075421, 
Ао = .4781186167, Ај = .6880243508, А; = —.1000319092, Ag = .0117049786, 


15. NUMERICAL INTEGRATION COEFFICIENTS 
15.1. Совкетотемтз FOR EQUISPACED ORDINATES 


a. Introduction 
d 
For evaluating an integral f f(x)dx knowing only the values (ordinates) 
с 


of Да) at equidistant values of æ tabulated at intervals of Å, the formula used із 
à weighted linear combination of the ordinates. Some well known and simple 
formulae are already given in Chapter VI of Part I. Fora general formula using a 
polynomial approximation of the maximum degree for f(x), the compounding 
coeffiients, which (apart from the multiplier л) depend upon the number and the 
position of the ordinates, are given in Table 15.1. As regards the position of 
ordinates, relative to interval (с, 4), three types of situations are considered. 
А. (2m—1) internal and the two terminal ordinates at c and d. 
‚В. (2m—1) internal, two terminal and two external ordinates at c—h and 
d--h. 
C. (2m—1) internal, two terminal and four external ordinates at c—2h, 
c—h, d+h and d+2h. 


Coefficients are given for m = 1, 2, 3, 4 and 5 in the case of А and В type of 
formulae and for m = 1, 2, 3, and 4 in the case of 0 type. 


In Table 15.1, f(a) is the ordinate at the midpoint a of the interval (c, d), flath) 
are the ordinates at the points a+ and a—h eto. 


b. Application 
То evaluate Үсақ єг“ dx using ordinates tabulated at an interval of 0.5. 
2.5 3 


Here ћ = 0.5 and and the number of internal and terminal ordinates available 
is 5 во that 2m+1 = б or m = 2. The computations are as follows : 


coefficients from Table 15.1 for m — 2 
for type of formula 
z 2 --- 
Ле) " 3 3 
no external two external four external 
ordinate ordinates ordinates 
1.5 0.308360 — — 13 
2.0 0.215963 — —8 —224 
с==2.5 0.146450 14 342 5494 
8.0 0.097304 64 1224 17632 
а = 3.5 0.063746 24 664 10870 
4.0 0.041335 64 1224 17632 
а = 4.5 0.026591 14 342 5494 
5.0 0.017001 — -8 —224 
5.5 0.010815 — = 13 
divisor : 45 945 14175 


Using А type formula the required integral is given by 
A[14 x 0.146450 1-64 x 0.097304 4-...] + 45 
= 0.5X 12.825374 + 45 = 0.142504.» 
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If ordinates at 2.0 and 5.0 are used in addition to internal and terminal ordinates 
(B type formula) the integral is 
М(—8) х0.215963--342 x 0.146450+-...] + 945 
=0.5 X 269.339118 + 945 = 0.142507. 
ТЕ ordinates at 1.5, 2.0, 5.0 and 5.5 are used in addition to internal and terminal 
ordinates, (С type formula) the integral is 
1118 x 0.308360-1-(—224) x 0.215963--...] + 14175 
= 0.5 x 4040.054461 — 14175 = 0.142506. 
15.2. Axscissan AND WEIGHT COEFFICIENTS IN GAUSSIAN 
QUADRATURE FORMULAE 
a. Introduction 


The quadrature formulae given in Table 15.1 are useful when the values of 
the function to be integrated are known (tabulated) at equispaced values of the 
abscissa. But if such а table is not available and the function itself has to be evaluated 
at selected values of the abscissa, one can use more precise quadrature formulae due 
to Gauss, which specify an optimum choice of the abscissa for this purpose. To apply 
the formulae given in Tables 15.2.—15.4, the values of the function aré computed 
at the specified values of the abscissa and then a linear combination of these values is 
taken using the weight coefficients. 


Ъ. n-point Gauss-Legendre formula 
Таг = pfied + ose) uf) 


This formula is useful for evaluating definite integrals of the type f Лау. The values 


of z where the function f(v) has to be evaluated and the corresponding coefficients 
д are given in Table 15.2, for any chosen value of » = 2(1)16. Note that integra- 
tion in any finite range can be reduced to integration over the range (—1, 1) by suitable 
transformation of the variable, so that Table 15.2 is useful in evaluating integrals 


b 
of the form f f(x)dx. 
с. n-point Gauss-Laguerre formula 


J =“ fz = fis hf ef) 


This formula is useful for evaluating definite integrals of the type Ї ef(a)da. The 


values of z where the function f(x) has to be evaluated together with the corresponding 
coefficients J are given in Table 15.3, for any chosen value of n = 2(1)10. 


d. n-point Gauss-Hermite formula 


ез fois = Ћао Efe) 


This formula is useful for evaluating definite integrals of the type ТП e” 41223 Тће 
values of 2 where the function f(x) has to be evaluated together with ‘the corresponding 
coefficients 7, are given in Table 15.4, for any chosen value оЁ = 2(1)10. 

18 


FORMULAE AND TABLES FOR STATISTICAL WORK 


$0976 11960 0 
21808 8108070 
10198 1816170 
51916 0610170 
32658 6048170 
16978 6140670 
GELSE 9201670 


FS 


18088 $6986'0 
16887 €F826 0 
19181 0222870 
87065 62189'0 
79598 $5918`0 
68988 11616'0 


1876? 8080170 


2 


14998 99990'0 
46980 80921 0 
60120 62981'0 
97916 61552 "0 
сррер 0809270 
89809 26016 0 


14 бууя 


18998 08/6 0 


86692 901880 
99008 81068170 


16219 60619'0 


09816 796920 
00000 00000" 0 


ч 


89898 2610170 
©2601 8820870 
69799 0481870 
75848 80209570 


2 
І 


©9686 82096" 0 
TLLT9 9996170 
66075 $6959`0 
СЕРР $58170 


“ 


138 


19889 2696070 
20198 298190 
68888 8880070 


© 
| 


69786 L1906'0 
10166 99868970 
00000 0000070 


ч 


76975 4122070 08660 07686 0 06886 41086070 08195 66:8670 
65598 9029070 18809 L9vT6'0 31709 920200 78656 LELEG O 
11198 9146070 72051 $9998`0 40686 <1101:0 ФЕ809 0087870 
81168 2972170 POPP 0726170 6:190 168170 PISLL 199810 
88869 696Р1'0 РРРеО 18119:0 89056 929910 96116 16016870 
76199 4169170 LLLL9 1086% 0 00001 9198170 РЕТ 917680 
09178 0928170 80005 091820 508ҒІ 68986170 07607 6110270 
30190 <%681:0 86095 109800 61728 192050 00000 00000:0 
DL 18:22 
87007 STOTO'O 19506 81786`0 POLES 1127070 57590 991860 
86671 61826070 56658 69L16'0 09266 26901" 0 79951 11706" 0 
BOISE 1886170 10608 14810870 38588 :0091'0 SPLOT 0669170 
80869 TISLU'O +6666 92790 19881 91606:0 89961 16189" 0 
92709 1810670 01925 6%8%%:0 39595 67585`0 68671 5819870 
$0815 82922 0 09188 94906870 88801 FIGPT'O 38078 66886170 
26901 84466870 00000 00000" 0 т=н 
=ч 
$8857 1218070 36850 91896°0 
SPPET 1999070 38569 008160 10918 #9081'0 81011 8095870 
56761 0969170 19926 90998'0 79690 190920 15691 2581970 
35959 80616'0 $8996 076190 OLLOL 96616870 PETPE 9070670 
60120 92692" 0 1768 бесер'0 09956 68606670 00000 000000 
1755$ 298600 06667 18859170 в-“ 
== 
59967 8762170 $5162 01676'0 Рабту 0811170 $7126 97556`0 
91669 026150 98811 691910 06161 91096 0 39856 02199'0 
90900 881860 #1818 786070 9756$ 16/9Ғ 0 19816 1986070 
16816 98611970 00000 000000 9= и 
L = и 
96000 00408 0 56999 089110 
ТУЗ? 98LPE O 91169 21198'0 68888 8888870 0000 00000"0 
врата %1249:0 98801 86622 `O => 
=ч 
8 + 6 TF 


*[s4uerorgeoo 19S10m owes оцу өлец udis 


00000 0000071 


Џ 


a 


26920 9622670 


“ 


mu 


одвода о jo пд epngruSeur cures өц} uar ewssrosqy "шло eq, (0048 [LOUS ere повоцо ovssrosqe oq 4844 e30N] 
SLNSIOIJ4SOO LHÐIMM аку HVSSIOSgV :упаимол чипљунаупло AYGNADATSSAVO 7291 STHYL 


» 


139 


NUMERICAL INTEGRATION COEFFICIENTS 


16811 6621070 


86101. 69026768 


87996 8818070 05189 84966" IT 72806 2601070 60681 LOPLE' 97 

07186 ?с?0 `0 $7158 92618791 86910 ТТР:О'0 06822 68688781 21008 #01800 69811 8189826 

882648 280070 6.889 84898 II DEZIZ 699%0'0 11169 82999 ET 19713 8789070 81998 19091 ST 

68800 89026070 899716 91086878 11676 808070 11922 86618676 88089 106:0"0 20109 18841201 

OLISI 09620'0 00719 67599 `6 99296 699:0'0 6LLL9 96705 9 29869 645:0`0 75073 06970" 

1997, 80290 "0 62698 87107`8 86990 99158070 66166 186816 $5678 Ұ8880 "0 80110 0199077 

91868 9081270 16066 %88087І ресе. 8266170 99012 612006 99867 6102170 66299 80195 6 

26266 11109:0 оброр 086210 $0868 IGITP'O 15500 2210870 80819 8LSIv'O 89LLI 01606:0 

89111 Ұ?80870 30478 06118170 81279 6198870 14255 5859170 $6898 816960 80896 1201170 
01-14 2 

88180 118:070 88981 21066 61 

$9739 8015070 81620 81961781 16:79 8689070 90866 18286 61 

ТОТО? 1012070 ОРРРЕ 2108178 02110 190:070 T8ITL 97268 6 21669 56270'0 $7780 08079 21 

37198 890200 37808 26006 % 81616 6801070 16986 #1921" S 189:1 1982070 69000 I8980'L 

18989 SILPI O 08919 18,946 18886 16861170 19889 21066'5 16775 #6910 '0 01114 69968:6 

61161 68816770 $9687 0992071 80880 001190 11016 86881"Т 11189 99868 °0 16808 OPSIT'l 

11968 16860970 99/98 Ұ066170 07297 96897 `0 57099 7802270 90199 $/159"0 10160 9989670 
1= и 2 u 

11866 6895070 $5160 100686 

98064 8886070 69620 2995077 39956 8801070 62802 76685`9 

75698 IYL98'0 61011 94197. 98811, 19815 "0 80950 827666 76099 РРОРТ О 75998 IGTIy € 

БОТ? 9180970 96891 7400870 6600$ 601120 806009 11891970 90666 90649870 91879 819890 
pg u == 

1 z 1 x | 1 = 
БІКИІОІЯЯЯОО LHOIWA ANV AVSSIOSAV : VIANHOS Wunlvudvno нианнаодутвапур E'A ятауь 


FORMULAE AND TABLES FOR STATISTIOAL WORK 


140 


91087 89926070 86868 81889: 
80860 28290 0 67061 %769876 
10981 1168070 02916 66911768 
10785 286800 81016 02996"2 
91160 8821070 60662 8114671 
71700 188800 ©6608 82088 I 
9897/1 79085 `0 16771 96528 `0 
06276 2610970 19901 SPELT 0 

91 = ч 
61849 287:0'0 29681 8810177 
09806 025070 78468 0997576 
00991, 0212070 19899 61619'5 
#9445 98050"0 91891 0186871 
10868 5607170 99609 9002671 
69629 1912770 66188 9100970 
61818 6870970 00000 0000070 

grew 

= 

65870 79,500 88116 9196778 
19798 %812070 SPLOT 81068476 
37657 1868070 $6795 899411 
11198 61000 86280 1998071 
18895 9801970 61661 0627870 

от=ч 

— 
46184 116:0`0 89861 96199 `5 
80890 19700'0 88691 846101 
96661) 09957`0 68881 82918'0 
91199 98018"0 D 00000 00000" 0 
79887 16818070 68210 89099°T 
00607 16708 "0 5 Bes #973970 
Ч sF 


89175 6218070 81010 666677% 
39116 98012070 FELEO 9669976 
77700 0018070 62269 91196'5 
88908 LL6:0'0 59875 8100876 
66600 8208070 68146 6661271 
80168 8%80170 69809 11921 
91898 50517`0 86846 90999'0 
18060 01799'0 00000 0000070 


ST 


| 
= 


11888 99290'0 62687 6168876 

01896 19800 14801, 8902076 

90662 066200 20801 0261276 

98861 0912070 29896 89169 TI 

80182 67092 `0 21688 81159670 

$9559 68104970 89160 %271870 
EDU 


11690 96£:0'0 81028 6606178 

$7595 Y6F:0'0 97890 8090672 

TLGSY 1988070 26826 44809 "1 

06991 9926770 88101 9060270 

98188 820610 00000 000000 
C= 3 


66000 £27:0'0 18167 0900672 
808261 9016170 07206 78868 `Т 


29696 ZIPLO 6Т1ў/ 1098770 
g=u 


29,68 079630 ТІЛЕР? 71766 I 


90069 8918Т"Т 2 Бл 00000 "0 


2 Ч ат 


“Еҙчөгошооә 348104 owes өц} ӨАЗЧ 


21648 2988070 90198 77708"? 
ФҮ8?9 1/%5070 98869 992978 
19260 99820'0 09520 1787176 
17900 <81:070 98926 814606 
27892 048900 11225 89971 
16092 016670 81846 1181870 
16069 07929'0 10188 7:165'0 


yr-w 


70996 ЕРІ<070 99780 27899'5 

19618 9785070 86600 686810 

79681 1611070 89108 T69G0'G 

29181 6611170 99801 9990671 

75916 9860770 69996 08999'0 

69826 9174970 шид 00000*0 
и 


10709 661:0'0 80071 80086"6 

08861 2011070 19919 891861 

895685 080670 PELLE 6110171 

90102 Р1199'0 20669 8118870 
8-“ 


15758 96610'0 90/85 810006 

28086 1966670 97975 19896`0 

90218 08976'0 š 00000 00000°0 
=u 


99569 209880 __ 51849 0110/70 
=ч 


Ч сан 


urs ojmoddo jo mq opngruSeur oues оца YIM ovssIosqy ‘шо өцд qnoqs [eoLMouTUIAS оле шөвоцо eussrosqw em 1817) ooN] 
SLNAIOLIAAOO LHƏIAM аму чуззтозяу :VIANUOA WHunlvuavao 


ALINYAH—SSAVÐ Р ї AIAVL 


16. ORTHOGONAL POLYNOMIALS 


a. Introduction 
Consider the following polynomials due to Tchebycheff 


фе) = 1 
d(x) = = 


фе = 2000) 


dii) аа Eraik 


(3n?—13)x? , 3(n?—1)(n?—9) 
Pal) 24— 14 db 560 . 


а 5—8 | (1584-23002--401)с 
Pole) Ter 1008 


5(3n*—31)2* 5n4—110n?4-329)2% 
die) = av— ЭВ эше 4 nn Hm ne 


5(n*?— 1)(n3— 9)(n*— 25) | 
14784 


Observe that фа) = (—1)/ $(—2). 
These polynomials have the following orthogonality property : 


ТЕ z ranges over the n values t— жі, ,(t—1, 2,..,т), т being an integer 
= ф(а) фа) = 0 whenever i Z j. 
= 
Let X[ó(x)P = A, Then the first six values of А; are 
т 


A=" 

A, = n(n?*—1)/12 

A, = n(n*— 1)(n*— 4)/180 

Ag = n(n?—1)(n?—4)(n?—9)/2800 

А, = n(n3—1)(n?— 4) (n—9n*—16)/44100 

Ag = n(n®—1)(n?—4)(n?—9)(n?—16)(n®—25) 698544 

Ag = n(n?—1)(n?—4)(n®—9)(n®—16)(n?—25)(n?—36)/11099088. 
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Values of ó,(z) with some modification (see iii below) are given in Table 16.1 
for í = 1(1)5 and n = 3(1)30. The following points should be noted. 

(i) The table provides polynomial values only for those m values of z given 


bye et, ((— 1,2, ..., в). 


(ii) То save space, however, for values of n > 13, arguments covering the 


half range corresponding to t = 1, 2, ..., Ы only are given; values for the other 
half are to be obtained from the symmetry (antisymmetry) relation, $;(2) —(— 17ф,(—=2). 

(iii) То avoid fractional values, the polynomials (=) = MØ") instead of 
фа) have been tabulated and the constants A; are shown in the bottom line of each 
section of Table 16.1. The line just above the bottom line shows values of МА, = Bj. 
Thus to obtain the value of $,(z), if necessary, the tabulated value Е(т) has to be 
divided by Aj. Such а computation is unnecessary in practice, and one can use the 
values of Ё(2) directly as shown in the illustrative example. 

(iv) The argument 2 is not explicitly shown in the table but the & column, 
in fact, gives z for odd values of n and 2x for even values of n. 

The tabulated values are useful in fitting polynomials of successive degrees, in 


stages, if necessary, to observed data. The values of т, the abscissa at which the 
argument y is observed, should, however, be at equal intervals. 


b. Application 


An experiment was conducted in a randomised block layout to test whether 
subjecting seeds to a temperature treatment before planting has any effect on 
yield. Data on yield per plot at various levels of temperature for seed treatment 
are summarised as follows: 


temperature (°F) 60 15 90 105 120 
mean yield 60.74 80.00 87.90 89.48 80.60 


ANALYSIS OF VARIANCE 
(for randomised block design) 


source af. 8.8. m.s. F 
"books — 4 87.60 219.89 86.97 — 
treatments 4 2616.30 654.07 267.51 
error 16 40.60 2,54 


Analyse the results to find the optimum temperature for treatment of seeds. 


(i) Fitting a polynomial regression (upto fourth degree) of mean yield per plot on 
temperature 


All the successive four stages of fitting the polynomial giving the regression 
coefficients on the linear, quadratic, cubic and quartic terms are shown below : 
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temperature mean yield from Table 16.1 form = 5 
t y 
а Ez £s 2 
60 60.74 -2 2 -1 1 
75 80.00 -1 -1 -4 
90 87.90 0 —2 0 6 
105 89.48 1 -1 -2 -4 
120 80.60 2 2 1 1 
zy 49.20 —62.60 0.90 —9.18 
B 10 14 10 ; 70 
regression coefficient Syé/B 4,92 --4.4714 0.09 —0.1311 
sum of squares due to 
regression (Zy)?/B 242.064 279.912 0.081 1.204 


Thus we have the ANOVA table for testing the significance of the regression 
coefficients. = 

Since y is the mean of 5 observations each sum of squares given in the last row of 
the above table is multiplied by 5 for purpose of analysis of variance test. 


Source d.f. 8,8. m.s. 10.8. 8.8. d.f. source 
"nor 1 1210.32 1210.32 | 468.66 1405.08 З residuali | 
quadratic 1 1399.56 1399.56 8.21 6.42 2 residual 2 
cubic 1 0.40 0.40 6.02 6.02 1 residual 3 
quartic 1 6.02 6.02 
total (treatments) 4 2616.30 
error 16 40.60 2.54 2.54 40.60 16 error 


Тће residual after fitting the linear terms is 2616.30— 1210.32 = 1405.98 on 3 d.f. 
Similarly the residual after fitting the linear and quadratic terms is 1405.98— 1399.56 
= 6.42 and so on. Each residual is tested against error, successively starting from 
residual l. Residual 2 is unimportant since the variance ratio 3.21/2.54 is not large 
enough оп 2 and 16 d.f. We may normally stop at this stage and infer that a quadratic 
fit is sufficient. 


The equation to the parabola is (using the regression coefficients computed 


earlier), 
Y = 79.744-1-4.92£, —4.471489, 


Since Ë, = = (t—90)/15, 
ča = 202—2 = [(t—90)?/225]—2, 
we have Y = 88.6868-0.3280(1—90)—0.0199 (4-90). 


By equating the derivative with respect to # to zero 
0.0398(£— 90) = 0.3280 
or, the maximum of Y is attained аб £ = 90--8.24 = 98.2407. 
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Gü) Standard error of an estimated yield 
The estimated mean yield at temperature t = 80°F (say) is given by 
79.744-4.92Е,—4.47148, = 83.42 


—90 
where & = T = —0.6667 


and Е, = 2-2 = —1.5556. 


The sampling variance of the estimate is 


E Е MES О 
[L+ EE |= 040.0400+0.04444-0.1728) 


= 0.25720°. 
(№ may be noted that the variance of an individual regression coefficient b; is o/B; 
and that the b 's are mutually uncorrelated). 
(іі) Confidence interval for temperature т at which yield is а maximum 


The value of 7 is given by the equation 


ы, 9, 
15 + 225 


D (r—90) — 0. 
Тһе sampling variance of the expression on the left hand side is 


1 å(7—90)* 
el (БВ, T CFB, ] 


Consider the inequality 


О И? 
—5 * 235 (7—90) 


1 4(r—90)? 

5,15) + B,(225) 

where 82 is the estimate of 02 (the error m.s. in the ANOVA table, with 16 d.f.) and 
2.120 is the 5% point of Student's / with 16 d.f. This leads to a quadratic іп (т—90), 


whose roots provide 959, confidence limits for т. In this particular example the 
limits are 96.08 and 101.13. 


< 2.1208 


с. Some other tables 


1. Еівнев, В. A. and Yarzs, F. (1957) : Statistical Tables for Biological, Agricultural and Medical Research. 
(5th edition), Oliver and Boyd, London. (Table XXIII), 
[n = 3(1) 45, r=1(1)5 
n = 46(1) 75, r = 2(1)51. 
2, Pearson, E. S. and Нлвтгкх, Н. O. (1957): Biometrika Tables for Statisticians, Biometrika Trust, 
Cambridge University Press, (Table 47), 
{ъз = 30) 52, r = 1(1) 6]. 
3. ANDERSON, R. L. and Houseman, E. E. (1942): Tables of Orthogonal Polynomial Values Extended to 
п = 104. Iowa State College, Agricultural Experiment Station, Bulletin 297. 
[n = 30) 104, r = 1(1) 5]. 
4. Овговх, D. B. (1950): Values and Integrals of the Orthogonal Polynomials up to n = 26. University 
of Toronto Press. 
[n = 301) 26, r = 1(1) 25). 


ORTHOGONAL POLYNOMIALS > 
ET хан 
TABLE 161. ORTHOGONAL POLYNOMIALS << OF EDU» Жы 
% 


) From n = 13, the polynomial values are tabulated for tho first E values of the t. The 
/ 5 \ № 
other values are obtained by symmetry for the even order polynomials and antis, liy før the odd \ 
order polynomials. Note that E;(z) = (— 1)! (2) | хэ? J s 
д " / 2 
\ N ир å 
n=3 n=4 n=5 .-ө%” БЕДЕ НЫЙ 
с гө? 
аз ЛА tt. JET Kabe te c EI HS Сылы ка ul 
x = 
-1 1 —3 1 -1 -2 2 -1 1 —5 5 —5 1 — 
0 —2 -1 -1 3 —1 —1 2 —4 —3 —1 x —8 5 
1 1 1 -1 -3 0 -2 0 6 -1 -4 4 2 -10 
3 1 1 H —1 —2 —4 1 -4 -4 2 10 
2 2 1 1 3 = -1 —3 —5 
5 5 5 1 J: 
B:2 6 20 4 20 10 14 10 70 70 84 180 28 252 
- 10 5 35 3 5 7 21 
2:1 3 2 1 us = = ЯС 5-24 оде 23 
5 d 1 6 12 J 2 3 1 10 
е ___ 
| т-7 n=8 n=9 
ki E 5 8 % fi. £s аһ а Б а а 5 8 Б 
—3 5 — 3. —1 -1 q. —7 7 -1 -4 28 —14 14 —4 
-2 0 1 -7 4 —5 1 5 —13 23 -3 7 7 —21 119 
-1 -3 1 1 -5 -8 -3 7 -8 -17 -2 -8 18 —11 -4 
0 '—4 0 6 0 -1 -5 3 9 -15 —1 —17 9 9 -9 
1 -3 -1 1 5 1 -5 -3 9 15 0 -20 0 18 0 i 
2 0 —1 -7 — 3 -8 -7 —3 17 1-15 -9 9 9 
3 5 1 3 1 5 1 -5 — 13 —23 2 -8 —13 —1l 4 
yi 7 7 7 7 3 7 -1 -21-1 
4 28 14 14 4 
А В: 28 84 6 154 84 168 168 264 616 2184 60 2772 990 2002 468 
1 7 7 2 7 T. 5 7 3 
HA] 1 = 22 = сэ = ша 
2 6 12 20 z | 3 12 10 3 Š 6 1 20 
n = 10 : ы в = 11 п = 12 
и Ee 53 а 5 а 2 з & £s t. Seis нека leek 5 
-9 6 -42 18 -6 -5 15 —30 6 —3 -11 55 —33 33 —33 
-1 2 14 —22 14 -4 6 6 —6 6 —9 25 3 -27 57 ` 
-5 —1 35 —17 -1 -3 -1 22 -6 1 —7 1 21 —33 21 
-8 —3 31 3 —11 -2 -6 23 —1 -4 -5 —17 25 —13 —29 
-1 -4 12 18 -6 -1 -9 14 4 —4 -8 —29 19 12 —44 
1 -4 -12 18 6 о —10 0 6 0 —1 —35 7 28 -20 
8 —3 —31 3 11 1 -9 —14 4 4 1 —35 —7 28 20 
5 —1 —35 —17 1 2 -6 —23 -1 4 3 —29 -19 12 44 
7 2 —14 -23 —14 з —1 -22 -6 -і 5 —17 —25 —18 29 
9 6 42 18 6 4 6 -6 -6 -6 7 1 —21 —33 -21 
5 15 30 6 8 9 25 -3 -27 -57 
11 55 33 33 33 
B:330 132 8580 2860 780 110 858 4290 286 156 572 12012 5148 8008 15912 
1 5 5 1 5 1 1 2 7 3 
ашатын n 10:17:54: 12556: 18.4 с 
. В = sum of squares of the n values of the polynomial š 


À = divisor for the coefficients (0(2) = £()/^) 
19 
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TABLE 16.1. (continued) ORTHOGONAL POLYNOMIALS 
п = 13 п = 14 
2 5 ӛз £a 5 ы 20 Ёз 2 £s 
= ФЕИ 99 gov СЭН ТОС a 143 -143 
do КЕ 0 —66 33 | -1 7 -n --11 187 
-4 2 6 —96 18 | —9 2 66 —132 132 
ET 8 —54 ET RT 72% 219 98 —92 —28 
—2 —10 7 п 2256) | ср 95 215 —139 
Жү IS 4 64 E 67 63 -145 
0 Хы 0 84 Е £s 24 108 —60 
B: 182 2002 572 68068 6188 | 910 728 97240 136136 235144 
| 1 7 7 1 5 E 51) 
КЛАР pu i “130 pue 73 12 30 
n=15 п = 16 
5 £s Ёз $a 55 а ёз Es [7 2 
GE TEEN 1001 —1001 | —15 95 -455 273 —143 
ES GE —429 1144 |-13 22 —91 91 143 
в 119 35 — 869 979 | -11 9 143 —221 143 
zat) 28 58 -104 44 тоя 267 —201 33 
23 -% 61 —249 ETL eU D 301 —101 —17 
жа MET 49 251 -1000 | -5 —15 265 93 —131 
SIDES 27 621 E MEE. 179 129 -116 
0 —56 0 756 Ол (үстелі а 83 189 -45 
B:280 37128 39780 6466460 10581480 | 1360 5712 — 1007760, 470288 201552 
5 35 21 10 1 1 
БАЛ» Е 76 12 20 3 5 3 12 то 
n=17 n=18 
& бз Ёз š 55 21 Ë: ӛз 2 Es 
жеде dows Sige 52 -104 |-17 68 -68 68 —884 
EA Mss T ВИ PTS 91 |-15 44 —20 —12 676 
Би 115 7 -39 104 | 13 23 13 -41 871 
-5 1 15 —39 39 [к=п 5 33 —51 429 
В 18 —24 230 | у-н 510 42 —36 —156 
5917515 17 m -88 | -7 -—s9 42 -12 —588 
Ea 250 13 17 Br 35 13 -133 
215 298 7 31 NENNE 23 33 --583 
0 -24 0 36 б ч 12549 8 44 —220 
“В:408 7752 3816 16796 100776 1938 23256 23256 28424 6953544 
2 1 1 1 3 1 1 3 
а ПУН 18 20 Be tks 3 в 10 
n=19 т = 20 
Е. Es Ёз 27 Es 23 Ёз ts а Ez 
ESN 72-204 612 —102 |-19 57 969 1938 —1938 
Ев |124 -68 -68 AES 22387 —102 1122 
Zo das 28 —388 98 | —15 23 85 —1122 1802 
-6 6 89 —453 58 | —13 9 377 -1402 1222 
ЖЕШ кер; 120 —354 EN nes eris 539 —1187 187 
SANE 126 168 54 520-519 591 —687 —771 
вет 112 42 ж S E 553 --77 —1351 
—2 —26 83 227 EE 445 503 —1441 
Sd 44 352 BA Тест 987 948 —1076 
0 —30 0 396 СЧЕТ 99 1188 —396 
7В:570 13566 213180 2288132 89148 | 2660 17556 4903140 22881390 31201800 
5 7 1 10 35 7%) 
AST 1 3 5 5 2 1 3 E 5) 
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TABLE 16.1. (continued). ORTHOGONAL POLYNOMIALS 
n= 21 n = 22 
ы 2 2 fa 5 Er e £s Ea Es 
—10 190 —285 969 --8876 -21 85 —133 1197 —2261 
-9 133 —114 0 1938 —19 25 —57 57 969 
-8 82 12 —510 3468 —17 16 0 --570 1938 
-1 37 98 --680 2618 -15 8 40 --810 1598 
-6 -2 149 —615 788 —13 1 65 —775 663 
—5 —35 170 —406 —1063 —11 —5 77 —563 —363 
-4 —62 166 —130 —2354 -9 -10 78 —258 —1158 
-8 -83. 142 150 —2819 -7 -14 70 70 —1554 
-2  —98 103 385 —2444 —5 —17 55 365 —1509 
—1 -4107 54 540 —1404 -3 -19 35 585 —1079 
0 —110 0 594 0 —1 —20 12 702 —390 
B: 770 201894 432630 5720330 121687020 3549 7084 96140 8748740 40562340 
5 7 21 1 1: 7 7 
5 1 Р a` 1n z = 15 80 
А å 6 12 40 BS ита 3 i2 30 
n = 28 п = 24 4 
ы Ea Es Е, Es ы 2 Ёз 2 55 
-11 77 —77 1463 —209 —23 253 —1771 258 — 4807 
—10 56 —35 133 76 —21 187 —847 33 1463 
-9 37 7-3 —627 171 —19 127 —133 —97 3748 
-8 20 20 —950 152 -17 73 391 -157 3553 
—7 5 35 —955 77 -15 25 745 —165 2071 
—6 —8 43 —741 -12 -18 —И 949 —137 169 
-5 -19 45 —417 —87 -11 -53 1023 —87 —1551 
—4  —28 42 —42 —132 —9  —83 987 —21 —2721 
-8  —35 35 315 —141 -7 —107 861 33 --8171 
-2 -40 25 605 —116 -5 —125 665 85 — 2893 
—1 —43 13 793 —65 -8 — 137 419 128 —2005 
0 —44 0 858 0 -1 —143 143 143 —715 
B:1012 35420 32890 13123110 340860 | 4600 394680 17760600 394680 177928920 
1 7 1 10 1 3 
å 1 % 19 60 $ 5 3 18 10 
п = 25 п = 26 
ы Ea £s & 5 2 Е, Ёз и 55 
—12 92 —506 1518 --1012 —25 50 —1150 2530 — 2580 
-11 69 —253 253 253 -23 38 —598 506 506 
—10 48 —55 —517 748 —21 27 —161 —759 1771 
-9 29 93 --897 753 -19 17 171 —1419 1881 
—8 12 196 —982 488 -17 8 408 --1614 1326 
—7 —3 259 —857 119 —15 0 560 —1470 482 
—6 —16 287 —597 —236 —13 —7 637 —1099 —377 
-5  —27 285 —267 —501 -11 -13 649 —599 —1067 
-4 —36 258 78 —636 —9  —18 606 —54 —1482 
-3  —43 21 398 — 631 -7 —22 518 466 —1582 
-2 —48 149 643 —500 —5 —25 395 905 —1381 
—1 —51 77 803 —275 -8 —27 247 1221 --985 
0 -52 0 858 0 —1 -28 84 1386 —330 
В:1300 53820 1480050 14307150 17803900 | 5850 16380 7803900 40060020 48384180 
5 5 1 1 5 7 1 
тоне. 8 12 S e M * É 10 


сЗа ug y Et. еті 4. ________-_ EL 
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TABLE 16.1. (continued). ORTHOGONAL POLYNOMIALS 


n=27 п = 28 
& & ӛз Es Es 131 2 Ёз 2 5 
—13 325 —130 2990 —16445 —27 117 —585 1755 —13455 
—12 250 —70 690 2530 —25 91 —325 455 1495 
-11 181 —22 —782 10879 —23 67 —115 —395 8395 
—10 118 15 —1587 12144 —21 45 49 — 879 9821 
-9 61 42 --1872 9174 -19 25 171 —1074 7866 
—8 10 60 —1770 4188 -17 7 255 --1050 4182 
—7 —35 70 — 1400 —1162 —15 —9 305 —870 . 22 
—6 —74 73 --867 —5728 || —13 —23 325 —590 — 3718 
-5 —107 70 —262 —8803 -11 -—35 319 —259 --6457 
-4 —134 62 898 --10058 -9 -45 291 81 — 7887 
—3 —155 50 870 — 9479 -1 —53 245 395 —'1931 
—2 —170 35 1285 —7304 —5 —59 185 655 — 6701 
—1 -179 18 1548 —3960 -8 —63 115 840 —4456 
0 -182 0 1638 0 -1 -65 39 936 —1560 
В:1638 712530 101790 56448210 2032135560 | 7308 95004 2103660 19634160 1354757040 
Г 1 {Л 21 2 1 7 
Ae toe АЕ % 12 40 22000 3 я 20 
п = 29 п = 30 
& 27 ёз En 55 21 Ez 53 “ 5 
-14 126 —819 4095 — 8190 -29 203 —1827 23751 — 16965 
—13 99 —468 1170 585 —27 161 —1071 7371 585 
—12 74 -182 —780 4810 --25 122 —450 —3744 9360 
ЖАҚЫ DE 44 --1930 5885 —23 86 46 — 10504 11960 
—10 30 215 — 2441 4958 —21 53 427 —13749 10535 
-9 11 336 — 2460 2946 —19 23 703 —14249 6821 
-8 —6 412 —2120 556 -17 -4 884. —12704 2176 
-7  —21 448 —1540 —1694 —15 —28 980 — 9744 —2384 
—6 —34 449 —825 —3454 —13 -49 1001 --5929 — 6149 
—5 —45 420 — 66 —4521 —1 -67 957 — 1749 —8679 
—4 —54 366 660 . --4818 —9 -82 858 2376 — 9768 
-8  —61 292 1290 — 4373 = -% 714 6096 --9408 
-2 -66 203 1775 --8298 —5' —103 535 9131 — 7753 
—1  —69 104 2080 —1768 —3 —109 331 11271 —5083 
0 -70 0 2184 0 —1 —112 112 12376 —1768 
В:2030 113274 4207320 107987880 500671080 | 8990 302064 21360240 3671587920 2145733200 
2: 1 1 5 T 7 2 3 5 36 3 


6 12 40 . 2 3 12 1 


17. MISCELLANEOUS MATHEMATICAL FUNCTIONS 


Table 17.1 gives the squares of natural numbers upto 999. The same table can 
be used to find approximate square roots of numbers, correct, upto 3 significant digits, 
by reading i in the reverse way. lfzis the given number and a, is the approximate 
square root read from Table 17. 1, then a second approximation correct upto 6 signi- 
ficant digits is 


T т 
% = wl tot су ) 
and a third approximation correct to 12 significant digits is 


1 т 
а= (ati): 


Example 1. To compute 483. 


To make an effective use of the Table we find 4/830000, making a 6 digited number, 
and divide the result by 100. From Table 17.1 we find that 911° = 829921 closest 
to 830000, so that 911 is a first approximation. The second approximation is 


830000 A 
zon ^I ) — 911.043 
Dividing by 100, 1/83 = 9.11043 correct to six significant digits. 


Example 2. То compute ү831. 
Since the number of digits is odd, we consider the five digited number 83100 
multiplying the original number by hundred. Now 288° = 82944, so that v, —288 and 


83100 
288 


1 
LEE 5 (288+ ) — 988.144 


Dividing by 10, 4/831 = 28.8144 correct to six significant figures. 
Example 3. То compute V7134268.17. 
Since 2672 = 71289, we take x = 2670. The second approximation is 


7134268.17 


Ф670 Е ) = 2671.01 (correct to six digits). 


zl 2670-2 


Example 4. To compute /71342681.7. 
Since 8452 = 714025, we take z; = 8450. The second approximation is 
1 71342681.7 
2 8450 
Table 17.3 is similarly useful in finding cube roots. Thus if it be required to find 
the cube root of a number z, we find from Table 17.3 the two digited number 2 whose 


(8450+ ) — 8446.46 (correct to six digits). 


: SOON 1 
cube is closest to е. The second approximation is z; = s( 27 + 2) correct to four 
0 


significant digits. 
Some tables in this Chapter are not preceded by notes. Such tables are self- 
explanatory. 
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TABLE 17.1. SQUARES OF NATURAL NUMBERS 


n n? n n? n n2 n n? n n? 

1 1 51 2601 101 10201 151 22801 201 40401 
2 4 52 2704 102 10404 152 23104 202 40804. 
3 9 53 2809 103 10609 153 23409 203 41209 
4 16 54 2916 104 10816 154 23716 204 41616 
5 25 55 3025 105 11025 155 24025 205 42025 
6 36 56 3136 106 11236 156 24336 206 42436 
7 49 57 8249 107 11449 157 24649 207 42849 
8 64 58 3364 108 11664 158 24964 208 43264 | 
9 81 59 3481 109 11881 159 25281 209 43681 
10 100 60 3600 10 12100 160 25600 210 44100 
11 121 61 3721 111 12321 161 25921 211 44521 
12 144 62 3844 12 12544 162 26244 212 44944 
13 169 63 3969 113 12769 163 26569 213 45369 
14 196 64 4096 114 12996 164 26896 214 45796 
15 225 65 4225 115 13225 165 27225 215 46225 
16 256 66 4356 116 13456 166 27556 216 46656 
17 289 67 4489 117 18689 167 27889 217 47089 
18 324 68 4624 118 13924 168 28224 218 47524 
19 361 69 4761 119 14161 169 28561 219 41961 
20 400 70 4900 120 14400 1170 28900 220 48400 
21 441 71 5041 121 14641 171 29241 221 48841 
22 484 72 5184 122 14884 |112 29584 222 49284. 
23' 529 73 5329 123 15129 173 29929 223 49729 
24 576 74 5476 124 15376 174 30276 224 50176 
25 625 75 5625 125 15625 175 30625 225 50625 
26 676 76 5776 126 15876 176 30976 226 51076 
27 729 77 5929 197 16129 177 31329 227 51529 
28 784 78 6084. 128 16384 | 178 31684 228 51984 
29 841 79 6241 129 16641 179 32041 229 52441 
30 900 80 6400 130 16900 180 32400 230 52900 
31 961 81 6561 131 17161 181 32761 231 53361 
32 1024 82 6724 132 17424 182 33124 232 53824. 
33 1089 83 6889 138 17689 183 33489 233 54289 
34 1156 84 7056 134 17956 184 83856 234. 54756 
35 1225 85 7225 135 18225 185 34225 235 55225 
36 1296 86 7396 136 18496 186 34596 236 55696 
37 1369 87 7569 137 18769 187 34969 237 56169 
38 1444. 88 7744 138 19044 188 35344 238 56644 
39 1521 89 7921 139 19321 189 35721 239 57121 
40 1600 90 8100 140 19600 190 36100 940 57600 
41 1681 91 8281 | 141 19881 191 36481 241 58081 
42 1764 92 8464 142 20164 192 36864 242 58564 
43 1849 93 8649 | 143 20449 193 37249 243 59049 
44 1936 94 8836 ! 144 20736 194 37636 244 59536 
45 2025 95 9025 | 145. 21025 195 38025 245 60025 
46 2116 96 9216 | 146 21316 196 38416 246 60516 
47 2209 97 9409 | 147 21609 197 38809 247 61009 
48 2304 98 9604 148 21904 198 39204 248 61504 
49 2401 99 9801 149 22201 199 39601 249 62001 
50 2500 100 10000 | 150 22500 200 40000 250 62500 
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TABLE 17.1. (continued), SQUARES OF NATURAL NUMBERS 


n n? n n? n n? n nå 
301 90601 351 123201 401 160801 451 203401 
302 91204 352 123904 402 161604 452 204304 
308 91809 358 124609 408 162409 453 205209 
304 92416 354 125316 404 163216 454 206116 
305 93025 355 126025 405 164025 455 207025 
306 93636 356 126736 406 164836 | 456 207936 
307 94249 357 127449 407 165649 | 457 208849 
308 94864. 358 198164 408 166464 458 209764. 
309 95481 359 128881 |! 409 167281 | 459 210681 
310 96100 360 129600 410 168100 460 211600 
311 96721 361 130321 411 168921 461 212521 
| 312 97344. 362 131044 412 169744. 462 213444 
313 97969 863 131769 413 170569 | 463 214369 
314 98596 364. 132496 414 171396 464 215296 
815 99225 | 365 133225 415 172225 465 216225 
316 99856 366 133956 416 173056 466 “ 217156 
317 100489 367 134689 417 173889 467 218089 
818 101124 368 135424 418 174724 468 219024 
319 101761 369 136161 419 175561 469 219961 
320 102400 370 136900 420 176400 470 220900 
321 103041 371 137641 | 421 177241 471 221841 
322 103684 372 138384 422 178084 472 222784 
323 104329 373 139129 423 178929 473 223729 
324 104976 374 139876 424 179776 474 224676 
325 105625 375 140625 | 425 180625 415 225025 
826 106276 376 141376 | 426 181476 476 226576 
327 106929 877 142129 427 182329 477 227529 
828 107584 378 142884 428 183184 478 228484 
329 108241 379 143641 | 429 184041 479 229441 
330 108900 380 144400 430 184900 480 230400 
331 109561 381 145161 431 185761 481 231361 
332 110224 382 145924 | 432 186624 482 232324 
333 110889 383 146689 433 187489 483 233289 
334 111556 384 147456 | 434 188356 484 234256 
335 112225 385 148225 435 189225 485 235225 
336 112896 386 148996 436 190096 486 236196 
337 113569 387 149769 437 190969 487 237169 
338 114244 388 150544 | 438 191844 488 238144 
339 114921 | 389 151321 439 192721 489 239121 
340 115600 390 152100 | 440 193600 490 240100 
341 116281 391 152881 441 194481 491 241081 
342 116964 | 392. 153664 442 195364 | 492 242004 
343 117649 393 154449 443 196249 493 243049 
344 118336 | 394 155236 444 197136 494 244036 
345 119025 | 395 156025 445 198025 495 245025 
346 119716 |. 396 156816 446 198916 496 246016 
347 120409 . 397 157609 447 199809 497 247009 
348 121104 398 158404. 448 200704. 498 248004. 
849 121801 399 159201 449 201601 499 249001 
350 122500 400 160000 450 202500 500 250000 
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TABLE 171. (continued). SQUARES OF NATURAL NUMBERS 


wo. o m т n? n ni n n2 n n? 
501 251001 551 303601 601 361201 651 423801 701 ® 491401 
502 252004 552 304704 602 362404 652 425104 702 492804 
503 253009 553 305809 603 363609 653 426409 703 494209 
504. 254016 554 306916 604. 364816 654 421716 704 495616 
505 905025 555 308025 605 366025 655 429025 705 497025 
$ | 
506 256036 556 309136 606 367236 656 430336 706 498436 
507 257049 557 310249 607 368449 657 431649 707 499849 
508 258064 558 311364 608 369664 658 432964 708 501264 
509 259081 559 312481 «| 609 370881 659 434281 709 502681 
510 260100 560 313600 610 372100 660 435600 710 504100 
51 261121 561 314721 611 373321 661 436921 711 505521 
512 262144 562 315844 612 374544 662 438244 712 506944 
513 263169 563 316969 613 375769 663 439569 713 508369 
514 264196 564 318096 614 376996 664 440896 714 509796 
515 265225 565 319225 615 378225 665 442225 715 511225 
516 206256 566 320356 66 379456 666 443556 716 512656 
517 267289 567 321489 617 380689 667 444889 717 514089 
518 268324 568 322624 618 381924 668 446224 718 515524 
519 269361 569 323761 619 383161 669 447561 719 516961 
520 270400 570 324900 620 384400 670 448900 | * 720 518400 3 
521 271441 571 826041 621 385641 671 450241 721 519841 
522 272484 572 327184 622 386884. 672 451584 722 521284 
528 273529 573 328329 623 388129 673 452929 723 522729 
524 274576 574 329476 624 389376 674 454276 724 524176 
525 275625 575 830625 625 390625 675 455625 725 525625 
526 276676 576 331776 626 391876 676 456976 726 527076 
597 277729 577 332929 627 393129 677 458329 797 528529 
528 278784 578 834084 628 394384 678 459684 728 529984 
529 279841 579 835241 629 395641 679 461041 729 531441 
530 280900 580 336400 630 396900 680 462400 780 532900 
531 281961 581 337561 631 398161 681 463761 731 584361 
532 983094 588 338724 632 399424 682 465124 | 732 535824 
533 284089 583 339889 633 400689 | 683 466489 733 537289 
534 285156 584 341056 634 401956 684 467856 734 538756 
535 286225 585 342225 635 403225 685 469225 735 540995 
586 287296 586 843396 636 404496 686 470591 736 5 6 
587 288369 587 344569 637 405769 687 471969 | 787 843168 - 
538 289444 588 345744 638 407044 688 473344 738 544644 
539 290521 589 346921 639 408321 689 474791 739 540121 
540 291600 590 348100 640 ` 409600 690 476100 | 740 547600 
|» 
541 292681 591 849281 641 410881 691 477 | 741 1 
542 293704 592 350464 642 412164 692 416864 | 742 850084 
543 294849 593 851649 643 413449 693 480249 743 552049 Ё 
544 295936 504 352836 644 414736 | 694 481636 744 553536 
545 297025 595 354025 645 416025 695 483025 745 555095 
546 298116 596 355216 646 417316 696 | 
547 299209 597 356409 647 418609 pu 25500 147 588009 
548 300304 598 357604 648 419904 |” 698 487204 748 559504. 
549 301401 599 358801 649 421201 699 488601 749 561001 
550 . 302500 600 360000 650 422500 700 490000 750 562500 
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TABLE 17.1. (continued SQUARES OF NATURAL NUMBERS 


ТТЫ ЕТЕНЕ 
т ne n n? n n та n n? 
751 564001 801 641601 851 724201 901 811801 951 904401 
752 565504. 802 643204. 852 725904. 902 813604 952 906304 
753 567009 803 644809 | 853 727609 903 815409 953 908209 
754 568516 804 646416 854 729316 904 817216 954 910116 
755 570025 805 648025 | 855 731025 905 819025 955 912025 
ЕЗ 
756 571536 806 649636 856 732736 906 820836 956 913936 
757 573049 807 651249 857 734449 907 822649 957 915849 
758 574564 808 652864 858 736164 908 824464 958 917764 
759 576081 809 654481 859 737881 909 826281 959 919681 
760 577600 810 656100 860 739600 2 ___828100 960 921600 
5 Қыры 
761 579121 811 657721 861 741321 911 829921 961 923621 
762 580644 812 659344. 862 743044. 912 831744 962 926444 
763 582169 813 660969 863 744769 913 833569 963 927369 
764 583696 814. 662596 864 746496 914 835396 - 964 929296 
765 585225 815 664225 865 748225 915 837225 965 931225 
766 586756 816 665856 866 749956 916 839056 966 933156 
767 588289 817 667489 867 751689 917 840880 467 935089 
768 589824 818 669124 868 753424 918 842724 968 937024 
769 591361 819 670761 869 755161 919 844561 969 938961 
770 592900 820 672400 870 756900 920 846400 970 940900 
93-1 
771 594441 821 674041 871 758641 921 848241 971 942841 
772 595984. 822 675684. 872 760384 922 850084. 972 944784 
773 597520 823 677329 873 762129 923 851929 973 946729 
774 599076 824 678976 874 763876 924 853776 974 948676 
775 600625 825 680625 875 765625 925 855625 975 950625 
776 602176 826 682276 876 767376 926 857476 976 952576 
777 603729 827 683929 877 769129 927 859329 917 954529 
778 605284. 828 685584. 878 770884 928 861184 978 956484 
779 606841 829 687241 879 772641 929 863041 979 958441 
780 608400 830 688900 880 774400 930 864900 980 960400 
781 609961 831 690561 881 776161 931 866761 981 962361 
782 611524 832 692224 882 777924 932 868624. 982 964324 
783 613089 833 . 693889 883 779689 933 870489 983 966289 
784 614656 834 695556 884 781456 934 872356 984 968256 
785 616225 835 697225 885 788225 935 874225 985 970225 
786 617796 836 698896 886 784996 936 876096 986 972196 
787 619369 837 700569 887 786769 937 877969 987 974169 
788 620944 838 702244 888 788544 938 879844 988 976144 
789 622521 839 703921 889 790321 939 881721 989 978121 
790 624100 840 705600 890 792100 940 883600 990 980100 
791 625681 | 841 707281 891 793881 941 885481 991 982081 
792 627264 842 708964. 892 795664. 942 887364 992 984064. 
798 628849 843 710649 893 797449 943 889249 998 986049 
794 630436 844 712336 894 799236 944 891136 994 988036 
795 632025 845 714025 895 801025 945 893025 995 990025 
16 
796 633616 846 715716 896 802816 946 894916 996 9920 
797 635209 847 717409 897 804609 947 806809 997 d 
798 636804 848 719104 898 806404 948 898704 998 ШЕН 
799 638401 849 720801 899 808201 949 900601 999 9 
800 640000 850 722500 900 810000 950 902500 
EA LEREN 
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сло о 


FORMULAE AND TABLES 


TABLE 17.2. SQUARE ROOTS 


FOR STATISTICAL WORK 


AND THEIR RECIPROCALS 


Мп Мїб» | Мун 1/NI0n |» Ув N ion ума 1/ N10n 
1.0000000 | 3.1622777 1.0000000 | .3162278 | 51 | 7.1414284 22.5831796 | .1400280 | .0442807 
1.4142136 | 4.4721360 | .7071068 | .2236068 | 52 | 7.2111026 | 22.8035085 | .1386750 | .0438529 
17320508 | 524719256 | 5773503 | .1825742 | 58 | 7.2801099 | 23.0217289 | .1373606 | .0434372 
2 0000000 | 63245553 | .5000000 | .1581139 | 54 | 7.3484692 | 23.2379001 | .1360828 | -0430331 
29360680 | 7.0710078 | 4472136 | (1414214 | 55 | 7.4161985 | 23.4520788 | .1348400 | .0426401 
2.4494897 | 7.7459607 | .4082483 | .1290994 | 56 | 7.4833148 | 23.6643191 | .1336306 | .0422577 
216457513 | 8.3666003 | .3779645 | .1195229 | 57 | 7.5498344 | 23.8746728 | .1324532 | .0418854 
2 8284971 | 8.9442719 | 3536534 | .1118034 | 58 | 7.6157731 | 24.0831892 | .1313064 | .0415227 
310000000 | 914868330 | .3333333 | .1054093 | 59 | 7.0811457 | 24.2899156 | .1301889 | .0411693 
3.1622777 | 10.0000000 | .3162278 | .1000000 | 60 | 7.7459667 | 24.4948974 | .1290994 | .0408248 
3.3166248 | 10.4880885 | .3015113 | .0953463 | 61 | 7.8102497 | 24.6981781 | .1280369 | .0404888 
3.4641016 | 10.9544512 | .2886751 | .0912871 | 62 | 7.8740079 24.8997992 | .1270001 | .0401610 
36055513 | 11.4017543 | .2773501 | .0877058 | 63 | 7.9372539 | 25.0998008 | .1259882 | .0398410 
3.7416574 | 11.8321596 | .2672612 | .0845154 | 64 | 8.0000000 | 25.2982213 | .1250000 | .0395285 
3.8729833 | 12.2474487 | 2581980 | .0816497 | 65 | 8.0622577 | 25.4950976 | .1240347 | .0392232 
4.0000000 | 12.6491106 | .2500000 | .0790569 | 66 | 8.1240884 | 25.6904659 | .1230915 | .0389249 
4 1231086 | 13.0384048 | .2425356 | .0766965 | 67 | 8.1853528 | 25.8843582 | .1221094 | .0386334 
4.2426407 | 13.4164079 | .2357023 | .0745356 | 68 | 8.2462113 | 26.0768096 | .1212678 | .0383482 
4.3588089 | 13.7840488 | .2294157 | .0725476 | 69 | 8.3066239 | 26.2678511 | .1203859 | .0380693 
4.4721360 | 14.1421356 | .2236008 | .0707107 | 70 | 8.3666003 | 26.4575131 | .1195229 | .0377964 
4.5825757 | 14.4913767 | .2182179 | .0690066 | 71 | 8.4261498 | 26.6458252 | .1186782 | .0375293 
4.6904158 | 14.8323970 | .2132007 | .0674200 | 72 | 8.4852814 | 26.8328157 | .1178511 | -0372678 
4.7958315 | 15.1657509 | .2085144 | .0659380 | 73 | 8.5440037 | 27.0185122 | .1170411 .0370117 
4.8989795 | 15.4919334 | .2041241 | .0645497 | 74 | 8.6023253 | 27.2029410 | .1162476 | .0367607 
5.0000000 | 15.8113883 | .2000000 | .0632456 | 75 | 8.6602540 | 27.3861279 | .1154701 | .0365148 
5.0990195 | 16.1245155 | .1961161 | .0620174 | 76 | 8.7177979 | 27.5680975 | .1147079 | .0362738 
5.1961524 | 16.4316767 | .1924501 | .0608581 | 77 | 8.7749644 | 27.7488739 | .1139606 | .0360375 
5.2915026 | 16.7332005 | .1889822 | .0597614 | 78 | 8.8317609 | 27.9284801 | .1132277 | .0358057 
5.3851648 | 17.0293864 | .1856953 | .0587220 | 79 | 8.8881944 | 28.1069386 | .1125088 | .0355784 
5.4772256 | 17.3205081 | .1825742 | .0577350 | 80 | 8.9442719 | 28.2842712 | .1118034 | .0353553 
5.5677644 | 17.6068169 | .1796053 | .0567962 | 81 | 9.0000000 | 28.4604989 | .1111111 | .0351364 
5.6568542 | 17.8885438 | .1767767 | .0559017 | 82 | 9.0558851 | 28.6356421 | .1104315 | .0349215 
5.7445626 | 18.1659021 | .1740777 | .0550482 | 83 | 9.1104336 | 28.8097206 | .1097643 | .0347105 
5.8309519 | 18.4390889 | .1714986 | .0542326 | 84 | 9.1651514 | 28.9827535 | .1091089 | .0345033 
5.9160798 | 18.7082869 | .1690309 | .0534522 | 85 | 9.2195445 | 29.1547595 | .1084652 | .0342997 
6.0000000 | 18.9736660 | .1666667 | .0527046 | 86 | 9.2736185 | 29.3257566 | .1078328 10340997 
6.0827625 | 19.2353841 | .1643990 | .0519875 | 87 | 9.8273791 | 29.4957624 | .1072113 | .0339032 
6.1644140 | 19.4935887 | .1622214 | .0512989 | 88 | 9.3808315 | 99.6647989 | .1066004 | .0337100 
6.2449980 | 19.7484177 | .1601282 | .0506370 | 89 | 9.4339811 | 29.8328678 | .1059998 | .0335201 
6.3245553 | 20.0000000 | .1581139 | .0500000 | 90 | 9.4868330 | 30.0000000 | .1054093 | .0333333 
6.4031242 | 20.2484567 | .1561738 | .0493865 | 91 | 9.5393920 | 30.1662 .10482; 5 
6.4807407 | 20.4939015 | .1543034 | .0487950 | 92 | 9.5916630 30.3815018 “042812 :0829690 
6.5574385 | 20.7364414 | .1524986 | .0482243 | 93 | 9.6436508 | 30.4959014 | -1036952 | .0327913 
6.6332496 | 20.9761770 | .1507557 | .0476731 | 94 | 9.6953597 | 30.6594194 | .1031421 | .0326164 
6.7082039 | 21.2132034 | .1490712 | .0471405 | 95 | 9.7467943 | 30.8220700 | .1025978 | .0324443 
6.7823300 | 21.4476106 | .1474420 | .0466252 | 96 | 9.7979590 | 30.9 2 
6.8556546 | 21.6794834 | .1458650 .0461266 | 97 | 9.8488578 SERES UA RER 
6.9282032 | 21.9089023 | .1443376 | .0456435 | 98 | 9.8994949 | 31.3049517 | .1010153 | .0319438 
7.0000000 | 22.1359436 | .1428571 | .0451754 | 99 | 9.9498744 | 31.4642654 | .1005038 | .0317821 
7.0710678 | 22.3606798 | .1414214 | .0447214 |100 |10.0000000 | 31.6227766 | .1000000 | .0316228 


TABLE 17.2. (continued). 


Nn 


MISCELLANEOUS MATHEMATICAL FUNCTIONS 


A Топ. 


Шт 


10.0498756 
10.0995049 
10.1488916 
10.1980390 
10.2469508 


10.2956301 
10.3440804 
10.3923048 
10.4403065 
10.4880885 


10.5356538 
10.5830052 
10.6301458 
10.6770783 
10.7238053 


10.7703296 
10.8166538 
10.8627805 
10.9087121 
10.9544512 


11.0000000 
11.0452610 
11.0905365 
11.1355287 
11.1803399 


11.2249722 
11.2694277 
11.3137085 
11.3578167 
11.4017543 


11.4455231 
11.4891253 
11.5325626 
11.5758369 
11.6189500 


11.6619038 
11.7046999 
11.7473401 
11.7898261 
11.8321596 


11.8743421 
11.9163753 
11.9582607 
12.0000000 
12.0415946 


12.0830460 
12.1248557 
12.1655251 
12.2065556 
12.2474487 


31.780497 
31.937439 
32.093613 
32.249031 
32.403703 


32.557641 
32.710854 
32.863353 
33.015148 
33.166248 


33.316662 
33.466401 
33.615473 
33.763886 
33.911650 


34.058773 
34.205263 
34.351128 
34.496377 
34.641016 


34.785054 
34.928498 
35.071356 
35.213634 
35.355339 


35.496479 
35.637059 
35.777088 
35.916570 
36.055513 


36.193922 
36.331804 
36.469105 
36.600010 
36.742346 


36.878178 
37.013511 
37.148351 
37.282704 
37.416574 


37.549967 
37.682887 
37.815341 
37.947332 
38.078806 


38.209946 
38.340579 
38.470768 
38.600518 
38.729833 


40995037 
. 0990148 
. 0985329 
. 0980581 
. 0975900 


. 0971286 
. 0966736 
. 0962250, 
. 0957826 
. 0953463 


. 0949158 
‚0944911 
‚0940721 
‚0936586 
‚0932505 


.0928477 
.0924500 
.0920575 
.0916698 
40912871 


«0909091 
40905357 
.0901670 
. 0898027 
. 0894427 


. 0890871 
40887357 
. 0883883 
. 0880451 
. 0877058 


. 0873704 
‚0870388 
‚0867110 
‚0863868 
0860663 


‚0857493 
40854358. 
0851257 
0848189 
‚ 0845154 


. 0842152 
. 0839181 
. 0836242 
. 0833333 
«0830455 


.0827606 
.0824786 
.0821995 
. 0819232 
. 0816497 


-0314658 
-0313112 
-0311588 
„0310087 
. 0308607 


40807148 
40305709 
‚0304290 
40302891 
. 0301511 


. 0300150, 
.0298807 
.0297482 
.0296174 
-0294884 


-0293610 
-0292353 
‚0291111 
‚0289886 
‚0288675 


‚0287480 
-0286299 
. 0285133 
-0283981 
-0282843 


20281718 
.0280607 
0279508 
‚0278423 
‚0271350 


‚0276289 
-0275241 
-0274204 
-0273179 
-0272166 


-0271163 
‚0270172 
‚0269191 
‚02682921 
-0267261 


‚0266812 
40265372 
‚0264443 
.0203523 
«0262613 


.0261712 
.0260820 
.0259938 
.0259064 
-0258199 


. 2882057 
‚3288280 
.3693169 
.4096736 
.4498996 


.4899960 
.5299641 
45698051 
-6095202 
. 6491106 


46885775 
‚1279221 
‚1611458 
48062485 
.8452320 


.8840987 
. 9228480 
. 9614814 
- 0000000 
-0384048 


‚0766968 
.1148770 
.1529464 
.1909060 
.2287506 


- 2664992 
-3041347 
-3416641 
-3790882 
‚4164079 


4586240 
4907376 
.5277493 
.5646600 
.6014705 


‚6881817 
‚6147948 
‚1118092 
.7477271 
‚7840488 


‚8202750 
‚8564065 
48024440 
.9283883 
. 9642400 


.0000000 
.0356088 
‚0712478 
‚1067860 
14.1421356 


12122 


38.858718 
38.987177 
39.115214 
39.242834 
39.370039 


39.490835 
39.623220 
39.749214 
39.874804 
40.000000 


40.124805 
40.249224 
40.373258 
40.496913 
40.620192 


40.743098 
40.865633 
40.987803 
41.109610 
41.231056 


41.352146 
41.472883 
41.593209 
41.713307 
41.833001 


41.952354 
42.071368 
42.190046 
42.308392 
42.420407 


42.544095 
42.001458 
42.778499 
42.895221 
43.011626 


43.127717 
43.243497 
43.358907 
43.474130 
43.688989 


43.703547 
43.817805 
43.931705 
44.045431 
44.168804 


44.271887 
44.384682 
44.497191 
44.609416 
44.721360 


SQUARE ROOTS AND THEIR RECIPROCALS 


cox [4m | 


ут 


‚0813788 
‚0811107 
‚0808452 
‚ 0805823 
‚0803219 


‚0800641 
‚0798087 
‚0795557 
‚0793052 
‚0790569 


‚0788110 
‚0785614 
‚0783260 
‚0780869 
‚0718499 


‚0776151 
‚0778823 
-0771517 
. 0769231 
. 0766965 


.0764719 
.0762493 
‚0760286 
‚0758098 
‚0755929 


‚0758118 
‚0751646 
.0749532 
40141435 
‚0745356 


‚01483294 
‚0141249 
40789221 
0737210 
0735915 


‚0733236 
‚0781272 
‚0729325 
‚0727398 
‚0725476 


0723575 
. 0721688 
‚0719816 
‚0717958 
‚0716115 


‚0714286 
‚0712470 
‚0710669 
40708881 
0707107 
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‚0257348 
‚0256495 
‚0255655 
‚0254824 
‚0254000 


0253185 
‚0259377 
‚0251577 
0250785 
‚0250000 


‚0249222 
-0248452 
‚0247689 
‚0246982 
-0246183 


‚0245440 
‚02447104 
‚0243975 
‚0243252 
‚0242536 


‚0241825 
40241121 
0240424 
0239732 
-0239046 


-0238366 
‚0237691 
+ 0237023 
0236360 
+ 0235702 


‚0235050 
0234404 
‚0238762 
‚0238126 
‚0232495 


„0231869 
. 0231249 
. 0230633 
‚0280022 
‚0229416 


0228814 
.0228218 
. 0227626 
‚0227038 
‚0226455 


‚0225877 
‚02258083 
40224733 
.0224108 
40223607 


156 


FORMULAE AND TABLES FOR STATISTICAL WORK 


TABLE 17.2. (continued). SQUARE ROOTS AND THEIR RECIPROCALS 


Мт N 10n 1 Na ум 10n NI ES 1 Тов 
14.1774469 | 44.833024 | .0705846 | .0223050 15.8429795 | 50.099900 | .0631194 | .0199601 
14.2126704 | 44.944410 | .0703598 | .0222497 15.8745079 | 50.199602 | .0629941 | 0199205 
14.2478068 | 45.055521 | .0701862 | -0221948 15.9059737 | 50.299108 | .0628695 | .0198811 
14.2828569 | 45.166359 | .0700140 | .0221404 15.9373775 | 50.398413 | .0627456 | .0198419 
14.3178211 | 45.276926 | .0698430 | -0220863 15.9687194 | 50.497525 | .0626224 | .0198030 
14.3527001 | 45.387223 | .0696733 | -0220326 16.0000000 | 50.596443 | .0625000 | .0197642 
14.9874946 | 45.497253 | .0695048 | .0219793 16.0312195 | 50.695107 | .0623783 | .0197257 
14.4222051 | 45.007017 | .0698875 | -0219265 16.0623784 | 50.793700 | .0022573 | -0196875 
14.4568323 | 45.716518 | .0691714 | -0218739 16.0934769 | 50.892043 | .0021370 | .0196494 
14.4913707 | 45.825757 | .0690066 | .0218218 16.1245155 | 50.990195 | .0620174 | .0196116 
14.5258390 | 45.934736 | .0688428 | .0217700 16.1554944 | 51.088159 | .0018984 | .0195740 
14.5602198 | 46.043458 | .0686803 | .0217186 16.1864141 | 51.185936 | .0617802 | .0195306 
14.5945195 | 46.151923 | .0685189 | -0216676 16.2172747 | 51.983520 | .0616626 | .0194994 
14.6287388 | 46.260134 | .0683586 | .0216169 16.2480768 | 51.380930 | .0615457 | .0194625 
14.6628783 | 46.368092 | 0681994 | .0215666 16.2788206 | 51.478151 | .0614295 | .0194257 
14.6969385 | 46.475800 | .0680414 | .0215166 16.3095064 | 51.575188 | .0013139 | .0193892 
14.7309199 | 46.583259 | .0078844 | .0914069 16.3401346 | 51.072043 | .0611990 | .0193528 
14.7648231 | 46.690470 | .0077285 | -0214176 16.3707055 | 51.768716 | .0610847 | .0193167 
14.7986486 | 40.797436 | .0675737 | -0213687 16.4012195 | 51.865210 | .0609711 | .0192807 
14.8323970 | 46.904158 | .0674200 | .0213201 16.4316767 | 51.901524 | .0608581 | .0192450 
14.8660687 | 47.010637 | .0672673 | .0212718 16.4620776 | 52.057660 | .0607457 | .0192095 
14.8996644 | 47.116876 | .0671156 | .0212238 16.4924225 | 52.153619 | .0606339 | .0191741 
14.9331845 | 47.229876 | .0669650 | -0211762 16.5227116 | 52.249402 | .0605228 | .0191390 
14.9666295 | 47.328638 | .0668153 | -0211289 16.5529454 | 52.945009 | .0604122 | .0191040 
15.0000000 | 47.434165 | .0666667 | -0210819 16.5831240 | 52.440442 | .0603023 | .0190693 
15.0332964 | 47.539457 | .0665190 | .0210352 16.6182477 | 52.635702 | .0601929 | .0190347 
15.0665192 | 47.044517 | (0663723 | -0209888 16.6433170 | 52.630789 | .0600842 | .0190003 
15.0996689 | 47.749346 | .0662266 | -0209427 16.6733320 | 52.725705 | .0599760 | .0189661 
15.1327460 | 47.853944 | .0660819 | -0208969 16.7032931 | 52.820451 | .0598684 | .0189321 
15.1657509 | 47.958315 | .0659380 | .0208514 16.7332005 | 52.915020 | .0597614 | .0188982 
15.1986842 | 48.002459 | .0657952 | .0208063 16.7630546 | 53.009433 | .0590550 | .0188646 
15.2315462 | 48.160378 | .0656532 | .0207614 16.7928556 | 53.103672 | .0595491 | .0188311 
15.2643375 | 48.270074 | .0655122 | .0207168 16.8226038 | 53.197744 | .0594438 | .0187978 
15.2970585 | 48.373546 | .0653720 | .0206725 16.8522995 | 53.291650 | .0593391 | .0187647 
15.3297097 | 48.476799 | .0652328 | .0206284 16.8819430 | 53.385391 | .0592349 | .0187317 
15.3622915 | 48.579831 | .0650945 | .0205847 16.9115345 | 53.478908 | .0591312 | .0186989 
15.3948043 | 48.682646 | .0649570 | .0205412 16.9410743 | 53.672381 | .0590281 | .0186663 
15.4272486 | 48.785244 | .0048204 | .0204980 16.9705627 | 53.005631 | .0589256 | .0186339 
15.4596248 | 48.887626 | .0646846 | .0204551 17.0000000 | 53.758720 | .0588235 | .0186016 
15.4919334 | 48.989795 | .0645497 | .0204124 17.0293864 | 53.851648 | .0587990 | .0185695 
15.5241747 | 49.091751 | .0644157 | .0203700 17.0587221 | 53.944416 | .0586210 | .0185376 
15.5563492 | 49.193496 | .0642824 | .0203279 | 292 | 17.0880075 | 54.037024 | .0585206 | .0185058 
15.5884573 | 49.295030 | .0641500 | .0202860 | 293 | 17.1172428 | 54.129474 | .0584206 | .0184742 
15.6204994 | 49.396356 | (0640184 | .0202444 | 294 | 17.1464282 | 54.221707 | .0583212 | .0184428 
15.6524758 | 49.497475 | .0638877 | .0202031 | 295 | 17.1755640 | 54.313902 | .0582223 | .0184115 
15.6843871 | 49.598387 | .0637577 | .0201619 17.2046505 | 54.405882 | .0581238 | .0183804 
15.7162336 | 49.699095 | .0636285 | .0201211 | 297 | 17.2336879 | 54.497706 | .0580259 | .0183494 
15.7480157 | 49.799598 | .0635001 | .0200805 | 298 | 17.2626765 | 54.689376 | .0579284 | .0183186 
15.7797338 | 49.899900 | 0633724 | .0200401 | 299 | 17.2916165 | 54.680892 | .0578315 | .0182879 
15.8113883 | 50.000000 | .0632456 | .0200000 17.3205081 | 54.772256 | .0577350 | .0182574 
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17.3493516 | 54.863467 | .0576390 | .0182271 
17.3781472 | 54.954527 | .0575435 | .0181969 
17.4068952 | 55.045436 | .0574485 | .0181668 
17.4355958 | 55.136195 | .0573539 | .0181369 
17.4642492 | 55.926805 | .0572508 | .0181071 


859 | 18.7616630 | 59.329588 | .0533002 
353 | 18.7882942 | 59.413803 | .0532246 
354 | 18.8148877 | 59.497899 | .0531494 
355 | 18.8414437 | 59.581876 | .0530745 


17.4928557 | 55.317267 | .0571662 | .0180775 
17.5214155 | 55.407581 | .0570730 | .0180481 
17.5499288 | 55.497748 | .0569803 | .0180187 
17.5783958 | 55.587768 | .0568880 | .0179896 
17.6068169 | 55.677644 | .0567962 | .0179605 


356 | 18.8679623 | 59.665730 | .0529999 
357 | 18.8944436 | 59.749477 | .0529256 
358 | 18.9208879 | 59.833101 | .0528516 
359 | 18.9472953 | 59.916609 | .0527780 
360 | 18.9736660 | 60.000000 | .0527046 


17.6351921 | 55.767374 | .0567048 | .0179316 | 361 | 19.0000000 | 60.083276 .0520316 
17.6635217 | 55.856960 | .0566139 | -0179029 
17.6918060 | 55.946403 | .0505233 | -0178743 
17.7200451 | 56.035703 | .0564333 | .0178458 
17.7482393 | 56.124861 | .0503436 | .0178174 


363 | 19.0525589 | 60.249481 | .0524804 
364 | 19.0787840 | 60.332413 | .0524142 
365 | 19.1049732 | 60.415230 | .0523424 


366 | 19.1311265 | 60.497934 | .0522708 
367 | 19.1572441 | 60.580525 | .0522996 
368 | 19.1833261 | 60.663004 | .0521286 
369 | 19.2093727 | 60.745370 | .0520579 
370 | 19.2353841 | 00.827625 | .0519875 


17.7763888 | 56.213877 | .0562544 | .0177892 
17.8044938 | 56.302753 | .0561656 | -0177611 
17.8325545 | 56.391489 | .0560772 | .0177332 
17.8605711 | 56.480085 | .0559893 | .0177054 
17.8885438 | 56.568542 | .0559017 | .0176777 


371 | 19.2613603 | 60.909769 | .0519174 
372 | 19.2873015 | 60.991803 | .0518476 
373 | 19.3132079 | 61.073720 | .0517780 
374 | 19.3390796 | 61.155539 | .0517088 
375 | 19.3649167 | 61.237244 | .0516398 


17.9164729 | 56.656862 | .0558146 | -0176501 
17.9443584 | 56.745044 | .0557278 | .0176227 
17.9722008 | 56.833089 | .0556415 | .0175954 
18.0000000 | 56.920998 | .0555556 | -0175682 
18.0277564 | 57.008771 | .0554700 | .0175412 


376 | 19.3907194 | 61.318839 | .0515711 
377 | 19.4164878 | 61.400326 | .0515026 
378 | 19.4422221 | 61.481705 | .0514345 
379 | 19.4679223 | 61.562976 | .0513665 
380 | 19.4935887 | 61.644140 .0512989 


18.0554701 | 57.096410 | .0553849 | .0175142 
18.0831413 | 57.183914 | .0553001 | .0174874 
18.1107703 | 57.271284 | .0552158 | .0174608 
18.1383571 | 57.358522 | .0551318 | -0174342 
18.1659021 | 57.445026 | .0550482 | .0174078 


381 | 19.5192213 | 61.725197 ‚0512316 
382 | 19.5448203 | 61.806149 ‚0511645 
383 | 19.5703858 | 61.886994 ‚0510976 
384 | 19.5959179 | 61.967734 .0510310 
385 | 19.6214169 | 62.048368 . 0509647 


18.1934054 | 57.532599 | .0549650 | .0173814 
18.2208672 | 57.619441 | .0548821 | .0173553 
18.2482876 | 57.706152 | .0547997 | .0173292 
18.2756669 | 57.792733 | .0547176 | .0173032 
18.3030052 | 57.879185 | .0546358 | .0172774 


386 | 19.6468827 | 62.128898 |. 0508987 
387 | 19.6723156 | 62.209324 .0508329 
388 | 19.6977156 | 62.289616 .0507073 
389 | 19.7230829 | 62.369865 .0507020 
390 | 19.7484177 | 62.449980 ,0500370 


18.3303028 | 57.965507 | .0545545 | .0172516 
18.3575598 | 58.051701 | .0544735 | .0172260 
18.3847763 | 58.137767 | .0543928 | .0172005 
18.4119526 | 58.223707 | .0543125 | -0171751 
18.4390889 | 58.309519 | .0542326 .0171499 


391 | 19.7737199 | 62.529993 .0505722 


18.4661858 | 58.395205 | .0541530 .0171247 
392 | 19.7989899 | 62.609903 | . 0505076 


18.4932420 | 58.480766 | .0540738. .0170996 


18.5202592 | 58.566202 | 10539949 | .0170747 | 393 | 19.8242276 62.689712 | .0504433 
18.5472370 | 58.651513 | .0539164 “0170499 | 394 | 19.8494332 | 62.769419 | 0503793 
18.5741756 | 58.736701 | .0538382 | .0170251 395 | 19.8746069 | 62.849025 . 0503155 


396 | 19.8997487 | 62.928531 ‚0502519 
397 | 19.9248588 | 63.007936 40501886 
398 | 19.9499373 | 63.087241 10501255 
399 | 19.9749844 | 63.166447 ‚0500626 
400 | 20.0000000 | 63.245553 |. 0500000 


18.6010752 | 58.821765 | .0537603 .0170005 
18.6279360 | 58.906706 | .0536828 .0169760 
18.6547581 | 58.991525 | .0536056 | .0169516 
18.6815417 | 59.076222 | .0535288 | .0169273 
18.7082869 | 59.160798 | .0534522 | .0169031 


.0168790 
.0168550 
‚0168811 
‚0168078 
‚0161836 


351 | 18.7349940 | 59.245253 | .0533761 | 


.0167600 
. 0167365 
. 0167132 
. 0166899 
. 0166667 


. 0166436 


362 | 19.0262976 | 60.106436 | .0525588 | .0166206 


. 0165521 


. 0165977 
.0105748 


.0165295 
.0165070 
. 0164846 
‚0164622 
10164399 


10104177 
10163956 
. 0163737 
. 0163517 
.0163299 


.0163082 
. 0162866 
. 0162650 
‚0162485 
. 0162221 


‚0162008 
‚0161706 
‚0161585 
‚0161314 
‚0161165 


10160956 
. 0160748 
‚0160540 
:0160334 
‚0160128 


10159929 
10159719 
‚0159516 
. 0159313 
‚0159111 


0158910 
10158710 
20158511 
‚0158312 
‚0158114 


+ 


FORMULAE AND TABLES FOR STATISTICAL WORK 


158 


"Pendnur eq зш enqeA 291499 ПӘЛІ ou; чотум Aq 01/1 Jo 19404 oq; sr y-» Зшжорор 484) pu OT Jo ломод оца sr ju Зшмоцоҙ вҙәдовда ur xoquimu oq , 


96 
Tt 
86 
26 
18 


0t 
65 
82 
16 
95 


95 
75 
55 
EG 
15 


05 
61 
8T 
LI 
91 


91 
14! 


me ow гоо 


= 


657119850° 665587°5 899012276 88990127 (ет) 18089” 32544443 (07) 88188807 T 9290001 94809 | 98 
89111620" 98191972 811966276 OLLTTL* (Т) 168111: 19800476 (86) 0826262 9889881 70868 PE 
080806060" 28196676 LFESLOZT E 756814" (УТ) 68809?” 80896978 (98) 9118889:8 1266811 16686 ££ 
0000<2160" 7178185 IcOSFLUL'£ 6FI9TL* (81) ст99017 9626996 (eg) %808189 2 9268701 89/58 ZE 
390895580" 11966672 108819176 LYFEEL" (ЕТ) SPTPPE" 18666976 (66) 288822678 159856 16166 те 
866666660” 18608672 626210176 SISOFL` (61) 292086" 16110878 (c£) 9824209: 000018 00025 | 08 
BSLZ8FFEO ` 968026: 89162106 +92872" (ст) 198786" 96219876 (08) 029119878 182101, 68875 62 
98211660" 168008: 068<960:6 PLEEL* (ст) OFFI69' 90200575 (65) 988887076 929719 59615 82 
160160280” 10964275 0000000 `£ 61886917 (ТТ) 846181" 168062' g (8с) 69888807 I 177189 88961 16 
860197880" 101898 Z 196%296:2 2901147 (тт) 606015" 16086276 (92) 99162607 916997 91811 92 
0000000%0 ` 89095572 LLIOTCÓ'G 108814: (01) 6188817 91881278 (св) 01211567 929066 35991 95 
199999170" POLES E 1667788" 829984: (01) 616116" TSOSLI`€ (gc) 0F8PF02`90 921188 %28ЕІ Ра 
192817570" 68668172 019869875 ESTGL” (6) 619201: 26766176 (сс) 11059842 198612 19161 gz 
оророрсро“ 18169172 866050872 612208" (6) 276812" 21016076 (12) 100072171 965785 87001 сс 
870619270: 46908172 88668912 #82018" (6) 982861: [135210453 (61) 69606017 ISTF6I 1926 IG 
. 

000000090 ` 137524844 91138116 18:8187 (8) 611902: 2612665 (81) 02806692 000091 0008 OG 
6191892<0" 86428075 9109899 5 626928" (в) 082098" 66797672 (11) OIST9IZ`I 128081 6989 6r 
990000000" L9L690' c vIPLOCO `Z 016668" (L) 006261: 215068"2 (ст) 181820779 916701 2680 81 
624528890" 2790080" 918211. с99678" (L) 96668197 81266876 (FI) 69189807 £ 16488 8167 n 
00000290: 000000: c 12%861%:6 PPICCS" (9) сесетт" 68482110 (ет) 06272607 98999 9607 91 
199990990" 066496 I 151599?`5 801098" (9) 206808" 09080178 (ст) 77291081 9909 GLEE ST 
140827110” 98678671 627101775 808698" (9) 668168" 18066975 (01) 16881118 91786 14774 FI 
21086910" 62886871 1%881<676 460818" (c) 860988: 67679872 (6) 80801229 19282 1615 81 
688606080” 01219871 9827682 5 026988" (с) 135719" 10688972 (8) 09100617 98102 SZLI aI 
160606060" 091128 I 10868662 T£8C68* (ғ) 110101: 468:6872 (1) 0089166:6 ТРОРТ тест TI 
000000001 ` 6LcSLL'I LYSTFSL с 168806” (p) 666609: 48420872 (1) 008829870 00001 0001 or 
III 190887 I 88800802 186816” (g) 0176617 80216172 088298 1989 651 6 

000000421" 86718971 0000000 А 911666” (g) gorges” GFP6LO"T 07807 9607 519 8 

15217041426 14092971 21862161 768586" (g) 288116: 01667961 0709 1075 She L 

199999991: 48806961 902141871 891186" (с) eisLvz- 68116121 081 9621 918 9 

00000000: 68846971 68166011 682166 (c) 61819: 887609" I 021 959 сат g 

000000022" ТІСРІЗСІ 1107283 "I 681096" 916810: 26298671 På 995 %9 ғ 

568666886" FLOOTE I 96726881 977016 ` 181670" 21986071 9 18 16 £ 

000000002 ` 10868171 012669271 661086" 555436 18186970 с 9r 8 5 

000000000 1 000000: I 000000071 020066: 618198” 000000” 0 I I I I 

ult _ијУ uf 001/u—2 “4-9 ч?8о ти m su “ 


SKHLIYVDOT 'IVHOLVN аку S'IVILNGONOdXS ‘STVINOLOVA 'STVOOHdIONMH 


‘SLOOU нтчаоя аму зчямоа нїнпол ‘SLOOUMAND ачу знало 


"ELT G'IH VIL 


и 


159 


MISCELLANEOUS MATHEMATICAL FUNCTIONS 


*pendrmur өд snur onpea sepnqer 19418 ous qorqa 49 01/1 30 зөмой oq; st ц-э Вишлопој 3843 PUB OT Jo ломод oq sr 14 #шмоцоу sjosos1q ur zequmu өцү, 


OL | 711985710° 809568'5 — 88881617Р 888968” (og) сус166” 367875 v (001) 51816171 00001072 000676 OL 
69 | FOLZ6FFIO® 151588'5 66998101" 916106: (65) т90801” 10185 P (86) сраста I 12129922 605826 69 
89 | 58890/710° | 6691:8:2 199018077 119906" (62) 881668" 80861279. (96) 86008972 91818612 ФЕРРТЕ 89 
19 | 81806910: 900198:2 1876190"? 601116” (65) 069861” 86990279 (56) 1111:189:8 12119102 £91008 19 
99 | стотетето: | (01208822 | O0TGITO Y 188919” (82) 290712: 46908179 (56) ТЕРРЕРР: S 98181681 967,82 99 
69 | 619Р88010: 5176885 | 8621020"Р 970559° (gz) 600063° 18811179 (06) 90595 8 359098 /Т 35945 39 
79 | 00002910: 1578582 0000000:% 266168" (22) 186091" 88880179. (68) 869889271 91211491 771595 79 
$9 | 9106/8010:: $ISLIS'G | cA906L0'& 569666" (18) 196869” СЕТЕР? (18) 6809286" I 19686161 170095 89 
59 | 280601910: 9909089 916824676 FPGLEG* (92) 908811” 98116179 (68) 626697178 98691271 855885 59 
19! 877865910° | Z89F6L Z 616798678 198879` (95) $81558 ` FLSOIL'P (68) 17089209 17837881 186955 19 
09 | 499999910" 89188175 — 9498716" 25188947 (92) 199928" СРЕРВОР (18) 1,86056 8 00009631 000912 09 
6€ | 841676910: SSPILL'G — 96626878 18684887 (95) 120886" L£9LL0 Y (08) 218898671 19811101 618608 69 
89 | 648175/10° 6996925 99180/878 868664" (ег) 620179: $77090`? (81) 5199098 `& 96F9TETT 211961 89 
LS | O98EFSLIO" | 96018128 — 1109898:6 626696: (pa) 618921" 19087079 (91) 02692607 F 1009<<01 861681 LS 
99 | EFILSSLIO" 890081:6 %098С0876 602149: (Ра) 680815 26892077 (FL) 66866017 9617586 919811 98 
се | SISISISIO: | 01660108 | 986020876 026946" (83) в<6621” 668/00:% (81) 60996967 I 3590916 616991 og 
79 | 6198198107 9080145 169264228 891684" (83) egzese” 78688678 (TL) 028780672 9908098 POPLET PG 
£9 | 926298810" 891869:2 868096176 909886” (83) 892096” 2620768 (69) 66887227? 1870684 LLSSTT 89 
48 | 6920886107 008989:5 | 61108616 т26766" (25) 860196” ФҰ2166:8 (19) 91186908 91911861 809071 59 
18 | ЕР8209610' 3785195 866780476 967009” (55) 19486017 92818678 (99) 88111667 1 1022919 129261 IS 
09 | 000000020: 8%1669:5 615078976 189909” (12) 928361" 82081676 ($9) 66091907 6 0000829 000861 09 
6$ | 891807050" 18:099:2 | 140864976 929219" (12) 683739" 08816876 (29) 98182809 1087920 6у9:11 б? 
SP | 888888000: 871665989 СТРСРЕ9:5 881819" (05) 916691” 10614878 (19) 91681901 9178050 &69011 8% 
1 | 969922120: 086819:2:. 192880976 200829" (02) 009186” 88106878 (69) 7555989'5 1896287 528607 n? 
9F | 081682120" 162%09:5  6LFOE8SS E 386189" (61) 908801” 15986878 (14) 66980878 96711 95826 9% 
Ср | 202022520: | 080060:5 8868966:6 829169" (61) 592986" 29990876 (өс) 222296171 3590019 96116 oF 
ҮР | 610101600, 0168,6:5 — 68960866 950779: (61) 811844" 06198178 (Fg) 91448897 9608726 78198 vv 
ЕР | Ф1І8600600:: 08:090:8 | 18666066 604089" (81) 616112: 00219478 (2с) 692617079 1088178 10864, [12 
ФР | 729608600: | 084979'5 992092978 180189” (81) 86918” 01916178. (19) 1900907" 1 9691118 88071 су 
IP | 775068750° | 09908072 611087728 029899" (11) 886961” 51081276 (67) 1267676 1919886 12689 IF 
OF | 000000220: —498719`5 6196617' E 026019" (21) 86896Р7 61888976 (др) 820166178 0000995 00079 ОР 
68 | 920179220: 6668675 PIIGIGE'E 1604,9" (91) 48896117 29089978 (97) 28866072 1522254 61569 6% 
S£ | 682018060: %2808%72 ?%/619676 198889" (91) 6166816: 98016078 (pp) 292208279 9519805 51878 88 
18 | 160160160” 96699%'5 | 61666685 981069" (91) 908668” 81601976 (gp) 66169167 I 1917/81 $9909 18 
98 | SLLLLLLZO’ 0676775 1261085 919169" (ет) 266168” 61668878 (TF) 88666116 9196191 99997 98 
w ult м /% EJ 901] u—2 ы. u-2 и? от 12 ки su u 


ee — ——— 


SKHLIYVDOT TVYNLVN аку SIVLLNWNOdXU ‘STVIMOLOVA 'S'IVOOHdIOWH 
*(ponuuoo) “gL ТНУ 


'SLOOU HIUNOT аху SUAMOd ніяпоя ‘ѕтоочяяпо ANV STEND 


FORMULAE AND TABLES FOR STATISTICAL WORK 


160 


001 | 000000010:  SZccOl'& — 8880150-Р 618196: (69) 800246: 0218097 (491) 16986676 000000001 
66 010101010: 2767015 — 0990979 118116" (57) 551101: 08146079 (991) 91292886 10962096 
86 580702010 99697775 89687019 пеоле“ (89) 62822" 19688877 (EST) 706892976 91898556 
16 810608010: 68088176 — 600LT69 Y 880616" (ст) 261272" TILPLS T (191) 09126196 18867988 
96 199919010: 69Т061:8 01488/6:% 868286: (17) 601502: 89699879 (691) 86:1916:6 93975678 
36 918929010" 9861cl'8 900629%:% 171988" (17) 8012644: 14188847 (891) 826608071 88909918 
76 | 866889010: 16161178 646697077 829066: (09) 610081" 3655797 (991) 29981807 I 96871081, 
56 8896591010 80960178 — 67990897 209966” (09) 986109” 66886079 (PPI) S2LL9ST I 10Z808F;, 
36 994698010" 19016026 ФІСЕРІС:Ф 615866: (68) %68011" 68/1597 (691) FIPSEPT I 96268911, 
16 110686010" 1698808 PITGLOP V Ресор“ (66) трРТОВ" 098010 (ОТ) 910029871 19671480 
06 IIIIIIIIO' — 01008058 | LTOTISTP T 014909: (68) 107618: 01866979. (861) 09128971 00001999 
68 906082110: — GLFILO"S —— IOPLPOP P 989019: (88) 981260: 9808899 (981) 956100971 19029169 
88 980508110: %18090:8 — 209699: £8LPTP- (82) 097209" LEELLE Y (РЕТ) F9Z8PO8' T 98969669 
L8 80668110" 91099026 9LPOTEP F 246819: (28) 18687917 80609779 (661) 81810172 19268549 
98 106459110: 5050705  0800919:Р ©9166?” (18) ве” 2 (081) 9602089 `6 91800279 
98 90LT9LITO' 01808026 2628968"? 147744 (98) отэтгт` 18929979 (821) І%01,18:2 35900859 
78 | 29270617107  OO0FLZO'E 161464677 ILLISE- (96) 025066” 11808979 (921) 10%2%1676 9811816F 
$8 $61870510° 6788108 — 10108208 F 6%096%" (96) 586868: 17881%:% (УСТ) 0%259%6:6 1268071? 
58 201961210: 112600:6 SISPTPF€ F 26707?” (eg) 092773" 614907"? (221) 887989, + 91181297 
18 GLOSFEZIO’ 000000:6  1891926:Р 868?” (cg) 896299" 677768"? (021) 0921161:9 12197067 
08 | 00000210: 869066:5 — #698808`F 678637" (PE) свтовт“ 1502867% (811) 167690172, 00009607 
6L 820809210 8061860 TOTSO0G F 978649: (95) 609069” 8776967% (ӨТІ) 15819768 18002686 
81 819028010: 8581/65 18896212: 907897" (ге) төввєт” 60196879 (0117 188Р 6171 99091048 
LL 810186810:  Lecc96'c — 6088F98 F 81086997 (ве) FISzog 80869679 (ЕТТ) 6088109-1 17086198 
9L 968201810: | 66880672 96080607% 999297: (gg) 17286" 88108679. (ТТТ) 2767688 t 92159888 
oh 88866886610: — тевстб'а — ZZ89TLIS`FP 196619” (ze) %98192: 88TLIS'T (601) 17160873 42907918 
FL PISETIETO" 516586`5  6088861:Р 14367124 (28) 621821" 900%08:% (LOT) *989L08 € 91998668 
£L 089869810: 810856:5 506686/1:% 606189: (те) 926161: 697066:% (SOT) <<1101%:% 17286886 
[27 688888810" 166216:6 92191091? [7 (18) 610880” 999925 (601) ветрегт'9 98881892 
TL | 109780710: — 88120602 22180 F *F9161 (08) 6FZ9FT- 089292:% (TOT) 6081708:8 18911795 
“ ult и у uf 001/и-9 u-2 130 "7 


БИНШИУӘОТ TVYNLVN ANV STVLLNSNOdXS 'STVIUOLOVA 'STVOOYAIOAY 
«тоон HIYNOT аму SUAMOd нічлоя ‘SLOOUMAND аку знало '(ропиђиоо) “SLT WISVOL 


0000001 
662016 
261196 
819816 
951788 


816148 
783088 
138708 
889811, 
114881 


000624 
696704 
547189 
£09899 
920969 


921719 
701569 
181119 
896190 
177159 


000519 
650867 
(413212 
560987 
92688? 


©1816? 
04 
11068& 
875846 
116238 


ти 


MISCELLANEOUS MATHEMATICAL FUNCTIONS 161 


TABLE 17.4. HIGHER POWERS OF NATURAL NUMBERS 


т ns ns т n8 n? nio mit 

1 1 £ 1 1 1 1 1 
2 32 64 128 256 512 1024 2048 
3 243 729 2187 6561 19683 59049 1 77147 
4 1024 4096 16384 65536 2 62144 10 48576 41 94304 
5 3125 15625 78125 3 90625 19 53125 97 65625 488 28125 
6 7776 46656 2 79936 16 79616 100 77696 604. 66176 8627 97056 
1 16807 1 17649 8 23543 57 64801 403 53607 2824 75249 19773 20743 
8 32768 2 62144 20 97152 167 77216 1342 17728 10787 41824 85899 34592 
9 59049 5 31441 47 82969 430 46721 3874 20489 34807 84401 3 13810 59609 


т ni? nis nis nis nis 
Ede ec чт өс. 

1 1 1 1 1 1 
2 4096 8192 16384 32768 65536 
3 5 31441 15 94323 47 82969 148 48907 430 46721 
4 167 77216 671 08864 2684 35456 10737 41824 42949 67296 
5 2441 40625 12207 03125 61085 15625 3 05175 78125 1p 25878 90625 
6 21767 82336 1 30606 94016 7 83641 64096 47 01849 84576 282 11099 07456 
7 1 38412 87201 9 68890 10407 67 82230 72849 474 75615 09943 $323 29305 69601 
8 6 87194 76736 54 97558 13888 439 80465 11104 3518 43720 88832 28147 49767 10656 
9 | 28 24295 36481 254 18658 28329 2287 67924 54961 20589 11320 94649 1 85302 01888 51841 
n nit nis то пао 

1 1 1 1 1 
2 1 31072 2 62144 5 24288 10 48576 
3 1291 40103 3874 20489 11622 61467 34867 84401 
4 1 71798 69184 6 87194 76736 27 48779 06944 100 95116 27776 
5 76 29394 53125 381 46972 65625 1907 34863 28125 9536 74316 40625 
6 1692 66594 44736 10155 99566 68416 60985 97400 10496 3 65615 84400 62976 
Л 23263 05139 87207 1 62841 35979 10449 11 39889 51853 73148 79 79226 62976 12001 
8 | 2 25179 98136 85248 18 01439 85094 81084 144 11518 80758 55872 1152 92150 46008 46976 
9 |16 67718 16996 66569 150 09463 52969 90121 1350 85171 76729 92089 12157 66545 90569 28801 
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17.5. Conversion OF NUMBER SYSTEMS 


a. Introduction 

Most of the digital computers carry out the arithmetical operations in 
number systems such as the binary (radix 2), ternary (radix 3), octal (radix 8) and hexa- 
decimal (radix 16). Decimal numbers (radix 10) have, therefore, to be converted 
to other systems at the stage of input into the machine and the results at the stage of 
output have to be converted back into the decimal system. Table 17.5 which 
furnishes positive and negative powers of 2,3, 8 and 16, is useful for this purpose. 
The table also gives three digited binary equivalents for numbers 0 to 7 and four 
digited binary equivalents for numbers 0 to 15. 


b. Conversion between the decimal and other systems 


Example 1. The number 
(367.6102), 


in the octal system is equivalent to 
у 3x 82-6 х8- 7х 80-6 х8-—1--1х 8-2--0х 8732 x 8-4 
= (247.76113281 ...)19 


in the decimal system. To arrive at this value, the positive and negative powers of 
8 have been used from Table 17.5 (powers of eight). 


Example 2. То convert (247.76113), into octal and hexadecimal systems. The 
integral part 247 and the decimal part .76113 have to be considered separately. 
To convert the former into the octal system, it is first divided by 8 and the remainder 
noted, the quotient is then divided by 8 and the remainder again noted; this is conti- 
nued until the quotient obtained is zero. Thus, 


quotient remainder 
247 —8 30 7 
30 +8 3 6 
8--8 0 8 


Collecting the remainders, 
(247), = (867). 
Ав regards the decimal part .76113, repeated multiplication by 8, each time omitting 
the integer in the unit’s place, is carried out as follows : 
76113 Х8 = 6.08904 
:08904» 8 = 0.71232 
71282 x 8 = 5.69856 


yielding (.76113), = (.605...)з. The final answer is obtained by putting the two 
conversions together. Thus, 


(24.761183), = (367.605...) 
In the hexadecimal system there are 16 symbols. The symbols 0, 1, ..., 9 may be used 
for the digits 0, ..., 9 and +, u, v, w, x, y for 10, 11, 12, 13, 14, 15. The conversion of 


MISCELLANEOUS MATHEMATICAL FUNCTIONS 163 


(247.76113), is done as follows : 


quotient remainder 
247 — 16 15 7 
15 +16 0 15 = у 


(247) = (07), 
76118 X 16 = 12.17808 
17808 х 16 = 2.84928 
.84928 х 16 = 13.58848 


(76119), = (v 2 w ...)16 
(247.16113),, = (97.2: 2 w ...)ig 

Example 3. To convert (1000111000), in the binary system to decimal system. 

1X 2°+1 x 2541x2411 x 23 = (568),, in the decimal system as obtained by 
using the powers of 2 given in Table 17.5 (powers of 2). Similarly, 

(1100.1101) 
= 281.921 9-11 9-21 9-4 = (12,8125), 

The conversion from decimal to binary system is done by successive divisions and 
multiplications by 2 of the integral and decimal parts respectively as in example 2. 


b. Conversion between the binary and octal or hexadecimal systems 
Example 4. Convert (1000111000), into octal system. This is done very easily 

by breaking the given number into sets of 3 digits and writing down the octal 

equivalent of each set using Table 17.5 (binary equivalents). When an incomplete 


set is found at the beginning, zeros are placed to complete it. Thus, 
1,000, 111, 000 


is written 001, 000, 111, 000 
with octal equivalents 4115452 ER) 
giving (1,000, 111, 000), = (1070) 


The conversion from octal to binary system consists in simply replacing each octal 
digit by the corresponding triplet of the binary system using Table 17.5. Thus, 
(1 4 6% = (001, 100, 110), = (1100110), 

Example 5. Convert (1100011.1011), into octal system. Тһе division into sets 


is done as follows : 
17721007 011. 7101,01 


starting from the left for digits preceding the binary point and from the right for digits 
following the binary point. The incomplete sets are completed and the octal equi- 


valents of the sets are written 
001, 100, O11. 101, 100 
1 4 3. 5 4 
Thus, (1100011.1011), = (143.54), 

Example 6. Convert (1100011.1011), into hexadecimal system. The procedure 
using the equivalents given in Table 17.5 (binary equivalents) is the same as 
inexample 5. 

Such simple methods are not generally available for conversion from one system 
to another. To convert a number with radix 0 to one with radix с, a general 
procedure is to convert the number with radix $ to decimal system and then convert 


it to radix c. 
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TABLE 17.5. CONVERSION OF NUMBER SYSTEMS 
POWERS OF TWO 
n 2n 2-n 
0 1 1.0 
1 2 0.5 
2 4 0.25 
3 8 0.125 
4 16 0.062 5 
5 32 0.031 25 
6 64 0.015 625 
Л 128 0.007 812 5 
8 256 0.008 906 25 
9 512 0.001 953 125 
10 1 024 0.000 976 562 5 
11 2 048 0.000 488 281 95 
12 4 096 0.000 244 140 625 
13 8 192 0.000 122 070 312 5 
14 16 384 0.000 061 035 156 25 
15 32 768 0.000 030 517 578 125 
16 65 536 0.000 015 258 789 062 5 
17 131 072 0.000 007 629 804 531 25 
18 262 144 0.000 003 814 697 265 625 
19 524 288 0.000 001 907 348 632 812 5 
20 1 048 576 0.000 000 953 674 316 406 25 
21 2 097 152 0.000 000 476 837 158 208 125 
22 4 194 304 0.000 000 238 418 579 101 562 5 
28 8 388 608 0.000 000 119 209 289 550 731 25 
24 16 777 216 0.000 000 059 604 644 775 390 625 
25 33 554 432 0.000 000 029 802 322 887 695 312 5 
26 67 108 864 0.000 000 014 901 161 193 847 656 25 
27 134 217 728 0.000 000 007 450 580 596 923 828 125 
28 268 435 456 0.000 000 003 725 290 298 461 914 062 5 
29 536 870 912 0.000 000 001 862 645 149 230 957 081 25 
30 1 073 741 824 0.000 000 000 931 399 574 615 478 515 625 
31 2 147 483 648 0.000 000 000 465 661 287 307 739 257 812 5 
32 4 294 967 296 0.000 000 000 232 830 643 653 869 628 906 25 
38 8 589 934 592 ` 0.000 000 000 116 415 321 826 934 814 458 125 
34 17 179 869 184 0.000 000 000 058 207 660 913 467 407 226 562 5 
35 34 359 738 368 0.000 000 000 029 103 830 456 733 703 613 281 25 
36 68 719 476 736 0.000 000 000 014 551 915 228 366 851 806 640 625 
37 137 438 953 472 0.000 000 000 007 275 957 614 183 425 903 320 312 5 
38 274 877 906 944 0.000 000 000 003 637 978 807 091 712 951 660 156 25 
39 549 755 813 888 0.000 000 000 001 818 989 403 545 856 475 830 078 125 
POWERS OF EIGHT 
n 8n 8-9 
0 1 1.0 
1 8 0.125 
2 64 0.015 625 
3 512 0.001 953 125 
4 40 96 0.000 244 140 625 
5 32 768 0.000 030 517 578 125 
6 262 144 0.000 003 814 697 265 625 
7 2 097 152 0.000 000 476 837 158 203 125 
8 16 777 216 0.000 000 059 604 644 775 390 625 
9 134 217 728 0.000 000 007 450 580 596 923 828 125 
10 1 073 741 824 0.000 000 000 931 322 574 615 478 515 625 
11 8 589 934 592 0.000 000 000 116 415 321 826 934 814 453 125 
12 68 719 476 736 0.000 000 000 014 551 915 228 366 851 806 640 625 
13 549 755 813 888 0.000 000 000 001 818 989 403 545 856 475 830 078 125 
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POWERS OF SIXTEEN 

n 16" 16-п 

0 1 1.0 

1 16 0.062 5 

2 256 0.003 906 25 

3 4 096 0.000 244 140 625 

4 65 536 0.000 015 258 789 062 5 

5 1 048 576 0.000 000 953 674 316 406 25 

6 16 777 216 0.000 000 059 604 644 775 390 625 

7 268 435 456 0.000 000 003 725 290 298 461 914 062 5 

8 4 294 967 296 0.000 000 000 232 830 643 653 869 628 906 25 

9 68 719 476 736 0.000 000 000 014 551 915 228 366 851 806 640 625 
POWERS ОЕ THREE 

n 3л gn 

0 1 1.0 

1 3 0.333 

2 9 0.111 11 

3 27 0.037 037 

4 81 0.012 345 

5 243 0.004 115 9% 

6 729 0.001 371 75 

7 2 187 0.000 457 24% 

8 6 561 0.000 152 42% 

9 19 683 0.000 050 806% 

10 59 049 0.000 016 935% 

п 177 147 0.000 005 644 9% 

12 531 441 0.000 001 881 6" 

13 1 594 323 0.000 000 627 21% 

14 4 782 969 0.000 000 209 07% 

15 14 348 907 0.000 000 069 695% 

16 43 046 721 0.000 000 023 232% 

17 129 140 163 0.000 000 007 743 8% 

18 887 420 489 0.000 000 002 581 35 

19 1 162 261 467 0.000 000 000 860 44% 

20 3 486 784 401 0.000 000 000 286 81% 


*Note: The last figuro may be in doubt and is for rounding-off purposes only. 


THREE AND FOUR DIGIT BINARY 


EQUIVALENTS 
number three digit four digit 
binary binary 
0 000 0000 
H 001 0001 
2 010 0010 
3 011 0011 
4 100 0100 
5 101 0101 
6 110 0110 
7 111 0111 
8 1000 
9 1001 
10 1010 
п 1011 
12 1100 
13 1101 
14 1110 
15 1111 
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TABLE 17.6. PRIME FACTORS OF NATURAL NUMBERS 


n factors n factors n faetors n factors n factors 
15 bl 3417 101 151 201 3.67 
3 62 22.13 102 2.8.17 152 23.19 | 202 2.101 
3 53 103 153 32.17 203 7.29 
4 2 54 2.35 104 25.13 154 2.7.11 904 22.3.17 
5 55 51 105 3.5.7 155 5.31 | 205 5.41 

| 
6 23 56 29.7 106 2.53 156 22.3.13 | 206 2.103 
л 57 3.19 107 157 || 207 32.28 
8 2 58 2.29 108 22.32 158 2.79 208 2413 
90% 59 109 159 3.53 200 11.19 
10 2.5 60 22.3.5 110 2.5.11 160 25.5 210 2.3.5.7 
11 61 Lal 18,87 161 7.23 211 
12 2».8 62 2.31 1187 34.7 162 2.34 212 92.58 
13 63 32.7 113 163 218 3.71 
14 2.7 64 20 114 2.3.19 164 22.41 214 2.107 
15 3.5 65 5.13 115 5.93 165 3.5.1 216 5.43 

| 
16 2 66 2.3.11 116 2.29 100 2.83 216 23.33 
17 67 311: КАН 167 217 7.31 
18 2.9: 68 9417 118 2.59 168 9:.9.7 218 2.109 
19 69 3.93 119 7.17 169 13: 219 3.73 
20 92,6 70) 5 27677 120 23.3.5 170 2.5.17 220 23.5.11 
21 37 71 11 пе 111 32.19 991 13.17 
22. 2.11 79 932.32 122 2.61 172 94.43 222 9.2.37 
23 73 123 3.41 173 228 
24 25,3 74 2.37 124 22.31 174 2.3.99 294 25,7 
25 5 7 — 3.5 125 53 175 52.7 225 — 82.62 
26 2.18 76 — 22.19 190 2.32.7 176 24.11 226 2.113 
27 3 TIO 127 177 3.59 227 
28 921.7 78 ' 2.3.13 128 21 178 2.89 228 2.3.19 
29 79 129 3.43 179 229 
80 2.3.5 80 24.5 130 2.5.13 180 22.32.5 230 2.5.93 
31 81 8 131 181 1 әліп 
32 95 82 9.41 132 22.3.11 182 2.7.13 232 23.99 
93 — 8.11 83 133 7.19 183 3.61 233 
84 9.17 84 92.8.7 134 2.07 184 953.93 234 2.32.13 
35° 5.7 85 5.17 135 35.5 186 5.37 285 5.47 
36 22.32 86 2.43 j136 23.17 186 2.3.31 236 22.59 
37 RT L 3.90 137 187 1107 997 3.79 
88 2.19 88 28.11 138 2.3.23 188 9:47 238 9.7.17 
39 3.13 89 139 189 35.7 239 
40 23.5 90 2.32.5 140 22.5.7 190 2.5.19 940 24.3.5 
41 91 7.13 141 3.47 191 241 
42 2.8.7 92 22.93 142 2.71 192 263 242 2.112 
43 93 3.31 143 11.13 193 243 35. 
44 22.11 94 2.47 14 293.9: 194 2.97 244 83.61 
45 32.5 95 5.19 145 5.29 195 3.5.13 245 5.72 
46 2.93 96 25.3 146 2.73 196 22,72 246 2.3.41 
47 97 М7 8.7: 197 247 13.19 
48 24.3 98 2.72 148 22.87 198 92.32.11 248 93.31 
49 т 99 32.11 149 199 249 8.83 
50 2.5: 100 22.52 150 2.3.52 200 23.5: 250 2.53 


* Prime numbers ато in bold faco. 
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TABLE 17.6. (continued). PRIME FACTORS OF NATURAL NUMBERS 
т factors n factors n factors n factors n factors 
251 301 7.43 351 3:13 401 451 1.41 
252 92.32.7 302 2.151 352 25. 402 2.3.07 452 22.118 
253 11.93 303 3.101 358 403 13.31 453 3.151 
254 9.197 304 24.19 354 9.3.59 404 22.101 454 2.227 
255 3.5.17 305 5.61 355 65.71 405 34.5 455 5.7.18 
256 98 306 2.32.17 356 22.89 406 2.7.29 456 — 23.3.19 
257 307 357 -3.7.17 407 11.37 457 
258 2.3.43 308 2.7.11 358 2.179 408 23.3.17 408 2.229 
259 7.97 309 3.103 359 409 459 3.17 
260 2.5.13 310. 2.5.31 360 23.32.5 40 2.5.41 400 2.5.23 
201 32.29 311 361 19 411 3.137 461 
269 2.131 312 23.3.13 362 2.181 412 22.108 462 2.3.7.11 
263 318 368 3.113 || 413 7.59 463 
264 25.3.11 314 2.157 364 22.7.13 414 2.32.23 404 24.29 
265 5.58 315 31.5.7 365 5.78 415 5.83 465 3.5.31 
266 2.7.19 316 2.79 366 2.3.61 416 25.13 466 2.233 
267 3.89 317 367 417 3.139 467 
268 22.67 318 2.3.53 308 24.23 418 2.11.19 || “468 — 22.32.13 
269 319 11.29 369 32.41 419 469 7.07 
970 2.99.5 320 96.5 370 2.5.37 420 2.3.5.7] 470 2.5.47 
271 321 3.107 971" 1.53 421 471 3.157 
272 84.17 929.7159. 7.98 372 22.3.81 492 2.211 472 93.59 
278 ^ 3.7.18 323 17.19 373 423 32.47 473 11.43 
274 2.137 324 92,34 974 9.11.17 424 923.58 474 2.8.19 
275 5.11 325 53.13 375 3.53 495 54.17 475 5.19 
276 2.8.23 326 2.163 376 23.47 426 2.3.71 476 — 22.7.17 
217 327 3.109 377 13.29 497 7.61 477 32.53 
278 2.139 328 — 23.41 378 2.33.7 498 22.107 478 2.939 
279 32.31 329 7.47 379 429 3.11.13 479 
280 23.5.7 330 2.3.5.11 380 2.5.19 430 2.5.43 480 25.3.5 
281 381 381 3.127 431 481 13.37 
282 2.3.47 332 22,83 382 2.101 432 24,93 482 2.241 
288 333 3.37 383 433 483 ` 3.7.23 
284 22.71 334 2.107 384 2.3 434 2.7.91 484 22.112 
285 3.5.19 335 5.67 385 5.7.11 485 8.5.29 485 5.97 
286 2.11.13 336 24.3.7 386 2.198 436 22.109 486 2.35 
287 7.41 337 387 32.43 437 19.23 487 
288 25.92 338 2.132 388 22.97 438 2.3.73 488 28.01 
289 172 339 3.113 389 439 489 3.168 
290 2.5.29 340 2.5.17 390 2.3.5.13 | 440 23.5.11 400 2.5.7: 
291 3.97 341 11.81 391 17.23 4441 32.72 491 
292 2.73 342 2.32.19 392 28.72 442 9.13.17 492 2.3.41 
293 343 73 398 3.131 448 498 17.29 
294 2.3.7: 344 23.43 394 2.197 444 — 22.9.97 494 2.13.19 
295 5.59 345 3.5.93 895 5.79 445 5.89 495 — 32.5.11 
296 93.87 346 2.178 806 92.32.11] 446 2.228 490 24.31 
297 35.11 347 397 447 3.149 497 7.71 
298 2.149 848 — 22.3.29 398 2.199 448 29.7 498 2.3.83 
299 13.23 849 399 3.7.19 449 499 
300 22.3.52 850 2.52.7 400 24.53 460 2.32.52 500 22.53 
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TABLE 17.6. (continued) PRIME FACTORS OF NATURAL NUMBERS 

n factors n factors n factors n factors n factors 
501 3.167 551 19.29 601 651 3.7.31 701 
502 2.251 552 23.3.23 602 2.1.43 652 22.163 702 2.33.13 
508 553 7.79 603 82.67 | 653 703 19.37 
504. 23.32.7 554 2.277 604 22.151 654 2.3.109 704 26.11 
505 5.101 555 3.5.37 605 5.112 655 5.131 705 3.5.47 
506 2.11.23 556 22,139 606 2.3.101 656 24.41 706 2.358 
507 3.132 557 607 657 32.73 707 7.101 
508 22.127 558 2.32.31 608 25.19 658 2.7.47 708 22.3.59 
509 559 13.43 609 3.7.29 659 709 
510 2.3.5.17 560 24.5.7 610 2.5.61 660 22,3.5.11 710 2.5.71 
511 7.78 561 3.1.17 611 13.47 661 711 32.79 
512 29 562 2.281 612 22,32.17 662 2.331 712 23.89 
513 33.19 563 618 663 3.13.17 713 28.31 
514 2.257 564 22.3.47 614 2.307 664 28.83 714 2.8.7.17 
515 5.108 565 5.113 | 615 3.5.41 665 5.7.19 715 5.11.13 

| 

516 22.3.43 566 2.283 , 616 23.7.11 666 2.32.37 716 22.179 
517 11.47 567 34.7 617 667 23.29 717 3.239 
518 2.7.94 568 98.71 618 2.3.108 668 22.167 718 2.359 
519 3.178 569 619 669 3.223 719 
520 23.5.13 570 2.3.5.19 620 22.5.31 670 2.5.07 720 24.32.5 
521 571 621 33.23 671 11.61 721 7.103 
522 2.32.29 572 22.11.13 622 2.311 672 25.3.7 722 2.192 
528 573 3.191 623 7.89 673 723 3.241 
524 22.131 574 9.7.41 624 24.3.13 674 2.337 724 22.181 
525 3.52.7 575 52.23 625 54 675 39.52 725 52.29 
526 2.263 576 26.32 626 2.313 676 22.132 726 2.3.113 
527 17.31 577 627 3.11.19 677 721 
528 24.3.11 578 2.172 628 22.157 678 2.3.113 728 23.7.18 
529 233 579 3.193 629 17.37 679 7.97 729 36 
580 2.5.53 580 22.5.29 630 2.32.5.7 680 93,5.17 780 2.5.78 
581 32.59 581 7.89 631 681 3.227 731 17.43 
532 22.7.19 582 2.3.97 632 23.79 682 2.11.31 732 22.3.61 
533 13:41 583 11.53 633 3.211 683 788 
534 2.3.89 584 23.73 634 2.317 684 22.32.19) 734. 2.367 
535 5.107 585 32.5.13 635 5.127 685 5.137 735 3.5.72 
536 93.67 586 2.293 636 22,3.53 686 2.73 736 25.23 
537 3.179 587 637 72.13 687 3.229 737 11.67 
538 2.209 588 22.3.72 638 2.11.29 688 24.43 738 2.32.41 
539 72.11 589 19.31 639 32.71 689 13.53 739 
540 22.33.5 590 2.5.59 640 21.5 690 2.3.5.23 140 22.5.37 
541 591 3.197 641 691 741 3.13.19 
542 2.271 592 24.37 642 2.3.107 692 22.173 742 2.7.53 
548 3.181 598 648 693 32.7.11 748 
544 25.17 594. 2.33.11 644 22.7.23 694. 2.347 744. 23.3.31 
545 5.109 595 5.7.17 645 3.5.43 695 5.139 745 5.149 
546 2.3.7.13 596 92,149 646 2.17.19 696 23.3.29 746 2.373 
547 597 3.199 647 697 17.41 747 32.83 
548 22.137 598 2.13.23 648 28.34 698 2.349 748 92.11.17 
549 82.61 599 649 11.59 699 3.233 749 7.107 
550 2.52.11 600 23.3.52 650 2.52.13 700 92.52.7 750 2.3.53 


> 


т factors 
751 
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TABLE 17.6. (continued.) PRIME FACTORS OF NATURAL NUMBERS 


24.47 
3.251 
2.13.29 
5,151 


22.33.7 
2.379 


3.11.23 
23.5.19 
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factors n factors n factors n factors 
32.89 851 23.37 901 17.53 951 3.917 
2.401 852 22.3.71 902 2.11.41 952 92.7.17 
11.73 858 908 3.7.48 953 
22.3.67 || 854 2.7.61 904 22.113 954 2.32.53 
5.7.23 || 855 3.5.19 905 5.181 955 5.191 
2.13.31 856 23.107 906 2.3.151 956 22.939 
3.269 857 907 957 3.11.29 
23.101 858 2.3.11.13 | 908 22.227 958 2.479 
859 909 32,101 959 7.137 
2.34.5 860 22.5.43 910 2.5.7.13] | 960 29.3.5 
861 3.7.41 911 961 312 
22.7.29 802 2.431 912 24.83.19 902 2.13.37 
3.271 863 913 11.83 903 32.107 
2.11.37 864 25.33 914 2.457 904 2.241 
5.163 865 5.178 915 3.5.61 965 5.193 
24.3.17 866 2.433 916 22.229 900 2.8.7.23 
19.43 867 3.172 917 . 7.131: 967 
2.409 868 22.7.31 918 - 2.33.17 968 25.112 
32.7.13 869 11.79 919 969 3.17.19 
22.5.41 870 2.3.5.29 | 920 23.5.23 970 2.5.97 
871 13.67 921 3.307 971 
2.3.137 872 23.109 922 2.461 972 21.95 
878 32.97 928 13.71 973 7.139 
23.103 874 2.19.28 924  22.9.7.11 974 2.487 
3.52.11 875 52.7 925 52.37 975 3.52.13 
2.7.59 876 22.8.78 926 2.463 976 24,61 
877 927 32.108 977 
22.32.23 878 2.439 928 25.29 978 2.3.163 
879 3.293 929 970 11.89 
2.5.83 880 24.5.11 930 2.3.5.31 | 980 27.5.72 
3.277 881 931 72.19 981 32.109 
26.13 882 2.92.7: 982 22.933 982 2.491 
72.17 888 933 3.311 988 
2.3.139 884 22.13.17 934 2.407 984 — 22.8.41 
5.167 885 3.5.59 936 5.11.17 985 5.197 
22.11.19|| 886 2.443 936 29.32.13 986 2.17.29 
33.31 887 937 987 8.7.47 
2.419 888 25.39.87 928 2.7.67 988 ' 22.13.19 
889 7.127 939 3.313 989 23.43 
25.9.6.7|| 890 2.5.89 940 22.5.47 900 2.92.5.11 
292 81 3621 944 991 
2.421 800 2.223 942 2.3.167 92 25,31 
3.281 893 19.47 943 23.41 993 3.381 
92.211 894 2.3.149 944 24.50 994 2.7.71 
5.132 895 5.179 945 — 35.6.7 995 5.199 
2.92.47 896 27.7 
7.112 897 3.13.23 
24.53 898 2.449 
3.283 899 29.31 
2.62.17 900 22.32.52 


22 
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I 1 0 00000:1 66666" 66666" 86666" 96666" 96666" 86666" 06666" 88666" 98666" 68 96088719 
5 5 Т 28666" 81666" 71666" 01666" 99666" 19666” 99666" 19666" 97666" 68666" 88 €c9$9'86 
4 $ Т 86666” 92666" 61666" 21666" 90666" 16866" 68866" 18866" 21866” 29866" 18 Р1180'61 
9 ? 2 79866" YF866 ` Y8866` 72866" 21866" 20866" 26166" 08166" 89166" 99:66" 98 19006891 
L 9 [4 77266 12:66" 61:66" 20:66" 26966" 81966" #9966" 67966 92966" 61966" 58 3008$ IT 
8 9 8 70966" 88966" 51466" 99966" 07966" 52966" 90966" 88766" 01866" 24766" 78 95719 °6 
01 L $ 75766” 91766" 96266" 11266" 14666" 16666" 11266" 16666" 91666" 48666" 58 96718 
ТІ 8 12 22566" 11266" 68166" 19166" 77166 55166" 86066" 21066" 19066" 16066: 28 18811: 
$1 6 y 20066” 81686" 29686" 16686" 20686” 91886" 67886" 86886" 96186" 69186" 18 41681679 
FI от 9 19186” 71,86" 98986" 19986" 66986" 00986" 01486" 19986" 11986" 18786" 08 85149'9 
91 ТІ 4 09786" 02786" 68286" 19686" 42886" #6286" 19886” 65586" 96186" 29186" 6L S9GPPL 9 
LI (41 9 60186” 96086" 19086" 16086” 26616" 89616" 26616" 18816” 19826" 81816" 8L 897019 
61 gI 9 8LLL6* 3716” 20:16" 19916" 08916" 664167 89916" 91916" 91916" 16916” LL 89188“Р 
05 УТ 1 866167 84616” 81526" 816167 186167 96116" 99116" 21126" 21016" 08016" 9L 8L010'F 
55 Ej L 18696" 97696 ` 20696" 84896" 91896" 11196" 16196" 28996" 86996" 26996" SL 40861786 
£6 91 8 19496” 20896" 99796" 01996" 59596" 91296" 69596" 26696" #1196" 95196" PL IPLSP'E 
95 LY 8 81096" 65096" 18646” 18686" 28896" 26896" 88146" 56196" 18996" 05996" £L 9804076 
92 81 6 61446" 86446" 91946” 2796" 81686: 61686" 99596" 21596" 69196" 90196" GL 89110786 
85 61 6 22046” 16676" $7676” 88876" 26876” LLL$6: 181567 99976" 60976" 59976” TL 18706 "3 
65 6r or О6РР6“ 868867 08676" (24123 PYTP6 ` 90276" 19196" 88076" 62076" 69626" OL 89119176 
16 05 01 60666” 67826" 68126" 82166" 19926" 90926" PPILG* #8726" 08866" 89226" 69 60909'6 
(43 15 It 96086” 26666: 69166" 90126" 67026" 81666" 21656" 67826" #8156" 81166” 89 60947`5 
yt 26 ТІ 89926" 18926" 16466: 99926" 88866: 12826" #9266" 98126" 61166" 08086" 19 9800876 
98 $5 (4! 28616" #1616" 49816" 9,116” 90216" 98916” 99216" 96716" 2716” 99216" 99 ?0975'5 
95 PG 21 28216" 81616: 08116” 89016" 96606" #2606" 19806" 81106" 70:06" 18906” <9 ISPPL Z 
85 96 81 19906" 28706" 80706" #2206" 69206" 28106" 80106" 38006" 98668" 61868" %9 02090" 5 
68 95 61 80868" 921687 69968" 14968” 56768” 31768 * 16868” 62268” 08168” 10168" 59 19696" T 
OF 15 £r 12068“ 27688” 29888" 281887 10188" 02988” 68088" 89788" 11288 `° 46288" 29 81088 1 
(22 85 FI 81888" 06188" 87088" 996,8” 688187 861187 91148” 18918” 998187 59718” 19 9070871 
er 65 FI 11518" 860187 10818" 181187 980187 67698" 59898" 11198" 06998” 80998” 09 9068271 
ж 4 л © BP 144 ME 08 FT ‚81 A 9 0 
вва peuorodord Sojnurur 
E eoeigep|  queSue, 
= әш 


m 


„(2—06) urs = „2 воо түпшїлоў өц osn ошвоо 1118740 ОД, 


SLNSONVIL аму (SHNISOP)-SANIS 'TVHALVN —(ponumuoo)- 1:11 өдө. 
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17.8. BERNOULLI AND EULER NUMBERS 


The Bernoulli numbers В, and Euler numbers E, of order 1, of Table 17.8 are 
defined by 


2 © i 
( zu) =Seoh i= m Å 


Note that for odd values of n both B, and E, are equal to zero, excluding of course 
B, which is equal to —$. Тһе values of the first few numbers are 


n 0 1 2 4 6 8 10 12 
В ЛЕ 1 1 1 1 1 B DI. 691 

n 2 6 30 42 30 66 2730 
E, 1 0 -і 5 —61 1385 — 50521 270265 


Computing the sum of integral powers of integers. The sum SN) = > 
+274-...+N? is frequently needed in statistical work. For example consider a random 
sample of size n drawn with replacement from a finite population of N units and let 
V denote the number of distinct units appearing in the sample. The expected value 
of 1/V can be expressed as H(1/V) = 8, (М)/У-". In terms of Bernoulli numbers, 


8,(N) = Š Iu 2) вуну“ | (р--1).. We have thus 
Тед 


т 


? SAN) 
1 |N(N+1) +2 
2 |N(N+1)(2N+1) +6 


3 ММ +4 


4 |M(N-11)(2N-+1)(3N?4+3N—1) + 30 
5 |NXN--1(2N?4-2N —1) + 12 

6 |N(W+1)(2N-+1)(3Nt+-6N2—3N 4-1) + 42 
7 INN -- DN3N*-6N3— N2—4N 4-2) + 24 


8 [N(N4-12N J-1)(6N9--18N5--5N*—15N3 — N?--9N —3) + 90 
ОСЕ gg ror Ve УН HAUS MR epo: С” 
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TABLE 17.8. BERNOULLI AND EULER NUMBERS AND THEIR LOGARITHMS 


———-—---—-——————-——————————————————— 


n logio| Вәл | 18:41" 10810 Езл| |Zan| 

1 — .77815 12504 .16666 6667 0.0000 0000 0000 1 

2 —1.47712 12547 403333 3333 0.6989 7000 4336 5 

3 —1.62324 92904 c .02380 9524 1.7853 2983 5011 61 

4 —1.47712 12547 .03333 3333 3.1414 4977 3400 1385 

5 —1.12057 39312 .07575 7576 4.7034 7193 8284 5 0521 

6 — .59668 45997 .25311 3553 6.4318 0828 6305 270 2765 

7 0.06694 67896 1.1666 6667 8.2996 4016 2027 19936 0981 

8 0.85077 83327 7.0921 5686 10.2876 1167 6568 1939151 2145 

9 1.74013 50433 54.971 1779 12.3810 9335 1978 2404879 675(3) 
10 2.72355 76597 529.12 4242 14.5686 3719 4867 3703711 882(5) 
11 3.79183 95878 6192.1 2319 16.8410 3941 6358 6934887 439(7) 
12 4.93741 88511 86580. 2531 19.1907 3874 0073 1551453 416(10) 
13 6.15397 24516 14955 17.17 21.6114 1234 2656 4087072 509(12) 
14 7.43613 45056 27298 231.1 24.0976 9438 4097 1252259 641(15) 
15 8.77929 40203 60158 0874 26.6449 7388 2655 4415438 932(17) 
16 10.17944 59554 15116 3158(2) 29.2492 4580 0749 1775193 916(20) 
7 11.63307 90755 42961 4643(3) 31.9069 9890 3609 8072329 924(22) 
18 13.13708 98839 13711 6552(5) 34.6151 2969 4666 4122206 034(25) 
19 14.68871 54679 48833 2319(6) 37.3708 7526 1289 2348958 053(28) 
20 16.28548 03295 19296 5793(8) 40.1717 6010 5584 1485115 072(31) 
21 17.92515 37399 84169 3048(9) 43.0155 5349 8641 1036462 273(34) 
22 19.60571 51352 40338 0719(11) 45.9002 3487 6646 7947579 423(36) 
23 21.32532 57440 21150 7486(13) 48.8239 6546 8043 6667537 517(39) 
24 23.08230 51026 12086 6265(15) 51.7850 6480 9294 6096278 646(42) 
25 24.87511 14502 75008 6675(16) 54.7819 9113 9598 6053285 248(45) 
26 26.70232 52332 50387 7810(18) 57.8133 2490 5271 6506162 487(48) 
27 28.56263 51260 36528 7765(20) 60.8777 5478 0634 7546659 939(51) 
28 30.45482 61057 28498 7693(22) 63.9740 6574 3074 9420321 896(54) 
29 32.37776 92183 23865 4275(24) 67.1011 2883 8249 1262201 925(58) 
30 34.33041 27436 21399 9493(26) 70.2578 9234 6215 1810891 150(61) 
31 36.31177 45314 20500 9757(28) 73.4433 7411 6664 2775710 170(64) 
32 38.32093 53181 20938 0059(30) 76.6566 5488 6041 4535810 333(67) 
33 40.35703 28735 22752 6965(32) 79.8968 7242 4165 7886284 207(70) 
34 42.41925 68522 26257 7103(34) 83.1632 1638 5512 1456184 438(74) 
35 44.50684 42463 32125 0821(36) 86.4549 2376 2203 2850517 832(77) 
36 46.61907 53547 41598 2782(38) 89.7712 7485 3293 5905747 208(80) 
37 48.75527 01978 56920 6955(40) 93.1115 8967 9184 1292973 664(84) 
38 50.91478 53168 82183 6294(42) 96.4752 2478 0696 2986928 183(87) 
39 53.09701 09079 12502 9043(45) 99.8615 7035 4499 7270601 714(90) 
40 55.30136 82495 20015 5832(47) 103.2700 4767 8721 1862291 576(94) 
41 57.52730 73841 33674 9829(49) 106.7001 0679 5923 5013104 941(97) 
42 59.77430 50258 59470 9705(51) | 110.1512 2442 0901 1416525 576(101) 
43 62.04186 26660 11011 9103(54) | 113.6229 0204 3198 . 4196643 164(104) 
44 64.32950 48541 21355 2595(56) 117.1146 6421 3908 1302159 591(108) 
45 66.63677 76334 43328 8970(58) 120.6260 5697 5931 4227240 686(111) 
46 68.96324 71164. 91885 5282(60) 124.1566 4644 1537 1434321 279(115) 
47 71.30849 81818 20346 8968(63) 127.7060 1748 9631 5081799 072(118) 
48 73.67213 32834 41003 8340(65) 131.2737 7257 3899 1878332 936(122) 
49 76.05377 13567 11318 0434(68) 134.8595 3062 9797 1236534 381(125) 
50 18.45304 68146 28382 2496(70) 138.4629 2607 0334 2903528 347(129) 


Note: For larger values of n, values of [Ban] and | Ёвц| are given correct to 9 and 10 significant 
digits respectively. The number in parenthesis following |Ban| and |H2n| is the power of 10 by which 
the given tabular quantity must be multiplied. 


*В»» is positive ifn is odd and negative if n is oven while Hon is positive if n is even and negative 
if n is odd. = > 
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TABLE 17.9. COMMON LOGARITHMS 


(six-figure) 

num- differ» 
ber 0 4 2 3 4 5 6 7 8 9 епсе 
100 | 00 0000 0434 0868 1301 1734 2166 2598 3029 3461 3891 432 
101 4321 4751 5181 5609 6038 6466 6894 7321 7748 8174 428 
102 8600 9026 9451 9876 0300 0724 1147 1570 1993 2415 424 
103 |01 2837 3259 3680 4100 4521 4940 5860 5779 6197 6616 420 
104 7083 1451 1868 8284 8700 9116 9532 9947 0361 0775 416 
105 | 02 1189 1603 2016 2428 2841 3252 3664. 4075 4486 4896 412 
106 5306 5715 6125 6533 6942 1350 7757 8164 8571 8978 408 
107 9384 9789 #0195 0600 1004 1408 1812 2216 2619 3021 404. 
108 | 03 3424 3826 4227 4628 5029 5430 5830 6230 6629 7028 400 
109 7426 1825 8223 8620 9017 9414 9811 0207 0602 0998 897 
110 | 04 1393 1787 2182 2576 2969 3302 3755 4148 4540 4932 393 
111 5823 5714 6105 6495 6885 7275 7664. 8053 8442 8830 390 
112 9218 9606 9993 «0380 0766 1153 1538 1924 2309 2094 386 
113 | 05 3078 3463 3846 4230 4613 4996 5378 5760 6142 6524 383 
| 14 6905 7286 7666 8046 8426 8805 9185 9563 9942 «0320 379 
115 | 06 0698 1075 1452 1829 2206 2582 2958 3833 3709 4083 376 
16 4458 4832 5206 5580 5958 6326 6699 7071 7443 7815 873 
117 8186 8557 8928 9298 9668 «0038 0407 0776 1145 1514 370 
š; 118 | 07 1882 2250 2617 2985 3352 3718 4085 4451 4816 5182 366 
119 5547 5912 6276 6640 7004 7868 7731 8094 8457 8810 863 
120 9181 9543 9904  *0266 0626 0987 1347 1707 2067 2426 360 
121 | 08 2785 3144 3503 3861 4219 4576 4934 5291 5647 6004 357 
122 6360 6716 7071 7426 7781 8136 8490 8845 9198 9552 354 
123 9905 – #0258 0611 0963 1315 1667 2015 2370 2721 3071 352 


124 | 09 3422 3772 4122 4471 4820 5169 5518 5866 6215 6562 349 


125 6910 7257 7604 7951 8298 8644 8990 9835 9681 «0026 346 
126 | 10 0371 0715 1059 1403 1747 2091 2434 2177 3119 3462 343 
127 3804 4146 4487 4828 5169 5510 5851 6191 6531 6871 341 
128 7210 7549 7888 8227 8565 8903 9241 9579 9916 #0253 338 


129 |11 0590 0926 1263 1599 1934 2270 2605 2940 3275 3609 385 


130 3943 4277 4611 4944 5278 5611 5943 6276 6608 6940 333 


131 7271 7603 7934 8265 8595 8926 9256 9586 9915 +0245 330 
132 | 12 0574 0903 1231 1560 1888 2216 2544 2871 3198 3525 328 
133 3852 4178 4504 4830 5156 5481 5806 6131 6456 6781 325 
134 7105 7429 7753 8076 8399 8722 9045 9368 9690 “0012 323 


135 | 13 0334 0655 0977 1298 1619 1939 2260 2580 2900 3219 320 


136 3539 3858 4177 4496 4814 5133 5451 5769 6086 6403 318 
137 6721 7037 7354 7671 7987 8303 8618 8934 9249 9564 316 
138 9879 «0194 0508 0822 1136 1450 1763 2076 2389 2702 314 
139 | 14 3015 3327 3639 3951 4263 4514 4885 5196 5507 5818 311 
140 6128 6438 6748 7058 7367 7676 7985 8294 8603 8911 309 
141 9219 9527 9835 «0142 0449 0756 1063 1370 1676 1982 307 
142 | 15 2288 2594 2900 3205 3510 3815 4120 4424 4728 5082 305 
143 5836 5640 5943 6246 6549 6852 7154 7457 7759 8061 303 
144 8362 8664 8965 9266 9567 9868 +0168 0469 0769 1068 301 
145 | 16 136 1667 1967 2266 2564 2863 3161 3460 3758 4055 298 
146 4353 4650 4947 5244 5541 5838 6134 6430 6726 7022 296 
147 7317 7613 7908 8203 8497 8792 9086 9380 9674 9968 294 
148 |17 0262 0555 0848 1141 1434 1726 2019 2311 2603 2895 292 
149 3186 3478 3769 4060 4351 4641 4932 5222 5512 5802 290 


жАп asterisk and а bold figure indicate that a change has occured in the first two figures of the man- 
tissa, shown separately in the first column immediately following the number. Thus log 1414 = 3.150449. 


To obtain natural logarithm (to base e) multiply by 2.3025851. 


176 FORMULAE AND TABLES FOR STATISTICAL WORK 

TABLE 17.9. (continued. COMMON LOGARITHMS 

(six-figure) 

num- 
ber 0 1 2 3 4 5 6 7 8 9 
150 | 176091 6381 6070 6959 7248 7536 7825 8118 8401 8689 
151 8977 9264 9550 9839 +0126 0413 0699 0986 1272 1558 
152 | 18 1844 29129 2415 2700 2985 3270 3555 3839 4123 4407 
158 4691 4975 5259 5542 5825 6108 6391 6674 6956 7239 
154 7521 7808 8084 8366 8647 8928 9200 9490 09771  *0051 
155 | 19 0332 0612 0892 1171 1451 1730 2010 2289 2567 2846 
156 3195 3403 3681 3959 4237 4514 4792 5060 5346 5623 
157 5900 6176 6453 6729 7005 7281 7556 7832 8107 8382 
158 8657 8932 9206 9481 9755 0029 0303 0577 0850 1124 
159 | 20 1397 1670 193 2216 2488 2761 3033 3305 3577 3848 
160 4120 4301 4663 4934 5204 5475 5746 6016 6286 6556 
161 6826 7096 7365 7634 7904 8173 841 8710 8979 9947 
162 9515 9783 +005 0319 0586 0853 1121 1388 1654 1921 
163 | 21 2188 2454 2720 2986 3252 3518 3783 4049 4314 4579 
164 4844 5109 5373 5638 5902 6166 6430 6694 6957 (7221 
165 7484 7741 8010 8273 8526 8798 9060 9323 9585 9846 
166 |22 0108 0370 0631 0892 1153 1414 1675 1936 2196 2456 
167 2716 2976 3236 3496 3755 4015 4274 4533 4792 5051 
168 5309 5568 5826 6084 6349 6600 6858 7115 73729 7630 
169 7887 8144 8400 8657 8913 9170 9426 9682 9938 90193 
170 | 28 0449 0704 0960 1215 1470 1724 1979 2234 2488 2742 
171 2996 3250 3504 3757 4011 4264 4517 4770. 5023 5276 
172 5528 5781 6053 6285 6537 6789 7041 7202 7544 1795 
173 8046 8297 8548 8799 9049 9299 9550 9800 40050 0300 
174 | 24 0549 0799 1048 1297 1546 1795 2044 2293 2541 2790 
175 3038. 3286 3534 5782 4030 4977 4525 4772 5019 5266 
176 5513 5759 6006 6252 6499 6745 6991 7937 7482 7728 
177 7973 8210 8464 8709 8954 9198 9443 9687 9932 +0176 
178 | 25 0420 0664 0908 1151 1395 1638 1881 2125 2368 2610 
179 2858 3096 3338 3580 3822 4064 4306 4548 4790 5031 
180 5273 5514 5755 5096 6237 6477 6718 6958 7198 7439 
181 7670 7918 8158 8398 8637 8877 9116 9355 9594 9833 
182 | 26 0011 0310 0548 0787 1025 1263 1501 1739 1976 2214 
183 2451 2688 2925 2162 3399 3636 3873 4100 4346 4582 
184 4818 5054 5290 5525 5761 5996 6232 6467 6702 86937 
185 7172 7406 7641 7875 810 8344 8578 88129 9046 9279 
186 9513 9746 9980 +0213 0446 0679 0912 1144 1377 1609 
187 | 27 1842 2074 2306 2538 2770 3001 3233 3464 3696 3927 
188 4158 4389 4620 4850 5081 5311 5542 5772 (6002 6932 
189 6462 6692 6921 7151. 7380 7609 7838 8067 8296 8595 
190 8754 8982 9211 9439 9667 9895 +0123 0351 0578 0806 
191 | 28 1033 1261 1488 1715 1942 2169 2396 2622 2849 3075 
192 3301 3527 3753 3979 4205 4431 4656 4882 5107 5332 
193 5557 5782 6007 6239 6456 6681 6905 7130 7354 17578 
194 1802 8026 8249 8473 8696 8920 9143 9366 9589 9812 
195 | 29 0035 0257 0480 0702 0925 1147 1369 1591 1813 2034 
196 2256 2478 2699 2990 3141 3363 3584 3804 4025 4946 
197 4466 4687 4907 5197 5347 5567 5787 6007 6226 6446 
198 6665 6884 7104 7323 7542 7761 7979 8198 8416 8635 
199 8853 9071 9289 9507 9725 9943 «0161 0378 0595 0813 


*See footnote on page 175 
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TABLE 17.9. (continued. COMMON LOGARITHMS 


(six-figure) 
num- 5 
differ- 

ber 0 1 2 3 4 5 6 7 8 9 ence 
200 | 30 1030 1247 1464 1681 1898 2114 2331 2547 2764 2980 217 
201 3196 3412 3628 3844 4059 4275 4491 4706 4921 5136 216 
202 5351 5566 5781 5996 6211 6425 6639 6854 7068. 7282 214 
203 7496 7710 7924 8137 8351 8564 8778 8991 9204 9417 213 
204 9630 9843 0056 0268 0481 0693 0906 1118 1330 1542 212 


205 |31 1754 1966 2177 2389 2600 2812 3023 3234 3445 3656 211 


206 8867 4078 4289 4499 4710 4920 5130 5340 5551 5760 210 
207 5970 6180 6390 6599 6809 7018 7227 7436 7646 7854 209 
208 8063 8272 8481 8689 8898 9106 9314 9522 9730 9938 208 


209 | 32 0146 0354 0562 0769 0977 1184 1391 1598 1805 2012 207 


210 2219 2426 2633 2839 2046 3252 3458 3665 3871 4077 | 206 
21 4282 4488 4694 4899 5105 5310 5516 5721 5926 6131 | 205 
212 6336 6541 6745 6950 7155 1359 756% 7767 7979 8176 | 204 
213 8380 8583 8787 8991 9194 9398 9601 9805 «0008 0911 | 203 
214 | 33 0414 0617 0819 1022 1925 1427 1630 1882 2034 2236 | 202 
. 
815 8488 2640 2842 3044 3246 3447 3649 3850 4051 4253 | 202 
216 4454 4655 4856 5057 5257 5458 5658 5859 6050 6200 | 201 
217 6460 _ 6660 6860 7060 7260 7459 7659 7858 8058 8957 | 200 
218 8456 8656 8855 9054 9253 9451 9650 9849 0047 0246 | 199 
219 | 34 0444 0642 0841 1039 1237 1435 1632 1830 2028 2225 | 198 
280 2493 2620 2817 3014 3212 3409 3606 3802 3999 4196 | 197 
221 4309 4589 4785 4981 5178 5374 5670 5766 5962 6157 | 196 
223 6353 6549 6744 6939 7135 7830 7525 7720 7915 8110 | 195 
223 8305 8500 8604 8889 9083 9278 9472 9666 9860  *0054 | 194 
294 |25 0248 0442 0636 0829 1023 1216 1410 1603 1796 1989 | 193 
225 2183 2375 2568 2761 2954 3147 3339 3532 3724 3916 | 192 
286 4108 4301 4493 4685 4876 5068 5260 5452 5643 5834 | 192 
227 6086 6217 6408 6590 6790 6981 7172 7363 7554 7744 | 191 
228 7935 8125 8316 8506 8696 8886 9076 9266 9456 9646 | 190 
229 9835 +0025 0215 0404 0593 0783 0972 1161 1350 1539 | 189 
230 | 36 1728 1917 2105 2294 2482 2671 2859 3048 3236 2424 | 188 
231 3612 3800 3988 4176 4363 4551 4739 4926 5113 5301 | 188 
232 5488 5675 5862 6049 6236 6423 6610 6796 6983 7169 | 187 
233 7356 7548 7729 7915 8101 8887 8472 8659 8845 0080 | 186 
234 0216 9401 9587 9772 9958  *0143 0328 0513 0698 0883 | 185 
235 | зт 1068 1253 1437 1622 1806 1991 2175 2360 2544 2728 | 184 
236 2912 3096 3280 9464 3647 3831 4015 4198 4282 4565 | 184 
237 4748 4932 515 5298 5481 5664 5846 6029 6212 0394 | 183 
238 6577 6759 6942 7124 7200 7488 760 7852 8034 8216 | 182 
239 8398 8580 8761 8943 9124 9306 9487 9668 9840 +0030 | 181 
240 | зв 0211 0392 0573 0754 0934 1115 1206 1476 1050 1837 | 181 
241 8017 9197 2377 2657 2737 2917 2097 3277 3456 3636 | 180 
242 3815 3995 4174 4353 4533 4712 4801 5070 5249 1428 | 179 
243 5606 5780 5064 6142 6321 0499 6077 6856 7034 7212 | 178 
244 7390 7568 7746 7923 8101 8279 8456 8634 8811 8089 | 178 
245 9166 9343 9520 9608 9875 %0051 0228 0405 0582 0759 | 177 
246 | зә 0935 1112 1288 144 1641 1817 199: 2169 2345 2521 | 176 
247 2697 2873 3048 3224 3400 3675 3751 3926 4101 4277 | 176 
248 1458 1627 4800 4977 5152 5326 5501 5676 5850 6025 | 175 
249 6199 6374 6548 6722 6896 7011 7945 7410 7592 7766 | 174 
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178 FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 17.9. (continued) COMMON LOGARITHMS 
(six-figure) 
num- 2 differ- 
ber 0 1 2 3 4 5 6 7 8 9 ence 
250 | 39 7940 8114 8987 8461 8634 8808 8981 9154 9328 9501 173 
251 9674 9847  *0020 0192 0365 0538 0711 0883 1056 1228 173 
252 | 40 1401 1573 1745 1917 2089 2261 2433 2605 2777 2949 172 
253 3121 2292 3404 3635 3807 3978 4140 4320 4492 4663 171 
254 4834 5005 5176 5346 5511 5688 5858 6029 6199 6370 171 
255 6540 6710 6881 7051 791 7391 7561 7791 7901 8070 170 
956 8240 8410 8579 8749 8918 9087 9257 9426 9505 9764 169 
957 9933 «0102 0271 0440 0609 077 0946 114 1983 1451 169 
258 41 1620 1788 1956 2124 2293 2461 2699 2796 2964 3139 168 
259 3300 3467 3035 3803 3970 4137 4305 4472 4639 4806 107 
200 4973 5140 5307 5474 5641 5808 5974 6141 6308 6474 167 
261 6641 6807 6973 7189 7306 7472 7638 7804 7970 8185 166 
262 8301 8467 8633 8798 8964 09129 9295 9460 9625 9701 166 
268 | 9956 50121 0986 0451 0616 0781 0945 1110 1275 1439 165 
264 | 42 1604 1768 1933 2097 2261 2420 2590 2754 23918 2089 164 
| 3 
265 | 3246 3410 3574 3737 3901 4065 4228 4392 4555 4718 164 
266 | 4882 5045 5208 5371 5534 5697 5860 ` 6023 6186 6349 163 
267 6511 6674 6896 6999 7161 7324 7486 7648 7811 7973 162 
208 | 8135 8207 8459 8621 8783 8944 9106 9268 9429 9501 162 
269 9752 9914 0075 0236 0398 0559 0720 0881 1042 1203 161 
270 431364 1595 1685 1846 2007 2107 2328 2488 9640 9809 160 
271 | 29609 2120 3200 3450 3610 3770 3930 4090 4249 4400 160 
272 4569 4720 4888 5048 5907 5967 5526 5685 5844 6004 159 
273 6163 6322 6481 6640 6799 6957 7116 7975 7433 7599 159 
274 7751 7909 8067 8226 8384 8549 8701 8859 9017 9175 158 
| 

275 9333 9401 9648 9806 9964 +0122 0970 0437 0594 0759 158 
276 |44 0909 1066 194 1381 1588 1695 1852 2009 2166 9293 157 
277 2480 2637 2793 2950 3106 3263 3419 3576 3732 2880 156 
278 4045 4201 4357 4513 4669 4825 4981 5137 5293 5449 156 
279 5604 5760 5915 6071 6226 6382 6537 6692 6848 7003 155 
280 7158 7313 7468 7623 7778 7933 8088 8242 8397 8552 155 
281 8706 8861 9015 9170 9324 9478 9633 9787 9941 «0095 154 
282 | 45 0249 0403 0557 0711 0865 1018 1179 1326 1479 1633 154 
283 1786 1940 2093 2247 2400 2553 2706 2850 3012 3165 153 
284 3318 3471 3624 3777 3930 4082 4235 4387 4540 4699 153 
285 4845 4907 5150 5302 5454 5606 5758 5910 6062 6914 152 
286 6366 6518 6670 6821 6973 7125 7976 7498 7570 7731 152 
287 7882 8033 8184 8336 8487 8638 8780 8940 9091 9249 151 
288 9392 9543 9694 9845 9005  *0146 0296 0447 0597 0748 151 
289 | 46 0898 1048 1198 1348 1499 1649 1799 1948 2098 9948 150 
290 2398 2548 2697 2847 2997 3146 3296 3445 3594 3744 150 
291 3803 4042 4191 4340 4490 4039 4788 4936 5085 5234 149 
292 5383 5592 5680 5829 5077 6126 6274 6493 6571 6719 148 
293 6868 7016 7164 7319 7460 7608 7756 7904 8059 8900 148 
294 8347 8495 8643 8790 8988 9085 9933 9380 9527 9675 148 
295 9822 9969 50116 0263 0410 0557 0704 0851 0998 1 147 
296 |47 1292 1488 1585 1732 1878 2025 2171 2318 9464 8010 146 
297 2756 2903 3049 3195 3341 23487 3633 2779 2995 4071 146 
298 4216 4362 4508 4653 4799 4944 5090 5925 5381 5596 146 
За 5671 5816 5962 6107 6252 6397 6549 6687 6832 6076 145 
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MISCELLANEOUS MATHEMATICAL FUNCTIONS 179 
TABLE 17.9. (continued. COMMON LOGARITHMS 
(six-figure) 

Dum differ- 
ber 0 1 2 3 4 5 6 7 8 9 ence 
300 47 7121 7266 7411 7555 7700 7844. 7989 8138 8278 8422 144 
301 8566 8711 8855 8999 9143 9287 9431 9575 9719 9863 144 
302 48 0007 0151 0294 0438 0582 0725 0869 1012 1156 1299 144 
303 1443 1586 1729 1872 2016 2159 2302 2445 2588 2731 143 
304 2874 3016 3159 3302 3445 3587 3730 3872 4015 4157 143 
805 4300 4442 4585 4797 4869 5011 5153 5295 5437 5579 142 
306 5721 5863 6005 6147 6289 6430 6572 6714 6855 6997 142 
807 7138 7280 7421 7563 7704 7845 7986 8127 8269 8410 141 
308 8551 8692 8833 8974 9114 9255 9396 9537 9677 9818 141 
309 9958 «0099 0239 0380 0520 0661 0801 0941 1081 1222 140 
310 |49 1362 1502 1642 1782 1922 2062 2201 2341 2481 2621 140 
311 2760 2900 3040 3179 3319 3458 3597 9737 3876 4015 140 
312 4155 4294 4433 4572 4711 4850 4989 5128 5267 5406 139 
313 5544 5683 5822 5960 6099 6238 6376 6515 6653 6791 139 
314 6930 7068 7206 7344 7483 7621 7759 7897 8035 8173 138 
315 8311 8448 8586 8724 8862 8999 9137 9275 9412 9550 138 
316 9687 9824 9962 «0099 0236 0374 0511 0648 0785 0922 137 
317 | 50 1059 1196 1333 1470 1607 1744 1880 2017 2154 2291 137 
318 2427 2564 2700 2837 2973 3109 3246 3382 3518 3655 136 
319 3791 3927 4063 4199 4335 4471 4607 4743 4878 5014 | 136 
320 5150 5286 5421 5557 5693 5828 5964 6099 6234 6370 136 
321 6505 6640 6776 6911 7046 7181 7316 7451 7586 7721 135 
322 7856 7991 8126 8260 8395 8530 8664 8799 8934 9068 135 
323 9208 9337 9471 9606 9740 9874 «0009 0143 0277 0411 134. 
324 51 0545 0679 0813 0947 1081 1215 1349 1482 1616 1750 134 
325 1883 2017 2151 2284 2418 2551 2684 2818 2951 3084 134 
326 3218 8351 8484 3617 3750 3883 4016 4149 4282 4415 133 
827 4548 4681 4813 4946 5079 5211 5844 5476 5609 5741 133 
328 5874 6006 6139 6271 6403 6535 6668 6800 6932 7064. 182 
329 7196 7328 7460 7592 7724 7855 7987 8119 8251 8382 132 
330 8514 8646 8777 8909 9040 9171 9303 9434 9566 9697 131 
331 9828 9959 «0090 0221 0353 0484 0615 0745 0876 1007 131 
332 52 1138 1269 1400 1530 1661 1792 1922 2058 2183 2314 181 
333 2444 2575 2705 2885 2966 3096 3226 3356 3486 3616 130 
334 3746 3876 4006 4136 4266 4396 4526 4656 4785 4915 130 
335 5045 5174. 5804 5434 5563 5693 5822 5951 6081 6210 129 
336 6339 6469 6598 6727 6856 6985 7114 7243 7312 7501 129 
337 7630 7759 7888 8016 8145 8274 8402 8531 8660 8788 129 
338 8917 9045 9174 9302 9430 9559 9687 9815 9943 «0072 128 
339 58 0200 0828 0456 0584 0712 0840 0968 1096 1223 1351 128 
340 1479 1607 1734 1862 1990 2117 2245 2372 2500 2627 128 
341 2754 2882 3009 3136 3264 3391 3518 3645 3772 3899 127 
342 4026 4153 4280 4407 4534 4661 4187 4914 5041 5167 127 
343 5294 5421 5547 4674 5800 5927 6058 6180 6306 6432 126 
344 6558 6685 6811 6937 7063 7189 7315 7441 7567 7693 126 
345 7819 7945 8071 8197 8322 8448 8574 8699 8825 
346 9076 9202 9827 9452 9578 9708 9829 9954 «0079 
347 54 0829 0455 0580 0705 0830 0955 1080 1205 1330 
348 71579 1704 1829 1953 2078 2203 2327 2452 2576 
349 2825 2950 3074 3199 8323 3447 3571 3696 3820 


180 FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 17.9. (continued. COMMON LOGARITHMS 
(six-figure) 

num- differ- 
ber 0 1 2 3 4 5 6 7 8 9 епсе 
350 | 54 4068 4192 4316 4440 4564 4688 4812 4936 5060 5183 124. 
351 5307 5431 5555. 5678 5802 5925 6049 6172 6296 6419 124 
352 6543 6666 6789 6913 7036 7159 7282 7405 7529 7652 123 
853 7715 7898 8021 8144 8267 8389 8512 8635 8758 8881 123 
354 9003 9126 9249 9371 9494 9616 9739 9861 9984 0106 122 
355 | 55 0228 0851 0473 0595 0717 0840 0962 1084 1206 1328 122 
356 1450 1572 1694 1816 1938 2060 2181 2303 2425 2547 122 
357 2668 2790 2911 3033 3155 3276 3398 3519 3640 3762 122 
358 3883 4004. 4126 4247 4368 4489 4610 4731 4852 4973 121 
369 5094 5215 5336 5457 5578 5699 5820 5940 6061 6182 121 
360 6303 6423 6544 6664 6785 6905 17026 7146 7267 7387 120 
361 7507 7627 7748 1868 7988 8108 8228 8349 8469 8589 120 
362 8709 8829 8948 9068 9188 9308 9428 9548 9667 9787 120 
368 9907 0026 0146 0265 0385 0504 0624 0743 0863 0982 119 
364 |56 1101 1221 1340 1459 1578 1698 1817 1936 2055 2174 119 
365 2293 2412 2531 2650 2769 2887 3006 3125 3244 8362 119 
366 3481 3600 3718 3837 3955 4074 4192 4311 4429 4548 118 
367 4666 4784 4903 5021 5139 5257 5376 5494 5612 5730 118 
368 5848 5966 6084 6202 6320 6437 6555 6673 6791 6909 118 
369 7026 7144 7262 7379 7497 7614 7732 7849 7967 8084 118 
370 8202 8319 8436 8554 8671 8788 8905 9023 9140 9257 17 
371 9374. 9491 9608 9725 9842 9959 «0076 0193 0309 0426 117 
872 |57 0543 0660 0776 0893 1010 1126 1243 1359 1476 1592 117 
378 1709 1825 1942 2058 2174 2291 2407 2523 2639 2755 116 
374 2872 2988 3104 3220 3336 3452 3568 3684 3800 3915 116 
375 4031 4147 4203 4379 4494 4610 4726 4841 4957 5072 116 
376 5188 5303 5419 5534 5650 5765 5880 5996 611 6226 115 
377 6341 6457 6572 6687 6802 6917 7032 7147 7262 7377 115 
378 7492 7607 7722 78296 7951 8066 8181 8295 8410 8525 | 115 
379 8639 8754. 8868 8983 9097 9212 9326 9441 9555 9669 114 
880 9784. 9898 «0012 0126 0241 0355 0469 0583 0697 0811 114 
381 | 58 0925 1039 1153 1267 1381 1495 1608 1722 1836 1950 114 
382 2063 2177 2291 2404. 2518 2631 2745 2858 2972 3085 114 
383 3199 3312 3426 3539 3652 3765 3879 3992 4105 4218 113 
384 4331 4444 4557 4670 4783 4896 5009 5122 5235 5348 113 
385 5461 5574 5686 5799 5012 6024 6137 6250 6362 6475 | 113 
386 6587 6700 6812 6925 7037 7149 7262 7374 "1486 7599 | 112 
387 1711 7823 7995 8047 8160 8272 8984 8406 8608 8790 | 112 
388 8832 8944. 9056 9167 9279 9391 9503 9615 9726 9838 112 
389 9950 +0061 0173 0284 0896 0507 0619 0730 0842 0953 112 
890 | 59 1065 1176 1287 1399 1510 1621 1732 1843 1955 2066 111 
391 2177 (2288 2399 2510 2621 2732 9843 2954 3064 3175 | 111 
392 3286 3397 3508 3618 3729 3840 3950 4061 4171 4282 | 111 
393 4393 4503 4614 4724 4834 4945 5055 5165 5976 5886 | 110 
394 5496 5606 5717 5827 5937 6047 6157 6267 6377 6487 110 
395 6597 6707 6817 6927 7037 7146 17256 7366 7476 86 110 
396 7695 7805 7914 8024 8134 8243 8353 8469 | 8572 8681 110 
397 8791 8900 9009 9119 9228 9337 9446 9556 9665 9774 | 109 
398 9883 9992 «0101 0210 0319 0428 0537 0646 0755 0864 | 109 
399 | 60 0973 1082 1191 1299 1408 1517 1625 1734. 1843 1951 109 
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TABLE 17.9. (continued). COMMON LOGARITHMS 


(six-figure) 
\ 
рш" differ- 
ber 0 1 2 3 4 5 6 7 8 9 ence 
400 | 60 2060 2169 2277 2386 2494 2603 2711 2819 2928 3036 108 
401 3144 3253 3361 3469 3577 3686 3794 3902 4010 4118 108 
402 4226 4334 4442 4550 4658 4766 4874 4982 5089 5197 108 
403 5305 5413 5521 5628 5736 5844 5951 6059 6166 6274 108 
404 6381 6489 6596 6704 6811 6919 7026 7138 7241 7348 107 
405 7455 7562 7669 7777 7884 7991 8098 8205 8312 8419 107 
406 8526 8633 8740 8847 8954 9061 9167 9274 9381 9488 107 
407 9594 9701 9808 9914 +0021 0128 0234. 0341 0447 0554. 107 
408 | 61 0660 0767 0873 0979 1086 1192 1298 1405 151 1617 106 
409 1723 1829 1936 2042 2148 2254 2360 2466 2572 2678 106 
410 2784 2890 2996 3102 3207 3313 3419 3525 3630 3736 106 
411 3842 3947 4053 4159 4264 4370 4475 4581 4686 4792 106 
412 4897 5003 5108 5213 5319 5424 5529 5634 5740 5845 105 
413 5950 6055 6160 6265 6370 6476 6581 6686 6790 6895 105 
414 7000 7105 7210 7315 7420 7525 7629 7734 7839 7943 105 
415 8048 8153 8257 8362 8466 8571 8676 8780 88849 8989 104 
416 9093 9198 9302 9406 9511 9615 9719 9824 9928 0032 104 
ы 417 | 62 0136 0240 0344 0448 0552 0656 0760 0864. 0968 1072 104 
418 1176 1280 1384 1488 1592 1695 1799 1903 2007 2110 104 
419 2214 2318 2421 2525 2628 2732 2835 2939 3042 3146 104 
420 3249 3353 3456 3559 3663 3766 3869 3973 4076 4179 103 
421 4282 4385 4488 4591 4695 4798 4901 5004 5107 5210 103 
422 5312 5415 5518 5621 5724 5827 5929 6032 6135 6238 103 
423 6340 6443 6546 6648 6751 6853 6956 7058 7161 7263 103 
424 7366 7468 7571 7673 7775 7878 7980 8082 8185 8287 102 
425 8389 8491 8593 8695 8797 8900 9002 9104 9206 9308 102 
426 9410 9512 9613 9715 9817 9919 #0021 0123 0224 0326 102 
427 | 63 0428 0530 0631 0733 0835 0936 1038 1139 1241 1342 n 
428 1444 1545 1647 1748 1849 1951 2052 2158 2255 2356 10 
429 2457 2559 2660 2761 2862 2963 3064. 3165 3266 3367 101 
3468 3569 3670 8771 3872 3973 4074 4175 4276 4376 101 
e 4477 4578 4679 4779 4880 4981 5081 5182 5283 5388 101 
432 5484 5584 5685 5785 5886 5986 6087 6187 6287 6388. 100 
433 6488 6588 6688 6789 6889 6989 7089 7189 7290 7890 ЫН 
434 7490 7590 7690 7790 7890 7990 8090 8190 8290 8389 10 
100 
8489 8589 8689 8789 8888 8988 9088 9188 9287 9387 
400 9486 9586 9686 9785 9885 9984 0084 0183 0283 0382 100 
487 | 64 0481 0581 0680 0779 0879 0978 1077 1177 1276 1375 + 
438 1474 1573 1672 1771 1871 1970 2069 2168 2267 2366 г 
439 2465 2563 2662 2761 2860 2959 3058 3156 3255 3354 
4340 99 
3453 3551 3650 3749 3847 3946 4044 4143 4242 
ти 4439 4537 4636 4734 4832 ОНД ЖО үр re Pr på 
5422 5521 5619 5717 5815 
44 6404 6502 6600 6698 6796 6894 6992 7089 7187 [Fd Ч 
444 7383 7481 7579 7676 7774 7872 7969 8067 8165 
9043 9140 9237 98 
«| og ou x ns mm in n5 dd us | p 
0987 1084 
447 65 0308 0405 0502 0599 0696 0793 0890 SHES 2150 97 
127: 1375 1472 1569 1666 1762 1859 1956 
440 2246 2343 2440 2536 2633 2730 2826 2923 3019 316 97 
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TABLE 17.9. (continued). COMMON LOGARITHMS 
(six-figure) 
ber 0 1 2 3 4 5 6 7 8 9 ence 
450 65 3213 3309 3405 3502 3598 3695 3791 3888 3984 4080 / 
451 4177 4273 4369 4465 4562 4658 4754 4850 4946 5042 96 
452 5138 5235 5331 5427 5523 5619 5715 5810 5906 6002 96 
453 6098 6194 6290 6386 6482 6571 6673 6769 6864. 6960 96 
454 7056 7152 7247 7343 7438 7534 7629 7725 7820 7916 96 
455 8011 8107 8202 8298 8393 8488 8584 8679 8774 8870 95 
456 8965 9060 9155 9250 9346 9441 9536 9631 9726 9821 95 
457 |: 9916  *0011 0106 0201 0296 0391 0486 0581 0676 0771 95 
458 | 66 0865 0960 1055 1150 1245 1339 1484 1529 1623 1718 95 
459 1813 1907 2002 2096 2191 2286 2380 2475 2569 2663 94 
460 2758 2852 2947 3041 3135 3230 3324 3418 3512 3607 94 
461 3701 3795 3889 3983 4078 4172 4266 4360 4454 4548 94 
462 4642 4736 4830 4924 5018 512 5206 5299 5393 5487 94 
463 5581 5675 5769 5862 5956 6050 6143 6237 6381 6424 94 
464 6518 6612 6705 6799 6892 6986 7079 7173 7266 7360 94 
465 7453  * 7546 7640 7733 7826 7920 8013 8106 8199 8293 93 
466 8386 8479 8572 8665 8759 8852 8945 9038 9131 9224 93 
467 9317 9410 9503 9596 9689 9782 9875 9967 «0060 0153 93 
468 | 67 0246 0339 0431 0524 0617 0710 0802 0895 0988 1080 93 
469 1173 1265 1358 1451 1543 1636 1728 1821 1913 2005 92 
410 2098 2190 2283 2375 2467 2560 2652 2744 2836 2929 92 
471 3021 3113 3205 3297 3390 3482 3574 3666 3758 3850 92 
472 3942 4034 4126 4218 4310 4402 4494 4586 4677 4769 92 
473 4861 4953 5045 5137 5228 5320 5412 5503 5595 5687 92 
474 5778 5870 5962 6053 6145 6236 6328 6419 6511 6602 92 
475 6694 6785 6876 6968 7059 7151 7242 7333 7424 7516 91 
476 7607 7698 7789 7881 7972 8063 8154 8245 8336 8497 91 
477 8518 8609 8700 8791 8882 8973 9064 9155 9245 9337 91 
478 9428 9519 9610 9700 9791 9882 9973 +0063 0154 0245 91 
479 | gg 0336 0426 0517 0607 0698 0789 0879 0970 1060 1181 90 
480 1241 1332 1422 1513 1603 1693 1784 1874 1964 2055 90 
481 2145 2235 2326 2416 2506 2596 2686 2777 2867 2957 90 
482 3047 3137 3227 3317 3407 3497 3587 3677 3767 3857 90 
483 3947 4037 4127 4217 4307 4396 4486 4576 4666 4756 90 
484 4845 4935 5025 5114 5204 5294 5883 5473 5563 5652 90 
485 5742, 5831 5921 6010 6100 6189 6279 6368 6458 6547 89 
486 6636 6726 6815 6904. 6994 7083 7172 7261 7851 7440 89 
487 7529 7618 7707 7796 7886 7975 8064 8153 8242 8331 89 
488 8420 8509 8598 8687 8776 8865 8953 9042 9131 9220 89 
489 9309 9398 9486 9575 9664 9753 9841 9930 «0019 0107 89 
490 | во 0196 0285 0373 0462 0550 0639 0728 0816 0905 0993 88 
491 1081 1170 1258 1347 1435 1524 1612 1700 1789 1877 88 
492 1905 2053 2142 2230 2318 2406 2494 2583 2671 2759 88 
493 2847 2935 3023 3111 3199 3287 3375 3463 3551 3639 88 
494 3727 3815 3903 3991 4078 416» 4254 4342 4430 4517 88 
495 4605 4693 4781 4868 4956 5044 5131 5219 5307 5394. 88 
496 5482 5569 5657 5744 5832 5919 6007 6094 6182 6269 87 
497 6356 6444 6531 6618 6706 6793 6880 6968 7055 7142 87 
498 7229 7317 7404 7491 7578 7665 7752 7839 7926 8014 87 
499 8101 8188 8275 8362 8449 8535 8622 8709 8796 8883 87 
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TABLE 17.9. (continued). COMMON LOGARITHMS 
(six-figure) 
num- differ- 
ber 0 1 2 3 4 5 6 7 8 9 ence 
500% | 69 8970 9057 9144 9231 9317 9404 9491 9578 9664 9751 87 
501 9838 9924 «0011 0098 0184 0271 0358 0444 0531 0617 87 
502 | 70 0704 0790 0877 0963 1050 1136 1222 1309 1395 1482 86 
503 ‚ 1568 1654 1741 1827 1913 1999 2086 2172 2258 2344 86 
504 2431 2517 2603 2689 2775 2861 2947 3088 3119 3205 86 
505 3291 3377 3463 3549 3635 3721 3807 3893 3979 4065 86 
506 4151 4236 4322 4408 4494 4579 4665 4751 4897 4922 86 
507 5008 5094 5179 5265 5850 5436 5522 5607 5693 5778 86 
508 5864 5949 6035 6120 6206 6291 6376 6462 6547 6632 85 
509 6718 6803 6888 6974. 7059 7144 7229 7315 7400 7485 85 
510 7570 7655 7740 7826 7911 7996 8081 8166 8251 8336 85 
51 8421 8506 8591 8676 8761 8846 8981 9015 9100 9185 85 
512 9270 9855 9440 9524 9609 9694 9779 9863 9948 «0033 85 
513 | 71 0117 0202 0287 0371 0456 0540 0625 0710 0794 0879 85 
514 0963 ' 1048 1132 1217 1801 1885 1470 1554 1639 1723 84 
515 1807 1892 1976 2060 2144 2229 2313 2397 248 É 2506 84 
516 2650. 2734 2818 2902 2986 3070 3154 3238 3323 3407 84 
517 3491 3575 3659 3742 3826 3910 3994 4078 4162 4246 84 
518 4330 4414 4497 4581 4665 4749 4833 4916. 5000 5084 84 
519 5167 5251 5335 5418 5502 5586 5669 5753 5836 5920 84 
520 6003 6087 6170 6254 6337 6421 6504 6588 6671 6754 84 
521 6838 6921 7004 7088 7171 7254 7338 7421 7504 7587 83 
522 7671 7754 7837 7920 8003 8086 8169 8253 8336 8419 83 
523 8502 8585 8668 8751 8834 8917 9000 9083 9165 9248 83 
524 9331 9414 9497 9580 9663 9745 9828 9911 9994 %0077 83 
52. 015 0242 0325 0407 0490 0573 0655. 0788 0821 0903 83 
526 5 0986 1068 1151 1233 1816 1398 1481 1563 1646 1728 88! 

527 1811 1893 1975 2058 2140 2222 2305 2387 2469 2552 82 
528 2634 2716 2798 2881 2963 3045 3127 3209 3291 3374 82 
529 3456 3538 3620 3702 3784 3866 3948 4030 4112 4194 82 
7 4358 4440 4522 4604 4685 4767 4849 4981 5013 82 
En $005 5176 5258 5340 5422 5503 5585 5667 5748 5830 82 
532 5912 5993 6075 6156 6238 6320 6401 6483 6504 6646 82 
533 6727 6809 6890 6972 7053 7134 7216 7297 7379 7460 81 
534 7541 7623 7704 7785 7866 7948 8029 8110 8191 8273 81 
8354 8435 8516 8597 8678 8759 8841 8922 9003 9084 81 
p 9165 9246 9327 9408 9489 9570 9651 9732 9813 9893 81 
537 9974 0055 0186 0217 0298 0878 0459 0540 0621 0702 81 
538 | 73 0782 0863 0944 1024 1105 1186 1266 1347 1428 1508 81 
| 539 1589 1669 1750 1880 1911 1991 2072 2152 2233 2313 80 
80 

4 2474 2555 2635 2715 2796 2876 2956 3037 317 
ЯГ 3197 3278 3358 3438 3518 3598 3679 3759 8839 3919 D 
542 3999 4079 4160 4240 4320 4400 4480 4500 4640 4720 50 
543 4800 4880 4960 5040 5120 5200 5279 5359 5439 5519 n 

544 5599 5679 5159 5838 5918 5998 6078 6157 0237 6317 
Ї 80 

6476 6556 6635 6715 6795 6874 6954 7034 7113 
546 ane 7272 7352 7431 7511 7590 7670 7749 7829 Цэн и: 
547 7987 8067 8146 8225 8305 8384 8463 8543 8022 Ae d 
548 8781 8860 8939 9018 9097 9177 9256 9335 9414 94 | 7 

549 9572 9651 9731 9810 9889 9968 70047 0126 0205 028: 
2-1. 


184 FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 17.9. (continued). COMMON LOGARITHMS 


(six-figuro) 
— 
num- differ- 
ber о 1 2 3 4 5 6 7 8 9 ence 
550 | 74 0363 0442 0521 0600 0678 0757 0836 0915 0994 1073 Zm 
551 1152 1230 1309 1388 1467 1546 1624 1703 1782 1860 79 
552 1939 2018 2096 2175 2254 2332 2411 2489 2568 2647 79 
553 2725 2804 2882 2961 3039 3118 3196 3275 3353 3431 78 
554 3510 3588 3667 3745 3823 3902 3980 4058 4136 4215 78 
555 4293 4371 4449 4528 4606 4684 4762 4840 4919 4997 78 
556 5075 5153 5231 5309 5387 5465 5543 5621 5699 5777 78 
557 5855 5933 6011 6089 6167 6245 6323 6401 6479 6556 78 
558 6634 6712 6790 6868 6945 7023 7101 7179 7256 7334 78 
559 7412 7489 7567 7645 7722 7800 7878 7955 8033 8110 78 
560 8188 8266 8343 8421 8498 8576 8653 8731 8808 8885 78 
561 8963 9040 9118 9195 9272 9350 9427 9504 9582 9659 77 
562 9736 9814 9891 9968 0045 0123 0200 0277 0354. 0431 77 
563 | 75 0508 0586 0663 0740 0817 0894 0971 1048 1125 1202 77 
564 1279 1356 1433 1510 1587 1664 1741 1818 1895 1972 77 
565 2048 2125 2202 2279 2356 2433 2509 2586 2663 2140 77 
566 2816 2893 2970 3047 3123 3200 3277 3353 3430 3506 77 ‘ 
567 3583 3660 3736 3813 3889 3966 4042 4119 4195 4272 76 
568 4348 4425 4501 4578 4654 4730 4807 4883 4960 5036 76 
569 5112 5189 5265 5341 5417 5494 5570 5646 5722 5799 76 
570 5875 5951 6027 6103 6180 6256 6332 6408 6484 6560 76 
571 6636 6712 6788 6864 6940 7016 7092 7168 7244 7320 76 
572 7396 7472 7548 7624 7700 7775 7851 7927 8003 8079 76 
573 8155 8230 8306 8382 8458 8533 8609 8685 8761 8836 76 
574 8912 8988 9063 9139 9214 9290 9366 9441 9517 9592 76 
‚575 9668 9743 9819 9894 9970 +0045 0121 0196 0272 0347 75 
576 | 76 0422 0498 0573 0649 0724 0799 0875 0950 1085 1101 75 
577 1176 1251 1326 1402 1477 1552 1627 1702 1778 1853 75 
578 1928 2003 2078 2158 2228 2303 2378 2453 2529 2604 75 
579 2679 2754 2829 2904 2978 3053 3128 3203 3278 3353 75 
580 3428 3503 3578 3653 3727 3802 3877 3952 4027 4101 75 
581 4176 4251 4326 4400 4475 4550 4624 4699 4774 4848 75 
582 4923 4998 5072 5147 5221 5296 5370 5445 5520 5594 75 
583 5669 5743 5818 5892 5966 6041 6115 6190 6264 6338 14 
584 6413 6487 6562 6636 6710 6785 6859 6933 7007 7082 74 
585 7156 7230 7304 7379 7453 7527 7601 7675 7749 7823 74 
586 7898 7972 8046 8120 8194 8268 8342 8416 8490 8564 74 
587 8638 8712 8786 8860 8934 9008 9082 9156 9230 9303 74 
588 9377 9451 9525 9599 9673 9746 9820 9894 9968 +0042 74 
589 | 77 0115 0189 0263 0336 0410 0484 0557 0631 0705 0778 74 
590 0852 0926 0999 1073 1146 1220 1293 1367 1440 1514 74 
591 1587 1661 1734 1808 1881 1955 2028 2102 2175 2248 73 - 
592 2322 2395 2468 2542 2615 2688 2762 2835 2908 2981 73 
593 3055 9198 3201 3274 3348 3421 3494 3567 3640 3713 73 
594 3786 3860 3933 4006 4079 4152 4225 4298 4371 4444 73 
595 4517 4590 4663 4736 4809 4882 4955 5028 5100 5173 73 
596 5246 5319 5392 5465 5538 5610 5683 5756 5829 5902 73 
597 5974 6047 6120 6193 6265 6338 6411 6483 6556 6629 73 
598 6701 6774. 6846 6919 6992 7064 7187 7209 7282 7854. 73 
599 7427 7499 7572 7644 7717 7789 7862 7934 8006 8079 72 
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MISCELLANEOUS MATHEMATIOAL FUNCTIONS 185 
TABLE 17.9. (continued). COMMON LOGARITHMS 
(six-figure) 
num- Р 
«ber 0 1 2 3 4 5 6 7 8 9 ps 
600 №777 8151 8224 8296 8368 841 8513 8585 
865 

601 8874 8947 9019 9091 9163 9236 9308 0980 9452 5524 9 
602 9596 9660 9741 9813 9885 9957 +0029 0101 0174 0945 72 
n 78 0317 0389 0461 0533 0605 0677 0749 0821 0893 0965 72 
04 1037. 1109 1181 1253 1324 1396 1468 1540 1612 1684 79 
605 1755 1897 1899 1911 2042 2114 2186 225 2 

606 2473 9544 2616 2688 2759 2831 2902 2074 8046 8117 7 
607 3180 3260 3332 3403 3475 3546. 3018 3089 3701 3832 72 
608 3904 3975 4046 4118 4180 4261 4332 4403 4475 4546 71 
609 4617 4689 4760 4831 4902 4974 5045 5116 0187 5259 71 
610 5330 5401 5472 5543 5615 5686 5707 5828 5 

61 6041 6112 6183 6904 6325 6396 6467 6538 8800 0820 т 
612 6751 6822 6893 6964 7035 7106 7177 7248 7319 17990 т 
613 7460 7531 7602 7673 7744 7815 7885 7956 80297 8008 71 
614 8168 82299 8310 8381 8451 8522 8503 8663 8794 8804 71 
615 8875 8046 9016 9087 9157 9228 9200 9360 440 * 1 
616 9581 9651 9722 9792 9863 9933  *0004 0074 үн 0316 10 
617 | 79 0285 0856 0426 0496 0567 0637 0707 0778 0848 0918 70 
618 0988 1059 1129 1199 1269 1340 1410 1480 1550 1620 70 
619 1691 1761 1831 1901 1971 2041 211 2181 2252 2322 70 
620 2392 2462 2532 2002 2072 2742 2812 2882 2952 3022 70 
621 3092 3162 3231 3301 3371 3441 3511 3581 3651 3721 70 
622. 3790 3860 3930 4000 4070 4139 4209 4279 4349 4418 70 
693 4488 4558 4697 4697 4767 4836 4906 4976 5045 5115 70 
624 5185 5254 5994 5393 5468 5532 5602 5672 5741 5811 70 
625 5880 5949 6019 6088 6158 6227 6997 6366 6436 6505 69 
626 6574 6644 6718 6789 6859 6921 6090 7060 7129 7198 69 
627 7268 7337 7406 7415 7545 7614 7683 7752 7821 7800 69 
628 7960 80299 8098 8167 8236 8305 8374 8443 8513 8082 69 
629 8651 8720 8789 8858 8927 8996 9065 9194 9203 9272 69 
630 9341 9409 9478 9547 9616 9685 9754 98223 9802 9061 69 
631 | во 0029 0098 0167 0236 0305 0373 0442 0511 0580 0648 69 
632 0717 01786 0854 0923 0992 1061 1129 1198 1266 13835 69 
633 1404 1472 1541 1609 1678 1747 1815 1884 "1952 2021 68 
634 2089 9158 2226 2295 2363 2432 2500 2568 2637 2705 68. 
635 2774 2842 2910 2079 3047 3116 3184 3252 3321 3389 08 
636 3457 3525 3594 2662 2730 3798 3867 3935 4008 4071 68 
637 4139 4208 4976 4344 4412 4480 4548 4616 4685 4753 68 
638 4821 4880 4957 5025 5093 5161 5220 5297 5365 5493 68 
639 5501 5569 5637 5705 5773 5841 5908 6076 6044 6112 68 
640 6180 6248 6316 6984 6451 6519 6587 6655 6723 6790 68 
641 6858 6926 6904 7061 7129 7197 7204 7332 7400 7467 68 
742 7535 7009 7670 7738 7806 7873 7041 8008 8076 8143 68 
643 8211 8970 8346 8414 8481 8549 8616 8684 8751 8818 68 
644 8886 8058 9021 9088 9156 9223 9200 9858 9425 9492 67 
645 9560 967 9694 9702 9829 9806 9964 +0031 0008 0105 67 
646 | 81 0233 0300 0367 0434 0501 0569 0030 0703 0770 0837 67 
647 0904 091 1039 106 1173 1240 1307 1374 1441 1508 67 
648 
649 


1575 1642 1709 1776 1843 1910 1977 2044 2111 2178 67 
2245 2812 2379 2445 2512 2579 2646 2113 2780 2847 67 


` 


186 FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 17.9. (continued) COMMON LOGARITHMS 
(six-figure) 

differ- 

д^ 0 1 2 3 4 5 6 г) 8 9 епсә 
7 

650 | 812913 2980 2047 3114 3181 3247 3314 3381 3448 3514 67 
651 ` 3581 3648 3714 2781 3848 3914 3981 4048 4114 4181 10: 
652 4248 4314 4381 4447 4514 4581 4647 4714 4780 4847 66 
653 4913 4980 5046 5113 5179 5246 5812 5378 5445 5511 66 
654. 5078 5644 5711 5777 5843 5910 5976 6042 6109 6175 66 
655 6241 6308 6974 6440 6506 6578 6639 6705 6771 6858 66 
656 6904 6970 7036 7102 7169 7235 7301 7367 7433 7499 66 
657 7565 7631 7698 7764 7830 7896 7962 8098 8094 8160 66 
658 8226 8202 8358 8424 8400 8556 8692 8088 8754 8820 66 
659 8885 8951 9017 9083 9149 9215 9281 9346 9412 9478 66 
660 9544 9610 9676 9741 9807 9873 9939 «0004 0070 0136 66 
661 | 82 0201 0267 0333 0399 0464 0530 0595 061 0797 0799 66 
662 0858 0924 (0080 1055 1190 1186 1251 1317 1882 1448 66 
663 1514 1579 1645 1710 1775 1841 1906 1972 (2037 2108 65 
664 2168 2233 2290 2364 2430 2495 2560 2626 2691 2756 65 
605 2822 9887 2052 3018 3083 3148 3213 3279 3344 2400 65 
666 3474 3539 3605 2670 3785 3800 3865 3930 3996 4061 65 
667 4126 4191 4256 4321 4386 4451 . 4516 4581 4646 4711 65 
668 4776 . 4841 4906 4971 5036 5101 5166 5991 5296 5361 65 
669 5426 5491 5556 5621 5686 5751 5815 5880 5945 6010 65 
670 6075 6140 6204 6269 6334 6200 6464 6598 6592 6658 65 
671 6723 6787 6852 6917 6981 7046 711 7175 7940 7305 65 
672 7369 17434 7409 7563 168 7692 7757 7891 7886 7951 65 
673 8015 8080 8144 8209 8273 8338 8402 8467 8531 8595 64 
674. 8660 8724 8788 8853 8918 8989 9046 9111 9175 9239 64 
675 9304 9368 9432 9497 9561 9625 9690 9754 9818 0882 64 
676 9947 +0011 0075 0139 0204 0268 0332 0396 0460 0595 64 
677 | 83 0589 063 0717 0781 0845 0909 0973 1037 1102 1166 64 
078 1230 1294 1858 1422 1486 1550 1614 1678 1749 1806 64 
679 1870 1934 1998 2062 2126 2189 2253 2317 9281 2445 64 
680 2509 2578 26397 2700 2764 2828 2892 9956 3020 3088 64 
681 3147 3211 3275 3338 3402 3466 3530 3593 3657 3721 64 
682 3784 3848 3912 3975 4039 4103 4166 4920 4294 4357 64 
683 4421 4484 4548 4611 4675 4739 4802 4866 4929 4993 64 
684 5056 5120 5183 5247 5310 5373 5437 5500 5564 5697 64 
685 5691 5754 5817 5881 5044 6007 6071 6134 6197 6961 63 
686 6324 6287 6451 6514 6577 6641 6704 6767 6830 6894 63 
687 6957 7020 7088 7146 7210 7278 7336 7399 7469 7595 63 
688 7588 7652 7715 7778 7841 7904 7967 8030 8093 8156 63 
689 8219 8282 8345 8408 8471 8534 8597 8660 8792 8786 63 
690 8849 89129 8075 9038 9101 9164 9227 9980 9352 9415 63 
691 9478 9541 9604 9667 9729 9792 9855 9018 9981 40043 63 
692 |84 0106 0169 09392 0294 0857 0420 0489 0545 0608 0671 63 
693 0788 0796 0850 0921 0984 1046 1109 1172 1934 1907 63 
694 1359 1492 1485 1547 1610 1672 1785 1797 1860 1922 63 
695 1985 2047 2110 2172 2235 2297 2360 2422 29484 2547 62 
696 2609 26729 2734 9796 2850 2921 2983 2046 3108 3170 62 
697 3233 3205 3857 3420 2482 3544 3606 2660 3731 3793 62 
698 3855 3918 3980 4042 4104 4166 4920 4291 4353 4415 62 
699 4477 4539 4601 4664 4726 4788 4850 4912 4974 5036 62 


D 
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MISOELLANEOUS MATHEMATIOAL FUNCTIONS 
ТАВГ 17.9. (continued) COMMON LOGARITHMS 


187 


(six-figure) 
num- diffor- 
"her 0 1 2 3 4 5 6 7 8 9 епсе 
700 5098 5160 5222 5284. 5816 5408 5470 5532 5504 5656 62 
701 5718 5780 5842 5904 5966 6028 6090 6151 6213 6275 62 
702 6337 6399 6461 6523 6585 6046 6708 6770 6832 6894 62 
708 6955 7017 7079 7141 7202 7264 17326 7388 7449 7511 62 
704 7573 7634 7696 7758 7819 7881 7943 8004 8006 8128 62 
705 8189 8251 8312 8374 8435 8497 8559 8620 8682 8743 62 
706 8805 8866 8928 8989 9051 9112 9174 9235 9297 9358 61 
707 9419 9481 9542 9604. 9665 9726 9788 9849 9011 9972 61 
708 |85 0093 0095 0156 0217 0279 0340 0401 0462 0524 0585 61 
709 0646 0707 0769 0830 0891 0952 1014 1075 1136 197 61 
710 1258 1320 1381 1442 1503 1564. 1625 1686 1747 1809 61 
711 1870 1931 1992 2053 2114 2175 2236 2297 2358 2419 61 
712 2480 2541 2602 2668 2724. 2785 2846 2907 2968 3029 61 
713 3090 3150 3211 3272 3333 3304 3455 3516 8677 8637 61 
714 3698 3759 3820 3881 3941 4002 4063 4124 4185 4245 61 
“ 
715 4306 4367 4428 4488 4549 4610 4670 4731 4792 4852 61 
716 4913 4974. 5034 5095 5156 5216 5277 5337 5398 5459 61 
717 5519 5580 5640 5701 5761 5822 5882 5943 6003 6064. 60 
718 6124. 6185 6245 6306 6366 6427 6487 6548 6608 6668 60 
719 6729 6789 6850 6910 6970 7081 7091 7152 7212 1212 60 
720 7332 7893 7453 7513 7574. 7634 7694 7755 7815 7875 60 
721 7935 7995 8056 8116 8176 8236 8297 8357 8417 8477 60 
722 8537 8597 8657 8718 8778 8838 8898 8958 9018 9078 60 
723 9138 9198 9258 9318 9379 9439 9499 9559 9619 9679 60 
724. 9739 9799 9859 9918 9978 «0038 0098 0158 0218 0278 60 
725 | 86 0338 0398 0458 0518 0578 0637 0697 0757 0817 0877 60 
726 0937 0996 1056 1116 1176 1236 1295 1355 1415 1475 60 
727 1584 1594 1654 1714 1773 1833 1893 1952 2012 2072 60 
728 2131 2191 2251 2310 2370 2430 2489 2549 2608 2668 60 
729 2728 2787 2841 2906 2966 3025 3085 3144 3204 8263 60 
730 3323 3382 3442 3501 3561 3620 3680 3739 8799 3858 59 
731 3917 3977 4036 4096 4155 4214 4214 4333 4392 4452 59 
732 4511 4570 4630 4689 4748 4808 4867 4926 4985 5045 59 
733 5104 5163 5222 5282 5341 5400 5459 5519 5578 5637 59 
734 5696 5755 5814 5874 5933 5992 6051 6110 6169 6228 59 
735 6287 6346 6405 6465 6524 6583 6642 6701 6760 6819 59 
736 6878 6937 6996 7055 7114 7178 7232 7291 7350 7409 59 
737 7467 7526 7585 7644 7703 7762 7821 7880 7939 7998 59 
738 8056 8115 8174 8233 8292 8350 8409 8468 8527 8586 59 
739 8644 8703 8762 8821 8879 8938 8997 9056 9114 9178 59 
740 9232 9290 9849 9408 9466 9525 9584 9642 9701 9760 59 
741 9818 9877 9935 9994 «0053 0111 0170 0228 0287 0345 59 
742 | 87 0404 0462 0521 0579 0638 0696 0755 0813 0872 0930 58 
743 0989 1047 1106 1164 1228 1281 1339 1898 1456 1515 58 
744 1573 1631 1690 1748 ” 1806 1865 1923 1981 2040 2098 58 
745 2156 2215 9273 2381 2389 2448 2506 2564. 2622 2681 58 
746 2739 2797 2855 2913 2972 3030 3088 3146 3204 3262 58 
747 3321 3379 3437 3495 3553 3611 3669 3727 3785 3844 58 
748 3902 3960 4018 4076 4184 4192 4250 4308 4366 4424 58 
749 4482 4540 4598 4656 4714 4772 4830 4888 4045 5003 58 
* See footnote оп page 175 N 


188 FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 17.9. (continued). COMMON LOGARITHMS 
(six-figure) 

differ- 
um- 
ies 0 1 2 3 4 5 6 7 8 9 епев 

И? 

750 | 87 5001 5119 5177 5235 5293 5851 5400 5466 55% 5582 // 58 
751 5640 5698 5756 5813 5871 5929 5987 6045 6102 6160 58 
752 6218 6276 6333 6391 6449 6507 6564 6622 6680 6737 58 
753 6795 6853 6910 6968 7026 7083 7141 7199 7956 7914 58 
754 7371 7429 7487 7544 7602 7659 7717 7774 7882 7889 58 
755 7947 8004 8062 8118 8177 8234 8902 8349 8407 8464 58 
756 8522 8579 86397 8694 8752 8800 8866 8924 8981 9039 57 
757 9096 9153 9211 9268 9325 9383 9440 9497 9555 9612 57 
758 9609 9726 9784 9841 9808 9956 40013 0070 0197 0185 57 
759 |88 0242 0299 0356 0413 0471 0528 0585 0642 0699 0756 57 
760 0814 0871 0928 0985 1049 1099 1156 1213 (1271 1598 57 
761 1385 1442 1499 1556 1613 1670 1797 1784 1841 1898 57 
762 1955 2012 2069 2126 2183 2240 2297 2854 2411 2468 57 
763 2525 2581 2638 2695 2759 2800 9866 2923 2980 3037 57 
764 8093 3150 3207 3264 3321 3377 3434 3491 3548 3605 57 
765 3661 3718 3775 3832 2888 3945 4002 4059 4115 4172 57 
766 4229 4985 4342 4399 4455 4512 4569 4625 4682 4739 57 
767 4705 4852 4900 4965 5092 5078 5135 5192 5948 5305 57 
768 5361 5418 5474 5531 5587 5644 5700 5757 5813 5870 56 
769 5926 5983 6039 6096 6152 6209 6265 6321 6378 6434 56 
770 6491 6547 6604 6660 6716 6773 6899 6885 0942 6098 56 
771 7054 711 7167 7223 . 7280 (7836 7392 1449. 7505 7561 56 
112 1617 164 7730 7786 7842 7898 7955 801 8067 8193 56 
773 8179 8236 8202 8348 8404 8460 8516 8573 8690 8685 56 
774 8741 8797 8853 8909 8965 9021 9077 9134 9190 9946 56 
775 9302 9358 9414 9470 9526 9582 9638 9694 9750 9806 56 
776 9862 .0018 9974 +0030 0086 0М1 0197 0253 0309 0365 56 
777 | 89 0421 0477 0582 0589 0645 0700 0756 0812 0868 0994 56 
778 0980 1035 1091 147 1203 1259 1314 1370 1426 1482 56 
779 1537 1593 1649 1705 1760 1816 1879 1928 1983 2039 56 
780 2095 2150 2206 2262 2317 2373 2429 9484 9540 2595 56 
781 2651 2707 2762 2818 2873 9999 2985 3040 3096 3151 56 
782 3207 3262 3318 3373 3429 3484 3540 3595 3651 9706 56 
783 3762 3817 3878 3928 3984 4039 . 4094 4150 49205 4261 55 
784 4316 — 4371 4427 4482 4538 4593 4648 4704 4759 4814 55 
785 4870 4925 4980 5036 50061 5146 5201 5957 5312 5867 55 
786 5423 5478 5533 5588 5644 5609 5754 5809 5864 5920 55 
787 5975 6030 6085 6140 6195 6251 6306 6361 6416 6471 55 
788 0526 651 6636 6692 6747 6802 6857 6912 6967 7092 55 
789 7077 7132 7187 7242 7297 139 7407 7462 7517 1572 55 
790 7627 7682 7737 7799 7847 (7908 7957 8012 8067 8199 55 
791 8176 8231 8286 8341 8396 8451 8506 8561 8615 8670 55 
792 8725 8780 8835 8800 8044 8000 9054 9109 9161 9218 55 
793 9273 9328 9383 9437 9402 9547 9602 9056 9711 9766 55 
794 9821 9875 9930 9985 «0039 0094 0149 0208 0258 0312 55 
795 | 90 0367 0422 0476 0531 0586 0640 0695 0749 0804 0859 55 
796 0913 0968 1022 1077 1181 1186 1940 1295 1349 1404 54 
797 1458 1513 1567 1622 1676 1731 1785 1840 1894 1948 54 
798 2003 2057 212 2166 2221 9275 9399 2384 9438 2499 54 
799 2647 2601 2655 (2710 9764 2818 2873 9097 9981 3036 54. 
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MISCELLANEOUS MATHEMATICAL FUNCTIONS 


189 


TABLE 17.9. (continued) COMMON LOGARITHMS 
(six-figure) 
num- differ- 
ber 0 1 2 3 4 5 6 7 8 9 ence 
NN 
800 b 90 3090 3144 3199 3253 3307 3361 3416 3470 3524 3578 54 
801 3633 3687 3741 3795 3849 3904 3958 402 4066 4120 54 
802 4174 4999 4283 4337 4391 4445 4400 4553 4607 4661 54 
803 4716 4770 4824 4878 4932 4986 5040 5094 5148 5202 54 
804 5256 5310 5364 5418 5412 5596 5580 5634 5688 5742 54 
805 5796 5850 5904 5058 6012 6066 6119 6173 6927 6281 54 
806 6335 6389 6443 6497 6551 6604 6658 6712 6766 6820 54 
807 6874 6927 6981 7035 7089 7143 7196 (7250 7304 7358 54 
808 7411 7465 7519 7573 166 7680 7734 7787 1841 7895 54 
809 1949 8002 8056 8110 8163 8217 8270 8324 8378 8431 54 
810 8485 8509 8592 8646 8609 8753 8807 8860 8914 8967 54 
811 9021 90714 9198 9181 9235 9289 9342 9396 9449 9503 54 
812 9556 9610 9603 9716 9770 9823 9877 9930 9984 +0037 54 
813 | 91 0091 0144 0197 0251 0304 0358 0411 0464 0518 0571 53 
814 0624 0678 0741 0784 0838 0891 0944 0998 1051 1104 53 
816 1158 1211 194 1317 1371 1424 1477 1530 1584 1637 53 
816 1690 1743 1797 1850 1903 1956 2009 2063 2116 2169 53 
817 8999 9975 2328 9861 2435 2488 2541 2594 2647 2700 53 
818 2753 2806 2859 2913 2966 2019 3072 3125 3178 3231 53 
819 3284 3337 3390 3443 3490 3549 3600 3655 3708 3761 53 
820 3814 3867 3920 3973 4026 4079 4132 4184 4237 4290 53 
821 4343 4396 . 4449 45020 4555 4608 4660 4713 4766 4819 53 
822 4872 4995 4977 5030 5083 5136 5189 5241 5294 5347 53 
823 5400 5453 5505 5558 5611 5664 5716 5769 5822 5875 58 
824 5927 5980 6033 6085 6138 6191 6243 6296 6349 6401 53 
825 6454 6507 6559 6612 6664 6717 6770 6822 6875 6927 53 
826 6980 7083 7085 7138 7190 7948 7295 7348 7400 17453 58 
827 7506 7558 7611 7663 7716 7768 7820 7873 7925 7978 52 
828 8080 8082 8135 8188 8240 8293 8345 8397 8450 8502 52 
829 8555 8607 8659 8712 8764 8816 8869 8921 8973 9026 52 
830 9078 9130 9183 9235 9987 9340 9392 9444 9406 9549 52 
831 9601 9653 9706 9758 9810 9869 9914 9967 +0019 0071 52 
832 |92 0123 0176 0228 0980 0332 0984 0426 0489 0541 0593 52 
833 0645 0697 0749 0801 0853 0906 0958 1010 1062 114 52 
834 1166 1218 1970 1322 1374 1426 1478 1530 1582 1634 52 
835 1686 1738 1790 1842 1894 1946 1998 2050 2102 2154 52 
836 2906 2258 2310 2362 2414 2466 2518 2570 2622 2674 52 
837 2725 97177 9899 2881 2933 2985 3037 3089 3140 3192 52 
838 3244 3296 3348 3399 3451 3503 3555 3607 3658 3710 52 
839 3762 3814 3865 3917 3909 4021 4072 4124 4176 4228 52 
840 4279 4991 4383 4434 4486 4538 4580 4641 4693 474 52 
841 4796 4848 4809 4951 5008 5054 5106 5157 5209 5261 52 
842 5319 5364 5416 5467 5518 5570 5621 5673 5725 5776 52 
843 5828 5870 6931 6982 6034 6085 6137 6188 6240 6201 51 
844 6342 6394 6445 6497 6548 6600 661 6702 6754 6805 51 
845 6857 6908 6959 7011 7062 7114 7165 7210 7208 7319 51 
846 7870 7492 (7473 7594 7576 7697 7678 7730 7781 7832 51 
847 7883 7935 7986 8037 8088 8140 8101 8242 8203 8345 51 
848 8396 8447 8498 8540 8601 8652 8708 8764 8805 8857 51 
849 8908 8050 9010 9061 9112 9103 9215 9266 9317 9968 51 
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TABLE 17.9. (continued). COMMON LOGARITHMS 


(six-figure) 

differ- 
num- 
ber 0 1 2 3 4 5 6 7 8 9 өргө 4 
850 | 92 9419 9470 9521 9572 9623 9674 9725 9776 9827 9879 ff 51 
851 9930 9981 «0032 0083 0134 0185 0236 0287 0338 0389 51 
852 | 93 0440 0491 0542 0592 0643 0694 0745 0796 0847 0898 51 
853 0949 1000 1051 1102 1153 1204 1254 -1305 1356 1407 51 
854. 1458 1509 1560 1610 1661 1712 1763 1814 1865 1915 51 
855 1966 2017 2068 2118 2169 2220 2271 2322 2372 2423 51 
856 2414 2524 2575 2626 2677 2727 2778 2829 2879 2930 51 
857 2981 3031 3082 3133 3183 3234 3285 3335 3386 3437 51 
858 3487 3538 3589 3639 3690 3740 3791 3841 3892 3943 51 
859 3993 4044 4094 4145 4195 4246 4296 4347 4397 4448 50 
860 4498 4549 4509 4650 4700 4751 4801 4852 4900 4953 50 
861 5003 5054 5104 5154 5205 5255 5306 5356 5406 5457 50 
862 5507 5558 5608 5658 5709 5759 5809 5860 5910 5960 50 
863 6011 6061 6111 6162 6212 6262 6313 6363 6413 6463 50 
864 6514 6564 6614 6665 6715 6765 6815 6865 6916 6966 50 
865 706 7066 717 7107 7217 7207 7317 7367 7418 7468 50 
866 7518 7568 7618 7668 7718 7769 7819 7869 7919 7969 50 
867 8019 8069 8119 8169 8219 8269 8320 8370 8420 8470 50 
868 8520 8570 8620 8670 8720 8770 8820 8870 8920 8970 50 
869 9020 9070 9120 9170 9220 9270 9320 9369 9419 9469 50 
870 9519 9569 9619 9669 9719 9760 9810 9809 9018 9968 50 
871 | 94 0018 0068 0118 0168 0218 0267 0317 0367 0417 0467 50 
872 0516 0566 0616 0666 0716 0765 0815 0865 0915 0964 50 
873 1014 1064 1114 1163 1213 1263 1313 1362 1412 1462 50 
874 151 1561 1611 1660 1710 1760 1809 1859 1909 1958 50 
875. 2008 2058 2107 2157 2207 2256 2306 2355 2405 2455 50 
876 2504. 2554. 2603 2653 2702 2752 2801 2851 2901 2950 50 
877 3000 3049 3099 3148 3198 3247 3297 3346 3396 3445 50 
878 3495 3544 3593 3643 3692 3742 3791 3841 3890 3939 49 
879 3989 4038 4088 4137 4186 4236 4285 4335 4384 4433 49 
880 4483 4532 4581 4631 4680 4729 4779 4828 4877 4927 49 
881 4976 5025 5074 5124 5173 5222 5272 5321 5370 5419 49 
882 5469 5518 5567 5616 5665 5715 5764 5813 5862 5912 49 
883 5961 6010 6059 6108 6157 6207 6256 6305 6354 6403 49 
884 6452 6501 6551 6600 6649 6698 6747 6796 6845 6804 49 
885 6943 6992 7041 7090 7140 7189 7238 7287 7336 7385 49 
886 7434 7488 7532 7581 7630 7679 7728 7777 7826 7875 49 
887 7924 7973 8022 8070 8119 8168 8217 8266 8315 8364. 49 
888 8413 8462 8511 8560 8609 8657 8706 8755 8804 8853 49 
889 8902 8951 8999 9048 9097 9146 9195 9244 9292 9341 49 
890 9390 9489 9488 9536 9585 9634 9683 9731 9780 9829 49 
891 9878 9926 9975 +0024 0073 0121 0170 0219 0267 0316 49 
892 | 95 0365 0414 0462 0511 0560 0608 0657 0706 0754 0803 49 
893 0851 0900 0949 0997 1046 1095 1143 1192 1240 1289 49 
894. 1338 1886 1435 1483 1532 1580 1629 1677 1726 1775 48 
895 1823 1872 1920 1969 2017 2066 214 2163 2211 2260 48 
896 2308 2356 2405 2453 2502 2550 2599 2647 2696 2744 48 
897 2792 2841 2889 2938 2986 3034 3083 3131 3180 3228 48 
898 3276 3325 3373 3421 3470 3518 3566 3615 3663 8711 48 
899 8760 3808 8806 3905 3953 4001 4044 4098 4146 4194 48 
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(six-figure) 
num- differ- 
k ber 0 1 2 3 4 5 6 7 8 9 епсе 
900% 95 4243 4291 4339 4387 4435 4484 4532 4580 4628 4677 48 
901 4125 4173 4821 4869 4918 4966 5014 5062 5110 5158 48 
902 5207 5255 5303 5851 5399 5447 5495 5543 5592 5640 48 
903 5688 5786 5784 5832 5880 5928 5976 6024 6072 6120 48 
904 6168 6216 6265 6313 6861 6409 6457 6505 6553 6601 48 
905 6649 6697 6745 6793 6840 6888 6936 6984. 7032 7080 48 
906 7128 7176 7224 7272 7320 7368 7416 7464 7512 7559 48 
907 7607 7655 7703 7751 7799 7847 7894 7942 7990 8088 48 
908 8086 8134 8181 8229 8277 8325 8373 8421 8408 8516 48 
909 8564 8612 8659 8707 8755 8803 8850 8898 8946 8994 48 
910 9041 9089 9137 9185 9232 9280 9328 9375 9423 9471 48 
91 9518 9566 9614 9661 9709 9757 9804 9852 9900 9947 48 
912 9995 «0042 0090 0138 0185 0233 0280 0328 0376 0423 48 
913 |96 0471 0518 0566 0613 0661 0709 0756 0804 0851 0899 48 
914 0946 0994 1041 1089 1136 1184 1231 1279 1326 1374 48 
915 1421 1469 1516 1563 1611 1658 1706 1758 1801 1848 47 
916 1895 1943 1990 2038 2085 2132 2180 2227 2275 2322 47 
917 2369 2417 2464 2511 2559 2606 2653 2701 2748 2795 47 
918 2843 2890 2937 2985 3032 3079 8126 8174 3221 8268 47 
919 3316 3363 3410 3457 3504 3552 3599 3646 3693 3741 47 
920 3788 3835 3882 3929 3977 4024 4071 4118 4165 4212 47 
921 4260 4307 4354 4401 4448 4495 4542 4590 4637 4684 47 
922 4731 4778 4825 4872 4919 4966 5013 5061 5108 5155 47 
923 5202 5249 5296 5343 5390 5437 5484 5531 5578 5625 47 
924 5672 5719 5766 5813 5860 5907 5954 6001 6048 6095 47 
925 6142 6189 6236 6283 6329 6376 6423 6470 “6517 6564. 47 
926 6611 6658 6705 6752 6799 6845 6892 6939 6986 7038. 47 
927 7080 7127 7173 7220 7267 7314 7361 7408 7454. 7501 47 
928 7548 7595 7642 7688 7735 7782 7829 7875 7922 7969 47 
929 8016 8062 8109 8156 8203 8249 8296 8343 8390 8436 47 
930 8483 8530 8576 8623 8670 8716 8763 8810 8856 8903 47 
931 8950 8996 9043 9090 9136 9183 9229 9276 9323 9369 47 
932 9416 9463 9509 9556 9602 9649 9695 9742 9789 9835 47 
933 9882 9928 9975 «0021 0068 0114 0161 0207 0254 0300 46 
934 | 97 0347 0393 0440 0486 0533 0579 0626 0672 0719 0765 46 
935 0812 0858 0904 0951 0997 1044 1090 1137 1183 1229 46 
926 1276 1322 1369 1415 1461 1508 1554 1601 1647 1693 46 
937 1740 1786 1832 1879 1925 1971 2018 2064 2110 2157 46 
938 2208 2249 2295 2342 2388 2434 2481 2527 2573 2619 46 
939 2666 2712 2758 2804 2851 2897 2943 2989 3035 3082 46 
940 3128 3174 3220 3266 8813 3359 3405 3451 3497 3543 46 
941 3590 3636 3682 3728 3774 3820 3866 3913 3959 4005 46 
942 4051 4097 4143 4189 4235 4281 4327 4374 4420 4466 46 
943 4512 4558 4604 4650 4696 4742 4788 4834 4880 4926 46 
944 4972 5018 5064 5110 5156 5202 5248 5294 5340 5386 46 
945 5432 5478 5524 5570 5616 5662 5707 5753 5799 5845 46 
946 5891 5937 5983 6029 6075 6121 6167 6212 6258 6304 46 
947 6350 6396 6442 6488 6538 6579 6625 6671 6717 6763 46 
948 6808 6854 6900 6946 6992 7037 7083 7129 7175 7220 46 
949 7266 7312 7358 7403 7449 7495 7541 7586 7632 7678 46 


* See footnote on page 175 


192 


FORMULAE AND TABLES FOR STATISTICAL WORK 


TABLE 17.9. (continued) COMMON LOGARITHMS 


(six-figure) 
num: differ- 
ber 0 1 2 3 4 5 6 7 8 9 ence» 
950 | 97 7724 7769 7815 7861 7906 7952 7998 8043 8089 8135 46 
951 8181 8226 8272 8317 8363 8409 8454 8500 8546 8591 46 
952 8637 8683 8728 8774 8819 8865 8911 8956 9002 9047 46 
953 9093 9138 9184 9230 9275 9321 9366 9412 9457 9503 46 
954 9548 9594 9639 9685 9730 9776 9821 9867 9912 9958 46 
955 |98 0003 0049 0094 0140 0185 0231 0276 0322 0367 0412 46 
956 0458 0503 0549 0594 0640 0685 0730 0776 0821 0867 45 
957 0912 0957 1003 1048 1093 1139 1184 1229 1275 1320 45 
958 1366 141 1456 1501 1547 1592 1637 1683 1728 1773 45 
959 1819 1864 1909 1954 2000 2045 2090 2135 2181 2226 45 
960 2271 2316 2362 2407 2452 2497 2543 2588 2633 2678 45 
961 2723 2769 2814 2859 2904 2949 2994 3040 3085 3130 45 
962 3175 3220 3265 3310 3356 3401 3446 3491 3536 3581 45 
963. 3626 3671 8716 3762 3807 3852 3897 3942 3987 4032 45 
964 4077 4122 4167 4212 4257 4302 4347 4392 4437 4482 45 
965 4527' 4572 4617 4662 4707 4752 4797 4842 4887 4932 45 
966 4977 5022 5067 5112 5157 5202 5247 5292 5337 5382 45 
967 5426 5471 5516 5561 5606 5651 5696 5741 5786 5830 45 
968 5875 5920 5965 6010 6055 6100 6144 6189 6234 6279 45 
969 6324 6369 6413 6458 6503 6548 6593 6637 6682 6727 45 
970 6772 6817 6861 6906 6951 6996 7040 7085 7130 7175 45 
971 7219 7264 7309 7353 7398 7443 7488 7532 7577 7622 45 
972 7666 7711 7756 7800 7845 7890 7934 7979 8024 8068 45 
973 8113 8157 8202 8247 8291 8336 8381 8425 8470 8514 45 
974 8559 8604 8648 8693 8737 8782 8826 8871 8916 8960 45 
975 9005 9049 9094 9138 9183 9227 9272 9316 9361 9405 44 
976 9450 9494 9539 9583 9628 9672 9717 9761 9806 9850 44 
977 9895 9939 9983 0028 0072 0117 0161 0206 0250 0294 44 
978 | 99 0339 0383 0428 0472 0516 0561 0605 0650 0694 0738 44 
979 0783 0827 0871 0916 0960 1004 1049 1093 1137 1182 44 
980 1226 1270 1315 1359 1403 1448 1492 1536 1580 1625 44 
981 1669 1713 1758 1802 1846 1890 1935 1979 2023 2067 44 
982 2111 2156 2200 2244 2288 2333 2377 2421 2465 2509 44 
983 2554 2598 2642 2686 2730 2774 2819 2863 2907 2951 44 
984 2995 3039 3083 3127 3172 3216 3260 3304 3348 3392 44 
985 3436 3480 3524 3568 3613 3657 8701 3745 3789 3833 44 
986 3877 3921 3965 4009 4053 4097 4141 4185 4229 4273 44 
987 4317 4361 4405 4449 4493 4537 4581 4625 4669 4713 44 
988 4757 4801 4845 4889 4933 4977 5021 5065 5108 5152 44 
989 5196 5240 5284 5328 5372 5416 5460 5504 5547 5591 44 
990 5635 5679 5723 5767 5811 5854 5898 5942 5986 6030 44 
991 6074. 6117 6161 6205 6249 6293 6337 6380 6424 6468 44 
992 6512 6555 6599 6643 6687 6731 6774 6818 6862 6906 44 
993 6949 6993 7087 7080 7124 7168 7212 7255 7299 7343 44 
994 7386 7430 7474 7517 1561 7605 7648 7692 7736 7779 44 
995 7823 7867 7910 7954 7998 8041 8085 8129 8172 8216 44 
996 8259 8303 8347 8390 8434 8477 8521 8564 8608 8652 44 
997 8695 8739 8782 8826 8869 8913 8956 9000 9043 9087 44 
998 9131 9174 9218 9261 9305 9348 9392 9435 9479 9522 43 
999 9565 9609 9652 9696 9739 9783 9826 9870 9913 9957 43 
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The 5х5 Latin Squares 


Choose а random number from 1 to 9408 the largest 


ТЕ the random number chosen is 3486, then select square 


» Since 3486 is in the range of key numbers 3241—4320 under that square. Next permute all 


and all the columns of the selected Latin square at random and assign the letters to the treat- 


LATIN SQUARES 


LIST OF SQUARES UPTO ORDER 6x6 
The 6x 6 Latin Squares 


18. 


TABLE 18.1. 
Suppose а 6х6 Latin square is required. 


To select a latin square at random: 
Ssey number recorded under the last square. 


The 4x4 Latin Squares 
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ments also at random. For obtaining a random permutation consult Table 19.1 and 19e for introductory 


note. The procedure is similar for Latin squares of sizes 4x 4 and 5х5, using the key numbors recorded. 
For squares of higher dimension one could use one of the orthogonal squares given in Table 18.2 and 


permute its rows, columns and treatment numbers independently at random. 
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19. RANDOM NUMBERS AND PERMUTATIONS 


а. Description of the table 


S ¿Each row of digits in Table 19.1 contains a serial number of row, and a random 
pertkutation of numers 0, 1,...,9 followed by 40 random digits in 40 columns 
arranged in sets of 4. Тһе serial numbers of the columns of random digits are 
indieated in the bottom line of each page so that each random digit сап be 
identified by а row number and а column number. There are altogother 5,000 four 
digited random numbers (equivalent to 10,000 two digited or 20,000 one digited 
random numbers) They have been compiled from a number of existing random 
number tables. 'The random numbers so compiled have been examined through 
standard tests of randomness. Мо serious lack of randomness was revealed. 


In using Table 19.1 we need a starting point identified by а row and а column. 
There are no set rules for the choice of a starting point except that no preference is 
shown to partieular page, row or column and the choice is made without prior 
inspection of the numbers themselves. Some random mechanism may be adopted for 
locating the starting point, specially when the random number table is repoatedly 
used for the selection of numbers (see sub-section f of this Chapter in this connection). 


Some of the uses of Table 19.1 are given below. 


b. Simple random sampling from a list 


(i) A straightforward method. Suppose we have to sample 5 households from 
а list of 23, serially numbered 0, 1, ..., 22. 


Locate а starting point of random digits and consider two adjacent columns. 
Read two digited numbers either upwards or downwards or diagonally and record the 
first five numbers that lie in 0-22. If sampling is without replacement continue 
reading till five distinct numbers are obtained. Suppose we start from row 135 and 
read downwards the two digited numbers in columns 3 and 4; the seleoted households 
are 20, 3, 1, 20, 3 if repetition is allowed and 20, 3, 1, 12, 18 without repetition. 


(ii) The method of inflated range. In the above method we have to reject 
all numbers greater than 22, which on an average amounts to 7 7% of the numbers 
read. То reduce the number of rejections, consider the range of numbers from 0 to 
23k—1 where Å is chosen such that 23 is nearest to, but does not exceed, a power of 
10. In the present example 5 = 4 gives the range 0 to 91. Choosing two columns 
as before select the first five two digited numbers in the rauge 0-91. Hach number 
chosen is replaced by the remainder after dividing by 23 to obtain a number in the 
range 0-22. Thus, using the same starting point as in (i) above the numbers are 
80, 62, 63, 25, 53 which give the sample 11, 16, 17, 2, 7. 

Alternatively when kis small as in the present example the number chosen 
could be divided by £ and the quotient taken as the number finally selected. ‘Thus 
in the example considered above, the numbers 80, 62, 63, 25 and 53 on division by 
k = 4, lead to the sample 20, 15, 15, 6 and 13. 
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(iii) Independent choice of the first digit. The method of inflated range reduces 
the rejection of random numbers at the expense of a tedious operation of repeated 
division by a given number. Ап alternative method due to Matthai is as follows. 


"Го select five numbers at random from 0 to 383, locate a starting point and, 
record two digited numbers (one less than the number of digits in the given numlør). 
То each of these numbers prefix a digit at random from 0 to 3. This could be Alone, 
for example, by considering the first number from among 0 to 3 in the random permu- 
tation that appears in the same row. Å three digited number, so obtained, is 
rejected if it exceeds 383. Thus with the columns 9 and 10 from row 271 as the 
starting point and reading downwords the numbers selected are as follows: 
053, 295, 000, 195, 334 where in, the digits underlined are prefixed as indicated. 


This method is also useful when for example one has to select numbers in the 
range 3845-8962. Here one selects a three digited number at random to which is 
prefixed a digit chosen in the range 3-8. The random permutation in the row could 
be used to select а random number in the range 3-8. The number finally obtained 
is accepted if it falls in the range 3845-8962. Otherwise it is rejected and another 
number is drawn in the same way. 


с. Sampling with probabilities proportional to size (pps) 


(i) Тһе method of cumulated totals. Select five villages from a list of 23 with 
probabilities proportional to size of the village 


serial no size | cumulated 
of village totals (¢.t.) 
1 19 19 
2 207 226 
3 72 298 
22 28 883 
23 120 1003 


Select five random numbers from 1 to 1003 (the last c.t.). If a chosen number 
is greater than the c.t. for village $ and less than or equal to the o.t. for village 
(44-1), then the village selected is (4-1). Thus if the first random number chosen is 
297, the village selected is 3. Similarly the villages corresponding to the second 
and subsequent random numbers are determined. 

(ii) А two stage selection method. This is useful particularly when the sizes 
are not numerically specified nor is it intended to determine all of them beforehand, 
for example, in selecting crop plots with probability proportional to area etc. The 
method, however, requires the prior knowledge of anumber S which equals or exceeds 
the largest of the sizes. Let 210 be that number in the above example. The proce- 
dure due to Hajek and Lahiri is as follows, 


7 


rna. 


Аба 
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Select a number z at random from 1 to 23 and another number y from 1 to 
8 = 210. If the size of village z is < у then village z is chosen; otherwise, the pair 
of selected numbers (x, y) is rejected and another pair is considered. If a sample of 
5 is required the above procedure is continued till 5 villages get selected. This method 
favglves rejection of а large number of selected pairs if the sizes of the villages are 
very ,disproportionate. In such cases а large village may have to be split into 
smaller units with smaller sizes (adding upto the size of the village). Each such unit 
is given а separate serial number. The original village is selected if any one of its 
constituent units gets selected in the process. 


(Hi) Cluster sampling. Draw а cluster of four villages with probability 
proportional to sum of the sizes. 


One method is to list all the (22) -- 8855 possible clusters and their sizes. The size 
of any cluster is equal to the sum of the sizes of the four ‘villages in it. Now choose 
a cluster with probability proportional to size by the method described in (i) or 
(ii) of 19c. A simpler technique is, however, to draw one village from 1 to 23 with 
probability proportional to size and three villages at random with equal probability 
and without replacement from the remaining 22. ? 


(iv) Simple random sampling from separate lists. Select a household from six 
streets containing 17, 32, 28, 47, 56 and 12 houses respectively. 


One method is to make a serial listing of all the 192 households and select the 
required number in the usual way. An alternative method is to select a number 
from 1 to 6 specifying a street, and another number from 1 to 56 (56 being the maximum | 
number of households in a street) specifying а household on the street. If there 
is no household corresponding to the second number in the seleoted street the pair 
of selected numbers is rejeoted and another pair is considered. 


d. Model sampling 


(i) Uniform distribution over the interval (0,1): В(0, 1). To draw a random 
observation from the uniform distribution over (0, 1), start with a decimal point and 
record the digits in the sequence read from the random number table. ‘The number 
of digits to be retained is determined by the accuracy needed in the observation. 
Thus selecting the 30th row and 4th column as the starting point and reading the 
digits horizontally, the observation is 0.04100526. Тһе observation correct to 4 
places is 0.0410. 

(ii) Discrete distribution. This is a special case of sampling with varying 
probabilities (see 19c) where the number of elements may be finite or infinite. 
Let the discrete variable X take the values 0, 1, 2, ... with probabilities фу, py Ро; +++ - 
First draw an observation % from the uniform distribution В (0, 1) as indicated іп 
(i) above. Then determine z such that 


Dot Pis Ра < ü < Dot Pit. Рг. 


The number 2 constitutes a random observation on Х, 
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(ii) Continuous distributions with cumulative distribution function (cdf), F(x). 
Let и be a random observation from the uniform distribution R(0, 1). The value of 
x for which F(x) = и provides a random observation from the continuous distribution 
with cdf F(z). In the absence of a table of the inverse function F—-1, this will require 
inverse interpolation in a table of F(x). Р 4 


Thus, suppose a random observation is to be drawn from the Cauchydistri- 
bution with cdf 


пи, РЕБ та a Jes] 


F(x) 


Given 4, z is determined by the equation 2 = 15--10 tan 0 where 0 = п(и—0,5) 
radians = (180w—90) degrees. If u = 0.2537 the corresponding т as obtained from 
Table 17.7 is given by 153-10» 0.9770 = 24.77. 


(iv) Bivariate distribution of the variables X, Y with cdf F(v,y). Lot the 
cdf of the marginal distribution of X be denoted by F(x) and of the conditional distri- 
bution of Yogiven X = x by Fy(y|x). A random observation of X, Y is given by =, 
у where «andy are independent observations from Fj(x) and Е.у|=) respectively 
chosen in the manner described in (i) to (iii) above. 


Thus, suppose a random observation (т, у) is to be drawn from the bivariate 
normal distribution with the specifications : mean X — 50, mean Y — 75, variance 
X = 100 = (10), variance Y = 225 = (15)? and correlation coefficient = 0.6. 
Note that marginally X is normal with mean 50 and variance 100 and conditionally, 
given X = v, Y is normal with 


mean : 154..8X19 50) = 304-0.9x 
and variance : 225[1—(0.6)*] = 144 = (12)?. 


The problem reduces to that of drawing an observation z fron М (50, 10) and 
then an observation y from N (30--0.97, 12) which can be done by the procedure 
explained in (iii) above. То get x, take an observation u from R(0, 1) as 
explained in (i). If w= 0.3135, the corresponding standard normal deviate obtained 
from Table 3.1 by inverse interpolation, is —0.4860. Hence 


· 2—50 


102777 --0.4860 or w= 45.140 


Similarly if v = 0.5912 is an independent observation from R(0, 1) with the corres- 
ponding standard normal deviate 0.2306, then 


y—30—0.9%  y—30— 40.626 
12 NE 12 


0.2306 ог у = 73.393 


The procedure can be extended to the multivariate normal case with dispersion matrix 
5 and mean vector и. 


) 
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Ап alternative and simpler procedure in the special case of the multivariate 
normal distribution is as follows. First find a matrix A such that 2 = AA". If 
Y' = (уз, У» -.. Yp) аге p independent observations drawn from N(0, 1) as illustrated 
in (iii) then the observations for the specified multivariate distribution is 


а 


S æ = Ay-+# 


e, 'То obtain a random permutation of n digits (elements) 
(i) Forn < 10 by using the random permutations given in Table 19.1 


Example: То obtain a random permutation of numbers 1-8 or equivalently 
of eight letters (symbols) а, b, c, ..., h. 


Choose a serial number at random from 1 бо 500 (rows) and select from Table 19.1 
the permutation corresponding to the selected row number. ‘Thus if the serial number 
chosen at random is 232, the permutation to be selected is 5071389264, From this we 
obtain the permutation of any subset of numbers by omitting the otlfers. In the 
present problem deleting 0 and 9 we obtain the permutation 57138264 of 


numbers 1-8. 
(ii) For n> 10 using random permutations of Table 19.1 


Example 1: То permute numbers 0-12 at random. А random permutation of 
0-9 is selected as in (i) above. The positions of numbers 0, 1, ..., 9 are determined. 
by such a selection. We then determine the positions of 10, 11, 12 successively 
choosing one number at a time. For 10, there are 11 possible positions. It could occur 
either at the extremities of the selected permutation or in any one of the 9 gaps in 
between two smaller numbers. The eleven positions could be serially numbered 
1-11 and the position of number 10 decided by selecting a number at random from 
1-11. Number 11 could then be fitted in an exactly similar manner in one of the 
12 possible positions and so on. 


Example 9: To permute numbers 0-17 at random. One possibility is to repeat 
the process explained in Example 1, several times, and adding the numbers 10, 11, 
... 17 in апу succession. А variation of this method is suggested below. The eighteon 
numbers are divided at random into two sets of nearly equal numbers. This can be 
easily done by matching the given numbers with the digits in any column of the random 
number table and taking all the numbers matched with even digits as belonging to 
the left set and the rest to the right set. If the number in any set exceeds ten, this 
may be further divided into two sets, the left and right subsets being determined as 
above. We thus have a number of sets which are already randomly ordered and each 
of which contains less than 10 numbers. The relative positions of the numbers within 
each set are determined by permuting these numbers, using the methods in (i) 
above, independently for each set. 
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The division of the given numbers into sets may not be a simple operation. 
We suggest the following general method which uses the random digits of Table 19.1 
but not the random permutation of numbers listed in the table. 


(ii) For n> 10 using а table of random numbers 
e 
Example: To permute numbers 1-84 at random. One method is to consider 
two columns of random numbers and note the numbers in the order in which 
they occur omitting repetitions and the numbers exceeding 84. 


A variation of this method due to Rao, which does not omit any number read from 
the random number table is as follows. 


Locate a starting point consisting of a row and two columns of random digits 
of Table 19.1 for reading two digited numbers. Each number defines a cell in a 10x 10 
two way table, corresponding to the values of the first and second digits. We put 1 in 
the cell corresponding to the first number, 2 in the cell of the second number and so 
on upto 84, as we read the two digited random numbers in the sequence as they occur. 
The numbers in the cells read out in the order, from left to right in each row and 
then in the next row and so on, provide a random permutation, If in any particular 
cell there is more than one number these could be randomly permuted within the cell. 
The first five numbers corresponding to the random numbers 31, 17, 81, 45, 31... are 
entered in the chart below to illustrate the method. 


second digit 
0 1 2 3 4 5 6 7 8 9 
0 | | | 
ee кило ы ы 00212012 === 
1 | 2 
2 | | 
Lu] — | 
3 (1, 5) | 
first 4 |; 4 
digit b 
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As it stands we obtain а permutation of numbers 1-5. 
2 (1, 5), 4, 3 


where (1, 5) has to һе replaced by а random permutation of the two numbers 
whieh can be easily done. 


ч, 
f. Generation of random numbers by coin tossing 


This method comes in handy when a random number table is not available. 
Tt can also be used to locate a random start in a table of random numbers. 


The procedure with an unbiased coin is to toss it a number of times, observe 
the sequence of heads and tails, and compute a number based on this sequence. A 
number so obtained is a random number in a certain range. Тһе number of tosses 
needed to cover a certain range of numbers and the method of conversion of а sequence 
of heads or tails бо a number on a decimal scale are as explained below. Suppose that 
it is desired, to choose a random number in the range 1-500, First determine the 
smallest integrer £ such that 2* > 500. In this example k = 9. Then, toss an 
unbiased coin Ë times. Let the observed sequence of heads (1) and tails (0) be 


001, 011, 110 


А random number is then obtained by finding the decimal equivalent of the binary 
sequence and addiing 1 to it. 


Тће number corresponding to above sequence (or a binary number) is 
OX BLOX 27-- 1x 294-0% 25--1x DAL х 29-E1x 2241 240% 20 = 94 


giving the random mumber 94--1 — 95. 


ТЕ the number so obtained is 501 or more, № is rejected and fresh tosses are 
made. Powers of 2 needed for conversion of sequences to numbers have been given 
in Table 17.5 (powers of two). 


The random number table has 40 columns (on each page) and 500 rows. 1% 
is suggested that a random start specified by a row and a column be used in reading the 
numbers. For this purpose we have to find two numbers one in the range 1—500 
representing the rows and another in the range 1-40 representing the columns. The 
method of generating а random number in the range 1—500 by coin tossing is already 
explained. То select a random number іп the range 1-40, we first choose a number іп 
the range 1-64, which requires 6 tosses, conversion of a six digited binary number and 
addition of 1 as explained above. If the number chosen is within the range 1-40 it 
is accepted. If it exceeds 40, it is rejected and the procedure is repeated. This 
procedure incidentally leads to about 40% rejections. Rejections could be minimised 
in the following way. If the number obtained exceeds 40 compute its difference (y) 
from 40. Toss the coin once more and record the result z of toss which is either 0 
(tail) or 1 (head). "Тһе selected random number is 24x+y. The number so obtained 
will always lie in the range 1-48; it is rejected if it exceeds 40, in which case a fresh 
set of 6 tosses are made and the entire procedure is repeated. 


26 
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TABLE 191. RANDOM DIGITS AND DIGIT PERMUTATIONS . 


row | 10-digit р 
num-| permuta- random digits 
ber tions 
ЈЕЗИЦИ Бууж атна гулгах" LETS нан ES 

H 7513462980 | 9787 3792 5241 0556 7070 0786 7431 7157 8539 24118 
2 | 4310765982 | 4479 1397 8435 3542 8435 6169 7996 3314 1299 1935 
3 | 2731469508 | 0191 2800 1056 2753 4816 1979 0042 5824 6636, 2332 
4 | 6014738925 | 8710 6903 1347 9332 6962 6786 9875 7505 8685 6490 
5 | 8467523019 | 4656 5960 0812 5144 5355 3335 4784 7573 3841 4255 


6 | 0689351274 | 9974 9239 8049 4971 7555 3935 9405 8545 4329 5358 
7 | 0978346251 | 8493 7128 3654 8976 1901 5496 3453 7539 3255 6742 
8 | 2637098154 | 6135 6954 3436 3841 9009 3768 9256 8631 9066 7153 
9 | 8761492305 | 1217 2748 8864 4752 1407 9975 6372 3308 0000 4734 
0 | 6321850749 | 2623 1282 4389 8889 0764 2328 2140 8843 4986 4413 


11 | 9123075684 | 1144 5336 4426 9003 6956 9406 8464 8827 3143 4754 
12 | 3047921685 | 5854 9981 9079 2908 4755 4620 6455 6793 7539 4031 
13 | 9714850236 | 0615 8188 2812 0270 5733 5339 1175 2919 7343 0477 
14 | 1684205973 | 3624 0853 3128 7952 2678 3011 7710 9734 6386 8400 
15 | 6132758904 | 1185 6832 4918 9236 3026 5795 0352 7533 4435 0306 


16 | 0674951832 | 7391 3210 9540 4085 9324 4892 3962 3883 4538 8286 
17 | 1694508372 | 7195 1986 6146 0946 5421 8430 2128 7602 5609 7064 | 
18 | 3168752094 | 6137 7286 5283 0609 0941 4935 2521 7937 2153 2629 : 

19 | 4750823961 | 7401 8099 7482 2210 3662 8253 7507 7809 0094 4401 | 
20 | 2604381975 | 0192 9452 7189 9552 7498 0105 8295 9762 7434 3518 


21 | 9708245361 | 3621 3037 2274 3803 0946 9874 4911 6797 1227 8494 
22 | 3859761402 | 2661 0047 6628 6199 2526 5631 8334 7668 3994 7439 
23 | 8245139076 | 8072 5085 3576 4939 0352 7386 7690 7108 6668 8246 
24 | 2409873165 | 0839 5224 9768 3839 8495 1668 6957 7031 2032 1468 
25 | 2864935170 | 2354 9266 8034 3813 3648 7825 6156 3605 7796 1645 


26 | 9164078352 | 9050 6800 0490 3261 7748 3609 1050 0591 3799 2827 
27 | 6053894271 | 7174 7703 1540 8001 6230 0387 9553 7447 0240 2511 
28 | 2674159083 | 3465 7017 2278 0357 5800 1048 8382 8800 7608 4325 | 
29 | 8703615942 1265 5202 6872 3282 5831 5898 1426 2805 2110 4 
30 | 7410239586 | 0250 4100 5263 8506 9848 2451 2031 2026 8661 4163 


© 
oo 
5 
я 


31 | 8219476035 | 6088 8366 7751 1577 9534 2458 1886 1522 4161 8726 
32 | 7140532968 | 8833 2449 3499 4223 2854 6855 4042 1294 1728 5494 
33 | 2709538146 | 4675 2535 1915 9783 9754 2790 6856 0352 9628 ° 8342 
34 | 5704196823 | 8999 (4993 2922 8842 9904 8442 0105 3308 3320 6361 
35 | 7163482050 | 1790 8500 5792 0983 3494 0945 4966 2194 9823 2599 


36 | 5017249683 | 9276 5967 2456 6242 3276 1884 1847 8922 7356 1528 
37 | 3541076208 | 2965 7991 3777 9303 0536 1517 0570 7212 7593 0566 
38 | 0187326495 | 6620 4234 8407 6890 6904 8599 5876 2608 7329 6117 
39 | 4791635802 | 4706 8319 6252 3177 9108 3069 0910 8241 9842 0895 
40 | 6701439825 | 8395 3882 0259 2092 4885 3434 0879 0000 0790 0735 


41 | 0251784693 | 3991 2406 0151 2594 9137 9924 2393 7699 6116 0655 
42 | 9452783601 | 9644 6763 3512 0139 4119 2722 3219 0070 3830 7997 
43 | 8360527149 | 3658 7813 0207 0357 8225 4497 2435 5121 4776 3611 
44 | 3592076148 | 5728 1882 9120 7893 3508 8579 9070 1952 8390 5517 
45 | 8456091273 | 6221 6366 8192 8429 4387 5484 7553 4058 9458 2292 


46 | 7831506249 | 7635 5248 1750 0868 0178 4989 2300 3916 6732 8284 
47 | 2754319608 | 4368 3113 5887 8439 0026 1902 4114 3127 5140 6684 
48 | 5207934861 | 8635 9723 2550 8216 7531 7132 3963 4014 2099 3030 
49 | 6274095183 | 3304 3254 3936 8361 9771 8255 4592 8808 3803 4010 
50 3486157209 | 9336 5666 1349 1932 7326 2151 1573 3045 8746 8059 


Column no. : 1-4 5-8 9-12 13-16 17-20 21-24 25-28 29-32 33-36 37-40 


TABLE 19.1. 
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(continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 


203 


row 10-digit 


num-| permuta- random digits 

ber tions 

51%) 4713629548 | 8741 2645 3642 5656 7080 7555 2410 6041 7470 0562 
52 | 7543029816 | 3686 1248 7771 8084 2949 1548 3927 7674 1990 4143 
53 | 3885701942 | 1670 9305 4099 6266 3502 5194 6177 1622 8869 6783 
54 | 0739415628 | 2491 1213 1501 1977 3840 1511 7132 9546 2967 8326 
55 | 5894071236 | 7195 6578 5065 8091 9148 9097 6235 7375 (1785 5157 
56 | 1039856472 | 3260 4487 4306 5689 5971 3809 5141 4733 3276 3419 
57 | 8174205963 | 4340 6161 2203 1436 7950 9544 7036 4297 1338 1409 
58 | 6358710429 | 1862 6486 1989 1922 8239 8844 0464 9126 9463 8023 
59 | 8520976314 | 8561 9331 1291 0346 7278 0365 4278 9956 2792 9018 
60 | 5346107892 1819 6869 6926 6812 7721 3881 6048 8236 0144 7587 
61 | 7541280936 | 7834 4802 2884 5548 6344 3205 3053 3353 2142 8749 
62 | 1796835024 | 9336 8624 1342 8268 4193 2800 9291 9617 9601 9472 
63 | 5173426890 | 9860 4129 5199 2459 7501 9008 2598 1501 3681 9261 
64 | 4360857291 | 7578 9376 1928 4705 0632 4276 7238 3466 5979 2556 
65 | 1896320754 | 4345 7810 0617 7957 2879 6235 4505 8289 0552 3300 
66 | 2136498507 | 5225 0299 7208 5423 7503 796% 0437 0253 $8038 5117 
67 | 4685019732 | 4441 2870 2801 6900 0540 5216 5799 1816 1748 9001 
68 | 7620184953 | 5276 096% 0021 1488 8710 598% 4018 7415 1731 9880 
69 | 0598267431 | 2827 0349 3294 6570 4878 5443 37398 8924 2169 4639 
70 | 5718936042 | 5641 1669 9976 1742 1394 4889 8507 2057 4958 5031 
71 | 5481027369 | 2949 2259 0796 0154 6117 0113 9627 4820 4410 5788 
72 | 4123096578 | 9956 9151 0445 1751 9063 8369 9343 8270 5050 0400 
73 | 2567804319 | 1554 2454 7822 1949 9762 2945 9464 8395 1834 2286 
74 | 1342069875 | 9645 4489 2281 7385 4674 5252 1454 1680 8154 9824 
75 | 4689357102 | 6014 2649 5977 6968 3066 5729 3989 3215 1326 6459 
76 | 4580932671 | 3643 8985 0596 8112 1081 2269 1965 4271 1205 9626 
77 | 5374819026 | 8821 6444 6587 1157 6305 6856 6878 3230 7638 8178 
78 | 2813450967 | 1937 9781 6511 3548 9305 0760 6760 2958 9304 3982 
79 | 1730685492 | 4645 7997 8849 2147 1822 7829 2139 4845 2693 0548 
80 | 2103956478 | 3250 0102 4080 2463 7465 7264 0119 3201 5400 7818 
81 | 3172046958 | 1517 5025 6376 6447 2813 2927 4830 1871 8905 7258 
82 | 3851964720 | 9909 8909 1086 3315 6958 0374 1286 9587 7554 2839 
83 | 0942186357 | 7856 7048 4321 1760 9625 5353 1993 4604 0291 . 6848 
84 | 9486785901 | 2279 8671 8981 1034 1516 7009 5222 8998 9607 806) 
85 | 5063897241 | 0948 9267 5980 5224 2920 2739 8947 3478 4500 3815 
86 | 5798419630 | 1497 3041 3928 9999 8174 6700 4604 4466 5799 8261 
87 | 5631824079 | 9860 8300 9768 6234 2674 4496 6908 0168 3207 3931 
88 | 3870215406 | 4310 0004 6973 1508 7504 4133 5853 1612 1079 9404 
89 | 1490073582 | 8870 8162 6768 4631 8650 7852 9727 2108 0941 0145 
90 | 6509742318 | 1770 1096 6923 4482 0876 7799 7599 7516 4004 0459 
91 | 1863705924 | 8629 5844 4787 8812 3177 7040 2501 1972 8355 0420 
92 | 0289346715 | 4303 2391 9487 1978 8670 9876 9746 1016 4890 8978 
93 | 4213805967 | 8161 6868 9896 4105 8413 2104 2906 1212 6029 4959 
94 | 4927008135 | 3855 8354 8218 2320 4191 8813 5560 6610 7766 7880 
95 | 0491837625 | 9849 3393 3314 4959 7959 3144 8546 7348 9163 3794 
96 | 9324157608 | 7741 7968 4874 8733 7880 1268 7012 8844 7989 1055 
97 | 7438169502 | 7461 1679 2094 5152 3747 2833 9573 0494 1768 0969 
98 | 4705832691 | 2773 4477 1491 7922 9026 0909 2755 6727 2186 93504 
99 | 6341590278 | 0423 5427 7777 0154 0980 5234 7931 5410 4265 1487 
100 | 1274890635 | 4988 4154 6658 1064 1444 3983 5004 49329 3099 1381 
Column no, ; 14 58 9-12 13-10 17-20 21-24 26-98 20-32 33-90 37-40 


204 FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 
row | 10-digit å 
num- ра А random digits 
ber tions 
101 rone 7442 4083 4599 5931 9844 2315 3229 2885 5854 » 5719 
102 | 6739104582 | 5968 3047 0472 9141 4220 9038 5181 1297 3073 3897 
103 | 1570428369 | 9478 9224 8471 0926 0310 9108 1907 0961 565}, 8249 
104 | 4538206197 | 9549 5996 2903 7941 8677 6973 3335 0603 4087 5798 
105, | 2306459718 | 1763 1972 7035 0591 6761 9105 8156 8160 1915 0154 
106 | 7413096852 | 8608 3298 1815 7279 0553 0059 6531 4733 3270 3278 
107 | 3740268915 | 5707 5434 0921 9622 9730 9296 7099 .4717 7110 3786 
108 | 6412583790 | 9012 7487 1766 1747 1157 9468 6225 9161 1447 6750 
109 | 6798421350 | 2797 0087 0151 4483 3227 0788 5580 8934 6084 0462 
110 | 1530642897 | 5002 8449 8547 7759 8537 5997 0660 3514 0122 7511 
111 | 3175082694 | 8058 8611 8718 2844 4808 3540 0545 6249 2134 8217 
112 | 7910485236 | 8725 9122 8674 5661 1964 7917 5174 8048 1128 5968 
113 | 5670418923 | 2947 6807 0393 6260 7946 5078 2220 8988 8596 9655 
114 | 5817903642 | 9545 2086 4017 0290 8043 6378 4492 4235 8116 3074 
115 | 4761892305 | 3173 3195 4195 4096 8901 0979 6571 2607 0119 2188 
116 | 6351897024 | 7907 6404 5098 9805 9700 4918 7024 2667 0480 1029 
117 | 5869137240 | 0660 1290 1481 0170 5076 6817 5761 3709 4798 5168 
118 | 2467509183 | 8607 5404 9335 2698 9447 4620 1539 0915 6348 2908 
119 | 4321956087 | 2702 9406 6788 7624 6850 9444 8857 2540 3169 5838 
120 | 9501482736 | 4092 5306 0210 4018 9752 0865 2948 0117 9410 3168 
121 | 2860345179 | 1962 3800 0047 1358 1409 2923 1870 4410 1107 6502 
122 | 4605371982 | 8571 20495 3948 4556 8017 7564 4456 9381 5450 4201 
123 | 5214073689 | 8583 4396 3916 7627 7870 9243 9996 5474 4545 5176 
124 | 5217690384 | 6958 6450 6274 4092 7403 4698 6851 7388 6921 7690 
125 | 8026159347 | 7813 2137 1044 4513 3793 1676 7502 1501 8182 2791 
126 | 3704816295 | 6202 5081 7437 9792 7482 2452 4566 0063 2998 6206 
127 | 6850249137 | 3602 3800 9585 0992 1195 7718 1595 166% 9719 1949 
128 | 0321485697 | 7362 0540 9927 6753 7890 9581 8551 2222 8934 6497 
129 | 0471932865 | 8594 8665 1498 7110 2650 2606 0638 5831 8993 3804 
130 | 5736482910 | 8401 8717 6049 3832 0579 6225 3976 9414 6561 1843 
131 | 7450296183 | 5525 2406 3403 4096 7858 3755 5044 0198 4083 9181 
132 | 3948576102 | 0485 1737 5504 0171 9765 6487 2778 8138 6776 0908 
133 | 1297035684 | 7402 4174 6744 1115 1956 4163 1822 5656 9019. 0138 
134 | 4817563902 | 7578 3197 9779 1995 3014 8330 4855 5576 5797 0932 
135 | 5321067849 | 8080 6396 5680 9512 4867 1879 0353 9354 2673 8744 
136 | 4302596817 | 2862 9586 6924 2657 4502 0559 8989 0700 86779 9101 
137 | 1243859607 | 0263 7566 0818 1617 5577 92833 3250 5106 6205 9458 
138 | 4701693258 | 7025 2207 8947 00297 6266 8351 1668 6054 4681 6656 
139 | 2309415687 | 4153 6787 3179 5191 8773 6780 8083 0621 1482 1933 
140 | 3497082516 | 0169 7207 3949 7479 7106 (0759 3015 8887. 3523 1698 
141 | 3675482091 | 3477 4958 5529 2519 5839 1931 9402 5936 2853 9537 
142 | 8205936417 | 7520 9583 1316 0525 4829 1377 3459 1811 9418 1109 
143 | 1534978026 | 0303 4653 1699 9939 7449 9455 2433 8860 4599 1811 
144 | 1235478096 | 7735 3302 2025 0631 9888 9188 7751 9595 6431 4409 
145 | 4260537819 | 8153 2883 5772 4839 9714 1706 9388 9554 1170 3857 
146 | 1938640572 | 0165 8156 1172 2637 4896 5160 3553 4946 9359 5504 
147 | 7865032491 | 7849 5240 8311 9400 4421 5264 2153 0571 0809 0978 
148 | 9183726409 | 6140 2008 7009 2407 8875 4854 8776 9078 7518 3425 
149 | 4908127635 | 6546 9219 9380 8736 6120 8205 9414 9621 8669 1445 
150 | 6359427108 | 2471 7977 4706 3988 9176 5669 6598 3196 1579 0455 
Column по, : 1—4 5-8 9-12 13-16 17-20 21-24 25-28 29-32 33-36 37-40 


TABLE 19.1. (continued). 


RANDOM NUMBERS AND PERMUTATIONS 


RANDOM DIGITS AND DIGIT PERMUTATIONS 


205 


row 10-digit 

num-| permuta- random digits 

ber tions 

1519 | 6013925478 | 8094 7747 6006 2536 8856 8171 0291 2603 4675 0779 
152 5480271963 | 3745 6766 7221 9560 7036 4520 4584 5714 8122 5029 
153 3108473596 | 0835 3641 1638 3464 1767 7664 6247 8362 1257 5265 
154 342975608 | 1601 1143 7272 3988 8356 9477 5870 6425 1725 9792 
155 | 6471893502 | 7797 4121 9603 5723 4630 5549 0593 5761 7200 * 7227 
156 | 9253486017 | 7620 8310 9500 7116 6259 7619 3749 9121 2185 9335 
157 | 8754026139 | 2096 5270 0793 3950 2722 0925 5792 1040 5806 9636 
158 | 9210846375 | 6803 7016 1055 6396 7754 3291 2613 5825 7485 2406 
159 | 8409756321 | 3566 9310 2604 8607 4165 2237 1222 3947 1228 2708 
160 | 7238406591 | 6428 0086 6245 3247 5707 7841 6217 0857 8229 5609 
161 | 3760451298 | 8633 2617 9176 9602 4807 7269 6131 8780 3417 7278 
162 | 4502638971 | 6632 8056 1091 9158 7303 4084 9096 4047 6775 0876 
163 4578392610 | 2612 7936 1453 4812 1742 7128 8656 6561 7522 0859 
164 | 5604298713 | 9436 1681 0851 3488 8815 5301 5408 5456 0501 4511 
165 | 2756498130 | 0418 2487 5583 9032 6507 8554 0346 6251 3577 4146 
166 | 8675041392 | 6853 3707 0171 5943 1145 3434 0188 5665 , 7779 7179 
167 | 7301642895 | 8347 7044 4640 6832 2445 4872 7870 2335 2874 9398 
168 | 6482170935 | 5182 6263 1224 9863 6751 0084 8827 9479 8342 0053 
169 | 4513890726 | 9215 3992 4874 8082 5959 2861 4574 5813 5908 7161 
170 | 5364219078 | 5588 3456 9602 5260 6578 8618 0340 3381 7519 6359 
171 | 6291038574 | 3996 0415 7015 9210 0974 0319 2699 8036 1090 3805 
172 | 6013249578 | 7346 9400 3292 8165 3206 7035 5227 7340 8515 4225 
173 | 3705129486 | 8621 4185 6727 2770 1227 3696 6496 4889 2697 3316 
174 | 9840562137 | 9399 5575 1562 5821 9824 4909 0348 8735 3604 9959 
175 | 4927108356 | 4334 0347 4893 2025 5590 8126 8571 2532 9355 7563 
176 | 9705642831 | 8091 0536 6522 5409 1463 0138 0384 6711 2384 0072 
177 | 3015468927 | 9627 331 2010 2525 3142 9700 2196 4076 3710 8372 
178 | 5720619483 | 0086 3501 4916 251 1274 1775 8324 9646 0611 1048 
179 | 4157826903 | 3753 0174 7934 3483 9210 9163 4714 7888 3577 6596 
180 | 2068475319 | 2740 3239 3054 9991 3778 3195 1040 2022 3198 9196 
181 1432596087 | 3919 6871 5685 8147 7310 2080 4196 3375 5700 7967 
182 | 9280347510 | 4577 7897 2757 5992 7398 7687 8415 1595 9636 4605 
183 | 8714356902 | 0215 7254 5378 3861 3448 9494 5221 1825 7817 1022 
184 | 8201764593 | 5807 7948 1774 6836 1786 2392 2820 8533 0629 3771 
185 | 1760524839 | 1910 9653 1214 3921 5298 8334 2352 7113 2291 9312 
186 | 1652734089 | 3990 1310 9338 2601 5571 1424 7850 4581 0133 5519 
187 1235847609 | 5967 8941 7987 3335 7579 9735 3042. 8409 7053 5864 
188 6738210954 | 5872 1143 9183 6911 2247 1559 4888 7198 9249 1395 
189 | 5428760139 | 7240 1827 3281 0705 4479 5598 9985 8170 3367 6928 
190 | 1260957438 | 2268 4227 5844 0700 6907 9668 6670 0097 0686 6311 
191 5064871392 | 8515 1611 1327 6671 2765 0081 0554 3716 9334 3027 
192 | 3819240576 | 4324 8348 8870 4802 9655 2852 3858 3225 5022 3602 
193 | 1495706328 | 9053 8503 8222 6850 6100 5973 1522 2690 1396 0632 
194 | 4723098561 | 5133 7618 3211 0898 5343 9081 8936 0819 9112 2548 
195 | 0324178659 | 6235 9463 0097 1332 6038 3822 1119 7143 1708 5608 
196 | 7825936014 | 6048 1376 1589 4274 2920 3521 7661 9435 9257 9276 
197 | 4679013528 | 6341 0636 3355 7245 4160 1672 2295 4730 0984 6813 
198 | 8537061492 | 2143 0207 9733 8136 918 0143 0949 1733 7986 * 5670 
199 | 5276139408 | 7336 3277 2135 3300 5287 0134 7104 9359 5069 3893 
200 | 1643875029 | 2728 6464 4721 8192 5485 7935 4996 3475 9523 5514 

Column no. : 1-4 5-8 9-12 13-16 17-20 21-24 25-28 29-32 33-36 37-40 
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FORMULAE AND TABLES FOR STATISTICAL WORK 


TABLE 19.1. (contiuned). RANDOM DIGITS AND DIGIT PERMUTATIONS 


TOW 10-digit в 
num-| permuta- random digits 
ber tions 
201 8130726495 | 6415 5554 3592 8008 9408 2092 9842 3197 1404 цаг 
202 | 3012975468 4668 3479 4073 6941 8286 3374 3696 7856 8980 03: 
203 | 9138025467 | 7592 3903 7895 1113 7646 9201 9081 2630 1617 ,»* 1188 
204 | 9517246830 | 2012 1096 2958 4788 4882 1855 8100 9726 6716 Шин 
205 | 9061528437 | 7884 8004 7821 8964 0028 8118 501 5704 9394 706 

| 
206 | 7482139650 | 5510 8160 6173 5655 4415 0147 1091 4426 2843 5578 
207 | 6188572904 | 4440 0095 4067 9078 6205 7488 1851 3537 7191 0856 
208 | 8370154692 | 8436 4936 3013 6818 1577 0249 5107 5304 3872 4157 
209 | 5076931248 | 3740 3172 2775 5781 0318 8932 9220 3784 0501 8375 
210 | 5071428369 | 1174 3869 9985 4443 1127 7390 1463 8524 2212 4215 
211 | 8361459270 | 8494 5214 9020 4568 3508 1257 9685 6310 9763 1887 
212 | 9456831072 | 8792 6689 3521 4407 2017 8527 2230 1851 4023 2258 
213 | 2586413790 | 0865 4556 4015 0082 1239 7058 1189 3174 0220 1107 
214 | 9758136042 | 7141 0799 4764 5283 4291 4822 3735 1398 2417 6782 
215 | 5726810943 | 7185 3986 7047 9210 2791 7610 7264 4171 0548 5172 

| 

| 
216 | 4502183790 | 3672 8714 8853 9825 5869 6281 2371 1890 9480 2968 
217 | 0592167834 | 7753 9791 3436 4604. 7991 5222 9280 1584 7141 0921 
218 | 5706184329 | 9332 5082 8900 4209 4117 8644 8712 7337 1689 8793 
219 | 7493825610 | 0759 2206 4220 2394 4346 8483 6968 2344 1902 0848 
220 | 5801347962 | 8493 6032 3585 2162 6301 4929 7087 2907 2690 5039 
221 | 5897241630 | 6776 2659 7323 9619 7727 6460 6745 1051 7662 7513 
222 | 4018976235 | 4135 7118 4458 1394 0526 5121 2062 0977 7338 5744 
223 | 2613894507 | 7714 3485 5412 0716 6914 8192 6483 1946 4271 0995 
224 | 9741538026 | 9777 1915 1183 3177 6568 6698 4649 3899 2691 4413 
225 | 7429108365 | 7980 4876 8841 3538 4519 0872 5860 8181 5777 0233 
226 | 5024386179 | 1714 4061 6365 7480 9312 1139 0715 0571 2575 5990 
227 | 9542160738 | 7460 0288 1075 3483 1041 5427 6457 0985 1657 8742 
228 | 4597312806 | 0275 8595 0812 9021 4808 8247 0089 7034 8719 5878 
229 | 4209317685 | 7735 0399 3931 3135 1485 7292 8362 4006 1184 9676 
230 | 2135690874 | 8661 9964 9969 2444 6095 2003 9320 2837 4397 0297 
231 | 8712509346 | 1273 7133 4874 1100 7854 4596 6787 8574 6098 5526 
232 | 5071389264 | 7784 9159 6674 3243 2531 6093 8906 8855 8614 2781 
233 | 0768193425 | 0707 0067 6433 6058 4381 0146 1186 9913 3668 6347 
234 | 3816295407 | 9594 8627 5507 2956 6166 7271 9511 5069 1022 9889 
235 | 0549821736 | 6690 2781 1790 9596 6472 8774. 9058 7915 3647 3525 
236 | 3805297164 | 3476 7990 0690 0043 1357 9568 1541 3726 9223 4385 
237 | 2708491635 9994 1061 7951 3010 6997 4759 0473 2848 7504. 6904 
288 | 3582014796 | 8308 8100 7244 4206 7766 6919 6866 4064 6714 1805 
239 | 2163487590 | 7260 8057 8779 6368 0601 1872 3160 8731 3646 2789 
240 | 1236509487 | 4755 3425 1299 7990 8366 1368 3611 8864 1341 9349 
241 | 0528743619 | 7156 7190 6054 3489 8939 9089 2637 9180 3991 7161 
242 | 3421950687 | 1469 1763 1918 2547 7708 1900 1665 1860 3078 7851 
243 | 6901875342 | 1270 4109 9428 0933 1444 7467 1771 8482 1497 6402 
244 | 3986120745 | 5485 7802 3094 7249 3901 2827 8294 1399 17170 1758 
245 | 9067145238 | 7123 0850 6297 5479 1416 1837 9305 3749 8541 5161 
246 8914302756 | 2187 4696 2470 7234 4809 5408 3266 6252 5987 5794 
247 | 7489506132 | 7595 1895 6183 2013 4399 5255 6714 1839 6132 2653 
248 | 0876354192 | 3021 1523 2005 2009 9631 1274 9902 4203 8312 9572 
249 | 7509348162 | 3317 8741 2688 9392 0136 9293 7815 1781 1990 4057 
250 | 7439518062 | 6711 3947 5004 2625 5105 0116 1895 6729 3159 6492 
Column по. : 1-4 5-8 9-12 13-16 17-20 21-24 25-28 29-22 33-36 37-40 
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TABLE 19.1. (continued). 


RANDOM NUMBERS AND PERMUTATIONS 


RANDOM DIGITS AND DIGIT PERMUTATIONS 


207 


TOW 10-digit 
num- | permuta- random digits 
ber tions 
——— — ———————— вас раван 
“ӨС | 8793562104 | 9877 3443 1246 8363 6403 4920 6437 3957 2060 
252 | 5481273690 | 9899 1462 1924 4346 3669 4836 9199 8824 6269 
253 | 4510726983 | 4491 5402 1718 6410 4123 6764 5759 4814 2773 
254 351986427 | 1045 4241 0208 5923 4148 9843 9628 4909 9109 
255 | 3501247968 | 0558 5018 1539 2251 0689 4033 5222 0394 4654 
256 | 4572368910 | 1676 8914 6220 0399 5788 3630 1481 6205 2026 
257 | 5236974018 | 3322 9745 9596 9208 7021 1663 5240 0627 4177 
258 | 0179326854 | 7913 3397 8778 9562 6671 1998 0239 6832 0975 
259 | 8296540317 | 8760 4120 5060 9597 4501 8388 6597 6568 4537 
260 | 7541308692 | 3681 7110 9412 8239 2149 3100 4266 6170 2118 
261 | 5279640381 | 3261 1462 0579 3234 6068 7770 3082 3200 9298 
262 | 2510874963 | 8028 5433 8504 2842 5838 3347 2322 5085 8291 
263 8354201679 | 1271 2976 8910 0356 6389 8587 5013 4733 9121 
264 | 5812609743 | 2957 9594 5194 7035 8345 4088 4932 1624 2997 
265 | 4358107269 | 0834 0997 5573 8671 7025 2419 9457 9265 0248 
266 | 5026917384 | 9271 7247 0360 7287 1971 2242 2839 6233 0244 
267 | 1462853097 | 2564 9682 0609 0294 8783 2764. 4985 04277 7480 
268 | 2049831567 | 1109 2612 3772 4813 2686 7523 2620 5142 2131 
у 269 | 5317986420 | 0398 8679 4741 9834 3648 1471 6154 8734 5630 
270 | 9201463578 | 9615 4280 5824 9330 6797 6282 9107 1458 3012 
| 271 | 0192564378 | 1604 0876 5340 9493 6324 2798 3666 8417 3691 
272 | 6582703914 | 0979 5483 9569 8397 4437 0777 0800 8645 2094 
273 | 6048971532 | 2177 1316 0091 9792 ‚2661 9182 1132 4763 6277 
274 | 8147395602 | 3193 8126 9538 3418 4336 9254 8381 9545 4057 
| 275 | 6539182047 | 7517 5274 3499 3961 8029 8727 0585 9501 0700 
276 | 1286349057 | 9712 9515 4770 9913 5808 8769 0877 4004 4712 
277 | 5147683209 | 9109 0961 8022 6694 2960 9755 5054 3854 6245 
278 | 8352469071 | 5630 6764 9685 2941 8903 4099 0980 9857 7134 
279 | 4785239160 | 6319 6648 4706 4820 1422 5725 5686 6028 2061 
280 | 0214638579 | 8989 2630 1052 6555 5278 1774 5635 4559 4206 
281 | 4827395016 | 2394 0140 1210 8008 6250 4190 7221 3080 6689 
282 | 8369215074 | 5100 4052 7384 4677 3943 1907 3168 1277 7266 
283 | 5198642307 | 1389 6494 7415 2106 5428 4078 0556 4776 6499 
284 | 2078369451 | 3826 3510 2476 7985 0711 1038 9373 7722 5286 
285 | 2438791605 | 1238 9343 1109 9487 2400 6970 0625 3044 2437 
286 | 4769218503 | 1080 4414 8662 8020 2884 7692 8325 9513 4957 
287 | 1498652307 | 7137 0030 3270 4046 4393 0971 9508 1827 2830 
288 | 9572486031 | 0840 7292 2063 4966 0385 3357 8639 4840 8063 
289 | 7835910642 | 3978 2534 4276 9021 6937 8509 2543 0885 9268 
290 | 2680534719 | 6697 8084 8397 4451 0046 3073 8916 7666 5480 
291 1247580693 | 2861 1319 6439 3530 1042 8177 6019 0439 9395 
292 | 5807390412 | 5813 8664 2493 0798 9076 8985 4252 7852 2174 
293 | 9815246037 | 4251 0630 5910 9077 7508 8906 9793 8706 2865 
294 | 8045619327 | 9041 7830 0919 4651 4484 3545 6344 1245 1477 
295 | 2056978143 | 2893 1125 2539 2960 4821 8832 8424 1018 8347 
296 | 5304629718 | 4527 7618 8173 0665 6557 9782 5576 2138 5580 
| 297 | 5768423901 | 2755 6055 5247 9461 8787 4995 4248 2740 0081 
298 | 8953204761 | 0593 1552 0641 3472 4616 8097 1890 1516 4423 
299 | 4829063715 | 8776 1623 7215 6291 0520 7414 4329 7957 6609 
| 300 | 6450239871 | 0659 6683 8255 3657 1215 3650 3049 7781 9827 
| 

Column по. : 1-4 5-8 9-12 13-16 17-20 21-24 25-28 29-32 33-36 


208 FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 
os CI л EEE 
row 10-digit "m 
num-| permuta- random digits 
ber tions 
Far Lien Po Qu жыл ры = алд ее 
301 | 9257830146 | 3436 6833 5809 9169 5081 5655 6567 8798 6830 32232 
302 | 6473180592 | 6133 4454 2675 3558 7624 5786 2184 4557 0496 8547 
303 | 0295431786 | 9853 3890 5585 3045 9830 5455 8218 9090 7266 | 4784 
304 | 0564329187 | 5807 5692 6971 6162 6751 5001 5588 2386 0004“ 2855 
305 | 8976321045 | 6291 0924 1298 7386 5856 2167 8299 9314 0333 8803 
306 | 6245908713 | 4725 9516 8585 0379 7746 9647 2010 0979 7115 6658 
307 | 2956403187 | 7697 6486 3720 6191 3552 1081 6141 7613 5455 3731 
308 | 8275036419 | 3497 2271 9641 0304 4425 6776 1205 2953 5669 1056 
309 | 7934508612 | 8940 4765 1641 0606 4970 7582 7991 6480 2946 5190 
310 | 1290578364 | 1122 6364 5264 1267 4027 4749 0338 8406 1213 5355 
311 | 4328065971 | 4333 0625 3947 1373 6372 9036 7046 4325 3491 8989 
312 | 9537082164 | 7685 1550 0853 4276 1572 9348 6893 2113 8285 9195 
313 | 4369507182 | 0592 8341 4430 0496 9613 2643 6442 0870 5449 8560 
314 | 7139824560 | 3506 0774 0447 7461 4459 0866 1698 0184 4975 5447 
315 | 1947658320 | 8368 2507 3565 4243 6667 8324 3068 8809 4248 1190 
316 | 4265801793 | 2630 1112 6680 4863 6813 4149 8325 2271 1963 9569 
317 | 6159078324 | 3883 3897 1848 8150 8184 1133 6088 3641 6785 0658 
318 | 0347192568 | 1123 3943 5248 0635 9265 4052 1509 1280 0953 9107 
319 |6072148598 | 1167 9827 4101 4496 1254 6814 2479 5924 5071 1244 
320 | 1769802354 | 7831 0877 3806 9734 3801 1651 7169 3974 1725 9709 
321 | 3465701289 | 2487 9756 9886 6776 9426 0820 3741 5427 5293 3228 
322 | 9140852736 | 1245 3875 9816 8400 2938 2530 0158 5267 4639 5428 
323 | 0267394581 | 5309 4806 3176 8397 5758 2508 1567 5740 2577 8899 
324 | 1768942035 | 7109 0702 4179 0438 5234 9480 9777 2858 4391 0979 
825 | 9325401867 | 8716 7177 3386 7643 6555 8665 0768 4409 3647 9286 
326 | 6514803927 | 9499 5280 5150 2124 6482 6362 1566 2469 9704 8165 
327 | 0769524183 | 3125 4552 6044 0222 7520 1521 8205 0599 5167 1654. 
328 | 4018637529 | 3788 6257 0632 0693 2263 5290 0511 0229 5951 6808 
329 | 1864793052 | 2242 2143 8724 1212 9485 3985 7280 0130 7791 6272 
330 | 5139064782 | 0900 4364 6429 8573 9904 2269 6405 9459 3088 6908 
381 | 2145798063 | 7909 4528 8772 1876 2113 4781 8678 4873 2061 1885 
332 | 1738294506 | 0379 2073 2680 8258 6275 7149 6858 4578 5932 9582 
333 | 7095432681 | 0780 6661 0277 0998 0432 8941 8946 9784 6693 2491 
334 | 8312670594 | 8478 8093 6990 2417 0290 5771 1304 3306 8825 5937 
335 | 8763104295 | 2519 7869 9035 4282 0307 7516 2340 1190 8440 6551 
836 | 3570694281 | 2472 0823 6188 3303 0490 9486 2896 0821 5999 3697 
337 | 5062471893 | 8418 5411 9245 0857 3059 6689 6523 8386 6674 7081 
338 | 5842173960 | 8293 5709 4120 5530 8864 0511 5593 1633 4788 1001 
339 | 6524319807 | 9260 1416 2171 0525 6016 9430 2828 6877 2570 4049 
340 | 7418620359 | 6568 1568 4160 0429 3488 3741 3311 3733 7882 6985 
341 | 4538927160 | 6694 5994 7517 1339 6812 4139 6938 8098 6140 2013 
342 | 0426371958 | 2273 6882 2673 6903 4044 3064 6738 7554 7734 7899 
343 | 3142598607 | 6364 5762 0322 2592 3452 9002 0264 6009 1311 5873 
344 | 5297804631 | 6696 1759 0563 8104 5055 4078 2516 1631 5859 1331 
345 | 4926530817 | 3431 2522 2206 3938 7860 1886 1229 7734 3283 8487 
346 | 3701645982 | 4842 3765 3484 2337 0587 9885 8568 3162 3028 7091 
347 | 7402913658 | 8295 9315 5892 6981 4141 1606 1411 3196 9428 3300 
348 | 6071843925 | 4925 4677 8547 5258 7274 2471 4559 6581 8232 7405 
349 | 8936710452 | 5439 0994 3794 8444 1043 4629 5975 3340 3793 6060 
350 | 0694137852 | 2031 0283 3320 1595 7953 2695 0399 9793 6114 2091 
Column по : 1-4 5-8 9-12 13-16 17-20 21-24 25-28 29-32 33-36 97-40 
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TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 


209 


row 10-digit 


num-| permuta- random digits 
ber tions 

351% 6743059218 | 0883 2339 1363 4219 0189 4453 0806 1970 4130 7998 

352 | 9614580723 | 4634 6385 8760 3555 0567 8815 4700 5092 0231 5757 

358 8527140693 | 5432 9770 2781 6469 7152 0256 6137 0458 0968 9610 

354 | 2536719804 | 2317 5966 3861 0210 8610 5155 9252 4425 7449 0449 

355 | 3576492108 | 6836 2472 0385 4924 ' 0569 6486 0819 9121 8586 9478 

356 | 3601874592 | 9358 5197 4910 | 0263 2372 6446 0252 0383 6518 0707 

357 | 7839402615 | 5936 9276 7805 3690 7473 5954 3164 3482 1845 7686 

358 | 5780436192 | 4306 9165 6438 6777 4671 2360 3382 2686 8767 6827 

359 | 9502813764 | 5951 7275 3713 5951 1452 1986 5034. 0518 9314 7164 

360 1754268039 | 2108 6157 6254 7483 2407 8609 2114 4095 2456 8169 

361 5873062914 | 9566 6198 4546 8964 4473 5657 9152 3956 6235 9991 

362 | 2087431596 | 3981 3873 6448 0871 2825 7698. 9304. 9016 5871 9251 
363 | 5679123084 | 8696 2811 5419 9481 4498 1718 7871 1245 7915 2534 
364 | 3046957821 | 1433 1167 7332 0970 0159 1218 4679 9568 5533 8206 
365 | 9632851740 | 2141 6763 3519 7475 5991 8210 6588 5652 2636 7328 
366 | 1237960854 | 5445 6443 2930 1322 7296 4063 9397 4389 , 1295 3782 
867 | 0921354876 | 1339 4168 2508 0980 4184 7238 1406 9956 8366 9846 
368 | 4198705362 | 0948 6094 9141 8128 5545 9938 2129 7718 3561 2918 
369 | 5238674910 | 4252 3165 2934 4966 8313 0339 3724 9779 3113 9747 
370 | 0426531798 | 1898 4922 5411 9237 4511 6360 1905 9126 8473 8258 
871 8087695214 | 4014. 3915 9924 2185 0045 5419 3618 0388 8833 7820 
372 | 2156893407 | 2177 3510 0681 6548 5318 7449 5776 5519 2420 5532 
373 | 8621453970 | 6625 0747 4812 5649 1408 3724 3681 1637 8352 4305 
374 | 6748152039 | 8271 1876 2939 1452 3071 0649 4840 9228 5237 5551 
375 | 0712895436 | 5745 1306 9341 2202 9409 3255 7968 6629 6267 4004 
376 | 6931725084 | 6164 6330 1234 41065 0816 7058 6369 1947 7346 4723 
377 | 0814976352 | 9956 5248 7969 9843 3265 5024 0971 4740 3295 2557 
378 | 5712069384 | 9811 9364 8786 4365 7833 0898 5798 9136 3829 5329 
379 | 5204968731 | 7346 9293 7714 6558 1103 9861 4270 3645 0912 3498 
380 | 2509681734 | 8061 5526 9875 6795 9549 2156 0845 0166 5267 1713 
381 | 0768253419 | 8425 0589 3180 4949 9893 8201 4108 6655 5819 1862 
382 | 6397021458 | 6464 9513 4697 4312 8602 7950 6790 1419 0407 6701 
383 | 5284613709 | 5382 7915 3116 5410 2990 9157 6348 3856 6925 0790 
384 | 3471856209 | 1933 3542 9212 3714 7075 1858 9857 1252 0681 5627 
385 | 3765091824 | 6426 5146 8050 5391 0055 6736 6866 0829 7989 3239 
386 | 2561397840 | 6984 3252 3254 - 1512 5402 0137 3837 1293 9329 1218 
387 1054823796 | 9080 7780 2089 8744 2374 6620 2019 2652 1163 7777 
388 | 4957182602 | 5583 3674 4040 8915 2860 9783 2497 6507 5084. 8877 
389 | 9146237508 | 8578 8170 3723 8433 3395 2329 7783 7511 7075 1126 
800 | 3579641802 | 3899 0413 0663 3896 2100 3516 7169 0934 8257 9755 
391 | 5106497283 | 9378 7492 9462 3932 7468 3383 4358 7937 2542 5480 
392 | 5312968740 | 4747 1794 4408 1693 0955 5373 5400 5226 4811 0379 
393 | 0876251403 | 3545 6861 4922 3952 9216 1867 0527 2144 1034 9889 
394 | 0526849137 | 0836 9010 8303 7618 9262 7540 1802 7089 7172 0442 
395 | 4579986031 | 9742 4735 1085 9715 2103 5485 3740 4117 2786 5815 
396 | 6831592704 | 9890 5080 2778 5056 6128 2384 8501 2202 7232 6963 
897 МАСИ 5960 4185 7070 8917 2378 6868 6472 9093 8609 4008 
398 | 7895084126 | 9017 3136 4463 4174 8453 5045 4925 7889 7188 6990 
399 | 5621834097 | 8520 7719 6078 0293 0525 7426 8334 2367 5490 4960 
400 | 9372586410 | 1436 3124 0072 5146 8555 7584 8382 1378 3848 7323 

Column no : 1-4 5-8 9-12 18-16 17-20 21-24 25-28 29-32 33-36 37-40 
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TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 


row 10-digit {= 
num-| permuta- random digits 
ber tions 


401 | 0615289347 | 5697 7118 6204 9111 6389 4456 9293 9662 3299 2935 
402 | 7056289413 | 7108 5084. 6610 1034 9230 8928 3074 2424 5437 5243 
403 | 7509612483 | 1624 2174 9153 1805 5961 7497 3182 7768 9345 4093 
404 | 4213198560 | 4342 5983 2381 8327 6084 8620 4531 1922 2849 1920 
405 | 9716038425 | 0764 8315 5133 3907 1034 1176 9280 3858 6379 0076 


406 | 7394256801 | 8134 2608 5206 0297 0229 2752 8346 7236 2162 7056 
407 | 1265834970 | 0446 9007 3887 8015 3138 8184 1222 1401 4968 9433 
408 | 9625780314 | 0168 0763 4485 0308 6621 7216 8142 9086 6067 3473 
409 | 6809374251 | 8910 0950 4720 8350 9523 9455 4871 5453 6876 8304 
410 | 2064398517 | 6313 2963 7027 1611 ' 2298 0888 8981 4069 2411 3119 


411 | 2053147968 | 1868 1611 5833 4766 7364 8600 9629 6325 1391 0901 
412 | 9231647508 | 1908 2354 8598 7534 8173 3789 2529 4937 9692 8363 
413 | 7039825614 | 5757 4234 1566 2521 0011 3478 1144 5426 9996 7460 
414 | 7430658129 | 4894 8977 4166 5460 6695 4673 7659 2005 6656 2091 
415 | 6425931807 | 9972 7151 7092 5335 8480 8794 6615 9080 6724 3734 


416 | 8104673952 | 0397 1612 5516 8468 3357 1826 2352 3770 5699 1631 
417 | 7892364051 | 6874 2700 2916 1135 3831 6614 6820 6405 0768 2614 
418 | 4318095627 | 1790 4160 9134 8509 8890 6120 0731 6922 8288 1982 
419 | 4970618523 | 5409 9981 9730 2675 7209 1940 6072 3082 1266 3850 
420 | 0786194325 | 1386 9019 0220 1364 5470 4172 1296 6836 9179 2149 


421 | 7490862153 | 9062 3258 1590 7867 7538 6262 2408 3808 7447 0049 
422 | 9780652413 | 4926 5410 2930 7402 9141 9168 8655 0806 7715 1242 
423 | 8921643705 | 5526 3988 7609 8228 8349 3680 0758 1432 9650 5813 
424 | 1435862709 | 7708 8807 5387 1803 6734 6009 2442 0457 2930 5691 
425 | 9417608352 | 4837 2243 4989 0616 6385 0136 3689 4829 0446 0570 


496 | 4627905813 | 6024 8888 2384 8344 9908. 5510 9386 3507 9794. 9938 
427 | 9102534867 | 6815 9711 4002 8802 4827 5707 4947 0252 5829 9415 
428 | 1397061582 | 0225 9718 8245 5335 1690 2306 5836 3721 2226 1627 
429 | 0874635921 | 1830 9355 8971 2875 2867 6622 4091 7390 1059 8368 
430 | 1267450389 | 2932 7067 1308 4871 8010 3692 5038 2395 6062 8973 


431 | 0943251678 | 6390 0765 0975 4201 5564 5937 6244 5111 1524 2020 
432 | 0147256938 | 6026 2262 4871 9986 7207 3039 8020 9710 8848 4973 
433 | 1986537024 | 5202 3537 5017 2359 3402 6282 2138 7115 5463 6118 
434 | 8351624790 | 3397 7794 8411 4512 9632 1542 6757 6911 2985 4853 
435 | 7194582030 | 3314 9485 5407 3639 2300 2125 9724 1079 0774 1401 


436 | 0659381742 | 4167 2485 7145 1215 6515 3804 6166 3957 6560 3638 
437 | 5947362180 | 4852 4039 9145 9178 9429 1919 5290 5257 1535 2001 
438 | 8327950164 | 6808 4890 2380 2370 4759 5391 6534 9283 6629 7265 
439 | 2856309471 | 0176 6242 6360 1762 5903 - 5237 1680 8564 1463 4715 
440 | 7968053142 | 5444 8089 0748 1112 8211 5432 5547 9680 9872 4939 


441 | 2865349710 | 1736 7743 2822 7668 3971 3550 9693 875 

442 | 0694528173 | 4476 1717 7629 8040 5665 4396 2086 0231 0693 1409 
443 | 3216047589 | 8918 8308 9085 8062 7813 9579 6144 3710 3853 8646 
444 | 9641583072 | 5306 1670 9035 4119 0977 4199 5951 1147 8236 5327 
445 | 0589162734 | 1820 3765 7173 1487 9696 2143 9768 0264 8344 3024 


446 | 7412803509 | 2232 2463 1604 7905 5999 7615 1020 3755 06: 

447 | 4213806579 | 2232 9088 3557 7313 1870 0993 4117 1039 $510 9007 
448 | 3296517840 | 9374 8584 7212 1940 4743 9530 5993 2885 2761 0779 
449 | 3197026548 | 4971 2715 8838 3135 7893 5108 3081 9046 9998 1106 
450 | 8764059321 | 8349 3916 1368 0174 1943 9582 6585 6581 0050 5369 


Column no. : 1-4 5-8 9-12 13-16 17-20 21-24 25-28 29-52 33-36 3740 
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TABLE 19.1, (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 


row 10-digit 
num-| permuta- ы random digits 
ber tions 


451 Ар 1069872453 | 0362 4799 7512 1970 2923 5912 2303 9270 9739 9041 
452 “F 8714036529 | 2207 4051 9770 4367 8588 9920 5245 0122 5029 5341 
453 | 0726948531 | 3541 3275 2045 1534 9632 1028 3461 6191 0036 8804. 
454 | 1426258790 | 6378 8747 5602 3128 6345 3973 7275 3768 1449 7837 
455 | 4130987562 | 1458 1044 9041 9180 6759 0544 6142 7778 8791 8487 


456 | 9840623751 | 5085 1982 8691 3020 9502 2141 1459 2843 6297 6396 
457 | 2956813074 | 4518 6537 3071 5227 6196 8352 6297 3905 8918 0826 
458 | 9768350214 | 6168 5798 1011 6378 6288 8205 3058 5566 5316 8956 
459 | 4713025869 | 1670 7007 3792 6476 5471 3584 1395 9388 7834 1015 
460 | 5942718306 | 8329 3831 0731 1917 7710 6905 1885 9986 9578 0388 


461 | 6219387504 | 1509 7055 5175 5973 7101 8379 4071 9467 1654 4314 
462 | 2958463710 | 0238 0034 3684 9499 8442 7914 9244 1841 7884 0810 
463 | 4572836091 | 6673. 5806 9370 4519 5256 5061 4908 5691 1424 9636 
464 | 3791548602 | 7803 0356 3757 7681 3067 8106 0958 8612 7585 2785 
465 | 5960873241 | 1939 2795 6221 2694 4655 1459 4597 4338 7159 5030 


466 | 5390648721 | 8765 6905 8958 6987 6878 2380 9707 4807 5051 7022 
467 | 7168502943 | 6096 7678 5107 8749 3109 2760 4298 8961 „3707 1076 
468 | 1943056872 | 9608 6691 2921 0658 8838 5317 8984 5621 8445 2404 
469 | 6750123849 | 3725 9751 3433 4341 6965 6050 4132 4739 8388 4777 
470 | 9182754603 | 6509 0092 3703 0920 0783 0235 3804 2352 2730 2590 


471 | 4259761308 | 4746 3350 0860 4264 6950 5255 1742 0372 9864 0442 
472 | 6273140598 | 7259 3378 0985 6983 4750 4446 3526 7085 9876 8824 
473 8034129657 | 0087 4614 9579 1152 5817 3089 9856 3208 9753 8238 
474 | 4073918562 | 3921 2227 0975 5869 6486 6217 3178 9780 1432 0450 
475 | 2814760593 | 0430 1184 7806 5822 2892 1993 9895 2603 2430 6098 


476 | 2105934786 | 5712 4565 4363 2117 0196 2209 4340 2617 5291 8696 
477 | 7641095382 | 7644 3565 1413 6722 9198 4226 9249 1065 1781 0353 
478 | 7506491283 | 1915 6992 1157 6470 0165 0341 5839 7973 6543 8881 
479 | 3804196725 | 6200 7683 0763 1671 0999 2475 7619 0871 1160 ' 9157 
480 | 4608721953 | 5169 9227 9357 5554 8989 2002 9518 2695 7331 0751 


481 | 8265937410 | 5204 2143 3487 6244 8168 9846 4364 8984 6648 3560 
482 | 4387196025 | 3694 6061 1818 2835 6261 4441 6424 7983 9536 0973 
483 | 3584960172 | 2567 1562 2597 1894 6180 2082 0067 1954 3377 0155 
484 | 1840537629 | 4335 6678 9377 1391 7460 5914 5452 6939 1890 4383 
485 | 3926840517 | 3995 1086 5203 2220 5949 6201 5737 3540 3843 7760 


486 | 1387095462 | 6754 8246 0606 8769 3758 5594 1562 4954 2214 2168 
487 | 2965083174 | 2008 9669 2075 5664 9584 0312 4676 4402 0603 5566 
488 | 0263594781 | 3761 2928 6770 9818 2112 8949 4369 8235 3350 5331 
480 | 3184726509 | 6516 2412 4496 8543 1664 0467 1346 2442 7287 9439 
490 | 9630785241 | 0644 1902 0678 6897 1244 0429 7083 0771 3207 0503 


491 | 6520479138 | 9183 7513 8028 0193 9555 8084 2841 8311 4207 7812 
492 | 1034296587 | 8858 9502 7453 0244 8500 0830 1759 7854. 8488 7616 
493 | 4163827950 | 0083 1818 7118 2553 0655 9201 9554. 2362 1364 6135 
494 | 3815496720 | 4506 1474 1880 2607 5438 4356 7262 4599 3866 2355 
495 | 4891056237 | 3138 9559 3138 3560 7246 6791 0573 8441 ` 7713 0626 


496 | 0876459312 | 8940 3713 7631 3874 1347 0713 3889 5376 1262 2340 
497 | 7980346215 | 5717 5274 0511 2848 8412 3412 4698 3715 4137 1942 
498 | 2514987603 | 6855 4133 3523 9627 8923 0801 3041 8030 7719 6272 
499 | 9024851763 | 4094 6732 0816 5004 6964 1310 6449 4474 3448 8346 
500 | 4562198703 | 1615 5138 9856 2044 0410 5524 0736 9067 4551 4130 


Column ло. : 1-4 5-8 9-12 13-16 17-20 21-24 25-28 29-32 33-36 37-40 
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MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS 


TABLE 20.1. 


MISCELLANEOUS TABLES 


Mathematical Constants 


п = 3.14159 26535 89793 


та = 9.86960 44010 89359 


= 0.31830 98861 83791 


|= ale 


2 = 0.10132 11836 42338 


а 


108107 = 0.49714 98726 94134 


М9 = 1.41421 35623 73095 


1 radian = 57.20577 95130 82321 degrees 


Мк = 1.77245 38509 05516 


4 л = 2.50662 82746 31001 


= 0.56418 95835 47756 


|- је 


= 0.39894 22804 01433 


| 


м 
loger = 1.14472 98858 49400 


tš 
a 


М3 = 1.73205 08075 68877 


в = 2.71828 18284 59045 


= = 0.36787 94411 71442 == 


102,10 = 2.30258 50929 94046 


100106 = 0.43429 44819 03252 


ү = 0.57721 56649 01533 
(Euler's constant) 


A10 = 3.16227 76601 68379 


1 degree = 0.01745 32925 19943 radians. 


Numeration 
Indian UK USA 
Sata = 10? Кой = 10' ^ Mahapadma = 1012 Hundred = 10:: Hundred = 102 
Sahasra = 107 Arbuda = 10% Sanku = 101% Thousand = 10% Thousand = 10* 
Ayuta — 10* Abja = 10° Jaladhi = 101% Million — 10* Million — 10* 
Laksha = 10" Kharva = 1019 Antya = 1075 Billion = 1012 Billion = 10° 
Niyuta = 10° ^ Nikharva = 10" Madhya = 1079 Trillion = 1015 Trillion = 1012 
Parardha = 1017 
Prefixes 
Prefix Value Prefix Value Prefix Value 
Micromicro or Pico 10717 Centi 107° Kilo 10* 
Millimiero or Nano 10% Deci 107 Mega 10* 
Miero 107% Deka 10 Kilomega or Giga 10" 
Villi 1073 Несіо 10° Megamega or Tera 1017 


De c EK SE Ev a 
Basic Units of Measurements 


(Abbreviations : m = metre, dm = decimetre, dkm = dekametre, hm 


Length 


British Units 


12 inches — 1 foot 
3 feet = 1 yard 


5$ yards = 1 rod, pole or perch 


4 poles = 1 chain 
10 chains = 1 furlong 


8 furlongs = 1 mile 
6 feet = 1 fathom 


120 fathoms = 1 cable length 
6080 feet = 1 nautical mile 


Metric Units 
10mm = lem 
10cm = 1 dm 
10dm —1m 
10m = 1 dkm 
10 dkm — 1 hm 


10 hm = 1 km 


(1 knot = 1 nautical 


= hectametre өс.) 


Conversion Factors 


linch — 2.539998 cm 

1008 = 0.3047997 m 

lyard = 0.9143992 m 

1 mile = 1.609343 km 

1 nautical mile = 1.853182 km 

39.370113 in 

Imetre = 3.280843 ft 
1.093614 yd 

lkm = 0.6213717 miles 


mile per hour) 


1 metre is (very nearly) 10-7 of the distance from the pole to the equator, 
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Area 
British Units Metric Units Conversion Factors 
144 sq inches — 1 sq foot 100 sq mm — 1 sq em lsqyd — 0.830126 sqm 
з 9 ва feet = 1 sq yard 100 sq em = 1 sq dm 1в4 ft = 0.0929029 ва m 
30184 yards = 1 sq rod, pole or perch 100 ва dm = 1 sqm 1вдіп = 6.451589 ва cm 
40 sq rods = 1 rood 100 ва та = 1 are 1вд = 1.195992 sq yd 
4 тоодв = 1 асте 100 ares = 1 hectare = 10.763929 ва ft 
640 acres = 1 ва mile 100 hectares = 1 sq km 1 ва ст = 0.1550006 sq in 
6 1 sq milo = 2.589984 sq km 
(1 hectare = 2.471058 acres) 1 ва km = 0.386103 ва miles 
Volume 
British Units , Metric Units Conversion Factors 
1728 cu inches — 1 cu foot 1000 cu mm — 1 eu em 1 cu ft = 28.3168 cu dm 
27 оп feet = 1 cu yard 1000 cu ста = 1 cu dm I eu in = 16.38702 сц em 
. 1000 cu dm = 1 cum 1сп да = 0035314759 cu ft 
1 сц ста = 0.0610239 cu in 
Capacity 


(Abbreviations : I = litre, dl = decilitre, (КІ = dekalitre etc.) 
Conversion Factors 


British Units USA 
(Liquid) (Liquid) (Liquid) 
60 minims — 1 drachm 60 minims — 1 dram 1 pint (Br.) = 0.568245 litres 
8 drachms — 1 ounce 8 drams — 1 ounce 1 pint (USA) = 0.473166 litres 
5 ounces = 1 gill 4 ounces — 1 gill 1 gallon (Br.) = 4.545963 litres 
4 gills = 1 pint 4 gills = 1 pint 1 gallon (USA) = 3.785332 litres 
2 pints = 1 quart 2 pints = 1 quart 1 gallon (Br.) = 1.20094 gallons (USA)* 
4 quarts = 1 gallon 4 quarts = 1 gallon 1 gallon (USA) = 0.83268 gallons (Br.)* 
(Dry) (Dry) 1 ounce (Вг.) = 0.96075 ounces (USA)T 
2 gallons = 1 peck 2 pints = 1 quart 1 ounce (ОВА) = 1.04085 ounces (Br.)f 
4pecks = 1 bushel 8 quarts = 1 peck 1,759803 pints (Br.) 
р 9 рес Litre _ 2 2.11342 pints (USA) 
8 bushels = 1 quarter 4 pecks = 1 bushel 0.219975 gallons (Br.) 
0.264178 gallons (USA) 
Metric Units 
10 ml = 101 (Dry) 
10 cl = 1 dl 1 bushel (Br.) = 36.3677 litres 
1041-11 1 bushel (USA) = 35.2383 litres 
101 = 1 dkl 1 bushel (Br.) = 1.03205 bushels (USA) 
10 dkl = 1 hl 1 bushel (USA) = 0.96895 bushels (Br.) 
10 bl = 1 kl 1 litre = 0.0274969 bushels (Br.) 


== 0.0283782 bushels(USA) 


* Also true for quarts, pints and gills 
= 1000.028 cu cm 


+ Also true for drachms (drams) and minims 
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TABLE 20.1. (continued). MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS 
Weights 


(Abbreviations : 
g = gram, cg = centigram, dg = decigram, dkg = dekagram, hg = hectagram, ewt = hundred weight! 


British Units Metric Units Conversion Factors . 
Avoirdupois (av), General System 
16 drams = 1 ounce 10 mg = leg 1 grain = 0.06479892 g 
16 ounces = 1 pound 10 eg = 1 dg 1 ounce (ар. ог t.) = 31.10348 g 
28 pounds = 1 quarter 10dg=1g 1 ounce (av.) = 28.350 g 
4 quarters = 1 ewt 10g = 1 dkg I gram = 15.43236 grains 
= 0.03215074 oz (ap/t) 
20 cwt = 1 боп" 10 dkg = 1 hg = 0.03527396 oz (av.) 
14 pounds — 1 stone 10 hg = 1 kg 1 pound (ар. or t.) = 0.3732418 kg 
Apothecary Units (ap), Drugs 100 kg = 1 quintal 1 pound (ау.) = 0.45359243 kg 
20 grains or = 1 scruple 1000 kg = 1 tonne lkg = 2.679229 Ib (ap./t.) 
minims (metric) = 2.2046223 lb (av.) 
3 scruples = 1 drachm ` 200 mg = 1 carat lowt = 50.80235 kg 
8 drachms = 1 ounce USA 1 quintal = 1.9684128 cwt 
12 ounces — 1 pound 1 po ton = 2000 pounds (ау.) 1 (оп = 1.0160470 m. tonne 
= 5760 grains буй 
Troy Units (t) 1 long ton = 2240 pounds (av.) 1 ton (short) = 0,90718 m. tonne 
Precious metals 
480 grams = 1 ounce 1 kip = 1000 pounds (ау.) 1 m, tonne = 0.9842064 ton 


= 11023112 в. ton 
12 ounces = 1 pound 


* 1 short ton (USA) = 2000 pounds (av.) = 2 kips 


Physical Constants 


1 knot (international) = 101.269 ft/min. = 1.6878 ft/sec. = 1.1508 milesjhr. 
1 micron = 10-+ mm. 1 angstrom unit = 10-8 cm. 
Tonic (electronic) charge (o) = 4.80 х 10—10 E.S.U. Mass of electron (mo) = 9.1085 x 10-28 g. 


Mass of hydrogen atom = 1.673 x 10-24 g. 

Gas constant (В) = 8.3170 х 107 erg/degree/gram mole (physical scale) = 8.315 x 107 (chemical scale). 
Avogadro’s number = 6.02486 х 1023 per gram mole (physical scale) = 6.02332 х 1023 (chemical scale). 
Planck's constant (В) = 6.62517 10-27 erg-sec. Boltzmann constant (К) = 1.38044 x 10-16 erg/degree. 


Density of Mercury at 0° O = 13.5955 g/eucm. Density of water, maximum at 3,08% С = 0.999973 g/eu em. 
Density of air, 0°C and 760 mm = 1.2929 g/l. 


Velocity of sound in dry air, 0°C = 331.36 m/sec.= 1087.1 ft/sec. 
Velocity of light in vacuum = 2.997929 x 1010 cm/sec. 


Heat of fusion of water at 0°C = 79.71 cal./g. Heat of vapourisation of water at 100°C = 539.55 cal./g. 
Electrochemical equivalent of silver = 0.001118 g/sec. international ampere. 

Absolute wave length of red cadmium light in air, 15°C, 760 mm pressure, = 6438.4696 angstrom units. 
Wave length of orange-red line of krypton, 86 = 6057.802 A. 


те 
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Тһе conversion factors from the British system of weights and measures to 
the metrio system given in Table 20.1 were in use until 1 July 1959 when the 
following changes were made and adopted by the standard laboratories of Australia, 
Canada, New Zealand, South Africa, the U. K. and U. 8, A. These have also been , 
sifftably incorporated in the recommendations of the International Organisation for 
Standardisation (ISO)- 


Prior to 1 July 1959 the U. 5. yard was defined as 3600/3937 m and the 
U. В. pound as 0.4535924277 kg which are different from the conversion factors for the 
British units given in Table 20.1 


Length 
lin = 2.54 em(exact) 1m = 39.370079 in 
1% - 0.3048 m (exact) = 3.280840 ft 
lyd = 0.9144 m (exact) j = 1.093613 уа 
. 
. I mile = 1.609344 km (exact) lkm = 0.6213712 miles 
1 nautical mile (international)— 1.852 km (exact) 
Area 
1 ва уд = 0.836127 sqm : 1ваш = 1.195989 ва уд 
lsqft = 0.0929080 sqm, 5 = 10.763911 зай 
Явош 6.4516 sq em (exaet) 1 вает = 0.1550003 sqin 
1 ва mile = 2.589988 ва кт ' 1 ва km = 0.386102 sq mile 
(1 hectare = 2.471054 acres) 
Weight 
1 grain = 0.06479891 g (exact) 1g = 0.03215075 oz (ap/troy) 
llb (арјкоу) = 0.973247 kg 1 kg = 2.679229 Ib (ap/troy) 
11b (av) = 0.45359237 kg (exact) lkg = 2.204626 Ib (av) 
1 cwt = 50.80234 kg 1 quintal = 1.968413 ewt 
1 ton = 1.0160469 tonnes 1 tonne = 0.9842065 ton 


= 1.1023113 short ton 
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At the 12th General Conference on Weights and Measures held in 1964, the 
earlier definition of litre (which was equal to 1000.028 cu cm) was annulled and it was 
declared that the word litre may be used as a special name given to cubic decimotre. 
"The conversion figures for capacity in terms of cubic decimetres are as follows. 


=> 


Capacity (1 litre = 1 cu dm) 


1рыф (UK) = 0.568261 еп dm leudm = 1.75976 pt (UK) 
» (USA)= 0.473179 cu dm = 2.11336 pt (ОВА) 


lgallon (UK) = 4.54609 cudm 0.219969 gal (UK) 


»  (USA)- 3.78543 eudm 0.264170 gal (USA) 
` 1 bushel (UK) = 36.3687 сааш = 0.0274962 bushel (UK) 


„ (USA) = 35.2303 сада = 0.0283774 bushel (USA) 


Y 
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The Earth 
Polar radius=6357 km--3951 miles, Equatorial radius=6378 km 3904 miles 
Mean radius=6371 km=3960 miles 
Flattening— 0.003367 
S&ireumference— 24,920 miles 
1° of latitude at equator=110.5 km=68.70 miles 
1° of Кашан at роїев--111,7 Кш--69,41 miles 
1° of longitude at equator—111.3 km=69,17 miles 


Inclination of equator to ecliptic=23°27’ 
Surface area=5.101 х I08km?, Volume=1.083 x 1012km3 
Мавв=5.080 х 1027g=6.586 х 1021 tons, Mean density —5.620 g[cm3 


Ratio of mass of sun to earth=333,432: 1 


Ratio of mass of earth to moon—81.45 : 1 


Mean distance to sum= 1.497 x 1013ста=9.300 х 1017 milos, 
Distance of sun at perihelion=1.47 х 1013em — 9.136 х 107 miles 
Distanco of sun at aphelion=1.52 х 1013cm— 9.447 х 107 miles 
Mean distance to moon —3.847 х 1010 em —2.391 х 105 miles 
Number of satellites—1 (moon) 


Greatest height (Mt. Everest)=29028 ft. 

Greatest depth (Challenger Deep) Mariana trench-— 35,800 ft. 

Lowest on land (Dead sea)=1286 ft. 

Land area- 148.8 x 106Кш2--5.747 X107 miles?, Ocean area=361.3 x 1092 = 13.95 x 1011111082 


Acceleration of gravity (g) in em per sec per sec. at latitude À and height h (in metres) above sea level 
4=980.616—2.5928 сов 23-4-0.0069 (cos 21)2 —0.0003 A. 
Value of g for =45" at sea level: 980.621 cm per sec. per вес. — 32.173 ft. per sec. per sec. 


Solar energy incident on unit area at right anglos to sun's rays at the earth's mean distance per unit time 
=2.00 Calories/ecm? minute. 


Age of the earth Between 4x 109 and 5x10? years 

Nearest star (Proxima Contauri)=4.31 light years 

Revolution=365.256 days, Rotation=23 hr. 56 min. 4.09 sec. 

Rotational velocity of earth at equator=460 m/s. у 

Length of seconds pendulum at sea level, latitude 45°= 99.3577 em «39.1171 in. 


Population in millions (yoar in brackets): 1550 (1900), 1907 (1925), 2497(1950) ; projections : 3828 (1975), 
6207 (2000). 


Astronomical Data on Time 
1 siderial day=86164.0906 mean solar seconds 
I tropical (civil) year=365.2422 mean solar days, 1 sideronl yoar=365.2564 mean solar days, 
I anomalistic year=365.2596 mean solar days , 
1 synodical month —29.53059 mean solar days, 1 tropical month=27.32158 mean solar days, 1 sidereal 
month=27.32166 mean solar days 
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TABLE 20.3. CONVERSION BETWEEN CENTIGRADE AND FAHRENHEIT 


(for a selected range of temperatures) 
ж n ———— 


Centigrade to Fahrenheit: Fahrenheit to Centigrade 

og өр og op ea op ор С ор °C ор 90 ор S 
-10 14.0| 15 59.0 40 104.0 0 -17.8 65 18.3 90 32.2 115 46.1 
-9 15.8| 16 60.8 4l 105.8 5 -15.0 66 18.9 91 32.8 116 40.7 
-8 17.6| 17 62.6 42 107.6 | 10 -12.2 67 194 92 33.3 117 47.2 
-7 19.4| 18 64.4 43 109.4 | 15 - 9.4 68 20.0 93 33.9 118 47.8 
-6 21.2| 19 66.2 44 111.2| 20 - 6.7 69 20.6 94 34.4 119 48.3 
-5 23.0| 20 68.0 45 113.0] 25 -3.9 70 21.1 95 35.0 120 48.9 
-4 24,8) 21 69.8 46 114.8] 30 - 1.1 TET 96 35.6 121 49.4 
-3 26.6) 22 71.6 47 116.6 | 35 1.7 72 22.2 97 36.1 122 50.0 
-2 28.4| 23 73.4 48 118.4 | 40 4.4 73 22.8 98 36.7 123 50.6 
-1 30.2| 24 75.2 49 120.2 | 45 7.2 74 28.3 99 37.2 124 51.1 
0 32.0| 25 17.0 50 122.0 | 50 10.0 175 23.9 |100 87.8 125 51.7 
1 33.8| 26 78.8 51 123.8 | 51 10.6 76 24.4 |101 38.3 126 52.2 

2 35.6) 27 80.6 52 125.6 | 52 11.1 77 25.0 | 102 38.9 127 52.8 c 
3 37.4| 28 82.4 53 127,4 | 53 11.7 78 25.6 |103 39.4 128 53.3 
4 39.2 | 29 84.2`| 54 129.2 | 54 12.2 79 26.1 | 104 40.0 129 53.9 
5 41.0| 30 86.0 55 131.0 | 55 12.8 80 26.7 | 105 40.6 130 54.4 
6 42.8 | 31 87.8 60 140.0 | 56 13.3 81 27.2 | 106 41.1 131 55.0 
т 44.6 | 32 89.6 10 158.0 | 57 13.9 82 27.8 | 107 41.7 132 55.6 
8 40.4| 33 91.4 80 176.0 | 58 14.4 83 28.3 | 108 42.2 133 56.1 
9 48.2| 34 93.2 90 194.0 | 59 15.0 84 28.9 |109 42.8 134 56.7 
10 50.0) 35 95.0 | 100 212.0| 60 15.6 85 29.4 |110 43.3 135 57.2 
11 51.8| 36 96.8 | 200 392.0 | 61 16,1 86 30.0 (111 48.9 1386 57.8 
12 58.6) 37 98.6 | 400 752.0] 62 16.7 87 30.6 |112 44.4 137 58.3 
13 55.4| 38 100.4 | 500 932.0] 63 17,2 88 31.1 | 113 45.0 138 58.9 
14 57.2| 39 102.2 |1000 1832.0] 64 17.8 89 31.7 | 14 45.6 139 59.4 


The fundamental unit of temparature is degree Kelvin (°K). For purposes of practical measure- 
ment the centigrade scale (°C) is internationally adopted. In addition the degree Fahrenheit (°F) and 
the degree Rankine (°R) are used. The conversions are as shown in the table below. 


TEMPERATURE CONVERSION FORMULAE 


Systems 5 Centigrade or 

in Kelvin (^K) Celsius (20) Fahrenheit (°F) Rankine (°R) 
degrees ў 
Kelvin Ty 1o4- 273.15 5(4/--459.67)/9 5T,[9 Ж 
Centigrade Ty —273.15 2 5(tyj—32)/9 5(7,—491.67)/9 
Fahrenheit (97115) —459.67 (940/5) +32 2 Т,-459.67 


Rankine 97 5 (9:5(5)-491.67 4--459.67 т, 
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TABLE 20.5. GEOLOGICAL TIME-SCALE** 
agein geological systems examples of 
millions (maximum thick- firs& appearance of rock 
of years ness in feet) formations 
= Quaternary* 
pem Man, bread, wheat 
° n PLIOCENE 15,000 ft. = 
MIOCENE 210001. | | Most mammalian orders | Siwaliks (in tho 
25. 8 Himalayas) 
OLIGOCENE 26,000ft. | Z| Grass 
40— B 
EOCENE 5 
42,000 ft. 
70— — å 
Modern flowering plants есап trap 
Eie DEE "Urodeles, Snakes, 
5 i Marsupials, Insectivores 
Modern bony fish 
135— 8 i Rajmahal t 
Flowering plants, ajm. rap 
JURASIG S Frogs, eeu 
5 9 Pterosaurs, Birds 
180— 8 А 
Cycads, Ammonites, 
ESN Modern reptiles (Turtles, $ 
2 Ч Crocodiles, Ichthyosaurs, 
225— || Dinosaurs) 
РЕВМТАМ 5 te. Main Indian coal seams 
10,000 ft. Modern insects (Bugs etc.) (Gondwana) 
270— 1 
CARBONIFEROUS © | Conifers, Gingkos, Reptiles, European coal seams 
Оро 5| Winged insects 
ы 
о 
350— 
DEVONIAN 3 More advanced jawed fish 
38,000 ft. &| (e.g. Sharks), Amphibians, 
то? Wingless insects, Spiders 
SILURIAN Land plants, Primitive 
34,000 ft. jawed fish 
440— 
ORDOVICIAN Corals, Vertebrate 
40,000 ft. fragments of jawless 
fish 
500— 
CAMBRIAN Most invertebrate phyla 
40,000 ft. 
Vindhyans 
600— —- 
я 
ав 
"Unknown thickness БЕ Riese, Med 
зе, Medusae, 
E | Annelids, Pennatulids 
= PRO-CAMBRIAN ERIT 
Origin of A = 
Earth's Unknown thickness | 9 
Crust —4500— 3 


**Time-scale approximate with probable error of +5% throughout. 
* Quarternary (Pleistocene and Holecene), 6,000 feet+. 
Column approximately proportionate to time-scale. 


Adapted from The British Museum (Natural History) series: 


"Time, 1962. 


The Succession of Life through Geological 
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FORMULAE AND TABLES FOR STATISTICAL WORK 
PROOF CORRECTION GUIDE 

Specimen of proof sheet with corrections 

4. THE POISSON distribution 

4.1 INDIVIDUAL terms || 


Write d=A—A). 
Then, 


fable 4. 1 gives Waluesof p(w, A) = e [zl z = 0, 1, 2, ... 
for A—0.1 (0.1) 1.0, 1.5, 2.0 (1.0) 10.0.4— 
no e/ Тһе values are correct to eight places of decimal for A үро wf. / 


AS^ A 2 
out 8. с] 2. For purposes of ( AÀ-wise) pasce between the tabula- 


ted valuesjthe д following EN based on Taylor expansion will 
[ be found useful. Let the Falue of p(x, Å) be required for a 
given A and A, stand for the убт argument closest to А. яотј 


2277 / 


12172772 T Alp(z—2, А) .. . vl 


Conte «Ни tA pa-h х» Al 9/ 


where A,, A2, ... are the ын 2nd, .. order differencestaken with + 


stet 


=== 


Cb to z, and R= 


ач 
(ЕЕ D: 


AFr1p(z—k—1, Аж), where A* is 


б ° value PEN between Ay and A . It will thus љоро ые Л 3/ 


яаг роввіМе e 


ital 
MARK MEANING 

сар Capital letter 

l.e. Lower-case letter 
^ Insert comma 

x Fix broken letter 
dt Insert space 

©) Invert letter 

№ Insert quotes 

~ 

à ; Delete and close up 


of the tabulated values to judge the maximum 
nitude for the error ВА 


bl Example. Л=5%, ј=. ital | 


PROOFREADER’S MARKS 


pep | T МР аси 


MEANING MARK MEANING 
Delete еј Substitute e for the 


letter struck off 
Close up 4, Push down quad 
Transpose eq ФЕ Equalize spacing 
Move left ^L Let type stand 
Move right of. Change to right font 
Raise т Begin new paragraph 


Lower No Ф No paragraph, run in 


Centre 4- / Insert hyphen 
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Specimen of proof sheet after correction 


4. THE POISSON DISTRIBUTION } 
4.1. INDIVIDUAL TERMS 


7 1. Table 4.1 gives values of p(x, A) = e^ 422, z = 0, 

2,... for A = 0.1 (0.1) 1.0, 1.5, 2.0 (1.0) 10.0. The values are 
correot to eight places of decimal for А upto 5.0 and to seven 
places of decimal for A = 6.0 to 10.0. 

2. For purposes of (A-wise) interpolation between the 
tabulated values the following formula based on Taylor expansion 
will be found useful. Let the value of p(x, А) be required for a 
given A and A, stand for the tabular argument closest to A. 
Write d = А-А. Then, 


ple, A) = а, А) А, p(z—1, л) Å Ag ple 2, A+» 


+(—0 Eat ре AR. 


where Aj, А2,... are the Ж. Сан .. order differences taken 


with respect to z, and В = —— AZ" p(r—k—1, А“), where 


FT яр = 
A* is some value lying between A, and A. It will thus be possible 
by inspection of the tabulated values to judge the maximum 
possible magnitude for the error R. 
Example А = 5.25, z = 3. 
ye AEE И о АИ АЕ ME ы ен Тита 
PROOFREADER'S MARKS (conid.) 


MARK MEANING MARK MEANING 
[0] Insert full stop (in text) 
5.2 Set in small caps Set in caps 


ital. Set in italios Set in small caps 


nom. Set in roman Set in italics 


Set in bold typo | 


Superior figure 


Set in bold small caps 


— 

== set in bold caps 
Tnferior figure = 
wo 


2222 Straighten line 
м 
А 
о Set in bold italics 


Em quad space 


Gu S.C, Out see copy (be sure manuscript is returned if this is used) 
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226 FORMULAE AND TABLES FOR STATISTICAL WORK 
ROMAN AND HINDI NUMERALS 
a, Roman numerals 


Тће system invented by the early Romans about 2000 years ago was widely used 
by the people of Europe until about the 16th century. Roman numerals are still 
used on elocks and monuments, to show chapters of a book, and for volume numbers 


of some journals. 
The Roman system is built on the base of ten and uses the symbols : 


I= 1, V = 5, X = 10, L = 50, С = 100, D = 500, M = 1000. The first twenty 
numbers are as follows : 


Is VI=6 XI =11 XVI = 16 
п=> уп=7 XII = 12 XVII = 17 
эш = 3 ҮШ = 8 ХШ = 13 ХУШ = 18 
IV=4 IX =9 XIV = 14 XIX = 19 
V=5 Х-10 |, Хума XX = 20 


There are two rules of writing numbers. (1) Ifa letter or a set of letters is placed 
before a letter of higher value, it is to be subtracted from the latter. Thus IV = 4, 
XC = 90. (2) If а letter of smaller value is placed after one of larger value it is to 
be added. Thus LX = 60, LV = 55. The Romans first read the thousands, then 
the tens, then the ones. To read numbers, sometimes one counts, as in counting ПІ, 
sometimes subtracts, as in finding the value of IV, sometimes adds as in finding the 
value of XVIII. Thus 


MCM хх = 1,920, CCCXLVI= 346 
MDC ХХХУШ = 1,638, MMMM = 4,000 


A line drawn above a group of letters multiplies the number by one thousand. Thus 
MDC XXXVIII = 1,638,000. 


b. Devanagari (Hindi) numerals 
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ALPHABETS ОҒ LANGUAGES 


замн 


qes 5 É ч av) Ч 53'2 e € 
eui 2 ыг = 9: 45 unus а А 5 6 
E 2| (шеп 253 3 user t = = = 
fo] “08402 1105 € а 
Ж ъ ээм Ч н х чоң Ач а & 
s -|(eudonsode) 4 61108 apes 5 оо nn 
si ы 2+8 MM) yaa за G 3 + % 
et e us mim Р 5 $2 
в [E Чэ hh - "Хе, 
eyo ву пп а 4 2 6 
vo ь я хх LIS id 1 b G 
x. o dies mp oi e 
«78 в з 11 ш wuwu а o ° G 
v3 b s 2 5 1 power 6 ч м К 
1 
ыг = a u U| жоң uder С ш å 
эх Це ‘ме оо 1 5 
29: m E " H (jam up se) £ poA. <+ 4 1% 
о іе T ri 3 зэ 8 (зэй араг) А I 5 
= % 3 nm 3 MOM әә ч 1 $ 
e x əə ни 2 шава å ч 46 
і E 5 EE А mu v 3 5 9 
= uz жж П 3 1 8 
ы £ 24 ч эц u Л а 
2 5 P Y Y| әт wep L ET 
: + 3 3 41 48108 pwz С E ЫГ 
t x А за 8553 1 ээ» 
в іе 4 94 ча ‘а 32% С а 4 6 
в е qe ву == ц4эрє X ye vn 
NVISSNU мамазн МУИЧЯО 


SHOVADNVT IGNIH аму NVISSQU ‘мячачн ‘NVNUAÐ ‘яяяно AO SLUEVHATV 


= 
| 
~ 


тЗәшо 
134 
149 
‘qd ца 
uoysdn 
ne} 
єш 5 
оча 

м 
чолорпо 
mw 

nu 


маю 


тш 
vPqUeEI 
vedder 
*301 
veu) 
v)> 
z в)ә2 
2 пој1549 
р еуәр 
з sumed 
ч 5199 
це vudie 
HYAUD 


Sin = gan сан ә ә 
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PERPETUAL CALENDAR 


Cope Момвевз оғ Yrars: 1600—2000 


(Code numbers are іп roman numerals and for years only tens and units are recorded, the hundreds being 


indicated at the top. Thus the code number of 1616 is У, of 1920 is ТУ and so on.) 5 
Years 1600-1699 Years 1700-1799 | 
И EE å КРИВА УК Wiebe VEE TATE ETEN Ev оу VES VIE 
01 02 03 04 10 00 06 03 04 10 05 00 01 02 
07 08 14 09 16 05 12 14.7090. 36" 31. 00 -07. 08 
TON да а М! МЕЗ EA У 20-15 215.22 м 18 13 
24 19 25 26 27 22 28 25 26 27 28 17 24 19 
29 30 31 32 38 28 3 31 32 38 33 23 29 30 
35 36 42 37 44 33 40 42 37 44 39 34 35 36 
46 41 48 43 49 39 45 48 43 49 50 40 46 41 
53 47 53 54: 55 50 51 53 54 55 56 45 52 4 
57 58 59 60 66 56 62 89 60 66 01 51 57 58 8, 
63 64 70 65 72 01 68 70 65 72 67 62 63 64 
24 09r TONET 77, 107 78 TON 71 ott 78 68 74." 09 
8) 75 81 82.83 78 79 81 82 83 84 73 80 75 
85 86 87 88 94 84 90 87 88 94 89 79 85 86 
91 92 98 93 89 96 98 98 95 90 91 92 
97 99 95 99 96 97 
Years 1800-1899 Years 1900-1999 
Тал ВЕЛЛ EV VINYL VEE То УЛИ У vr УП 
10 05 00 01 02 03. 04 00 01 02 03 04 10 05 
16 11 06 07 08 14 09 06 07 08 14 09 16 1 
21, 22. 127 18 13-20" 15 1227:518:22013:57:20:7 15— “ој до 
27 28 17 24 19 25 26 КЕЛА ТИТО 25-796. 197 28 
88 33 23 29 30 31 32 28 99 30 31 32 38 33 
44 39 34 35 36 42 37 34 35 36 42 37 44 39 
49 50 40 46 41 48 43 40 46 41 48 43 49 50 
55 56 45 52 47 53 54 45 52 47 53 54 55 56 
66 61 51 57 58 59 60 51 57 58 59 60 66 61 
72 67 62 63 64 70:65 62 63 64 70 65 72 67 
77 78 68 74 69 76 71 608-41-60 276: GL пт) 78 
83 84 73 80 15 81 82 73 80 75 81 82 83 84 
94 89 79 85 86 87 88 79 85 86 87 88 94 89 
95 90 91 92 98 93 90 91 92 98 93 95 
96 97 99 96 97 99 


1. Code number of the year 2000 is VI. 


2. A leap year is one which is divisible by 4, except that in the case of a century it should be divisible 
by 400. Thus 1900 is not a leap year but 2000 is. 


3. The code numbers are based on the Gregorian calendar which was first adopted in 1582. 
4, Leap years are printed in bold face. 


PERPETUAL CALENDAR 
(GREGORIAN) 


NON LEAP CODE NUMBER OF YEAR 
“ ҮЕАК 


Days of the Week 
Woy pee 


JAN, OCT ити Th. вы Ва 


ЕШ 
Е Ба Su M T W 


To find the calendar for a given year and month there are three steps. 
(1) Find the code number of the given year from the previous page. 


(2) Tf it is a Leap year (in bold) use the months on the right; if not, the months 
on the left of the above Table. Read the day of the week corresponding to the given 
month and code number of given year as found in (1). 

(3) Observe that there are 7 rows of the days of the week. Choose that row 
beginning with the day of the week as determined in (2). This row together with 
the bottom portion of the Table containing the dates from 1 to 31 provides the 
calendar for the given month and year. š 

Ноја the index fingure of the left hand against the chosen row (of the days of the 
week) and read the day of the week corresponding: to any given date. 


Example: What day of the week was June 29, 1893 ? 


Code number of 1893 is VII. Using the months for a nonleap year, the day of the 
week for June and year code ҮП is Th (Thursday) Then using the row beginning 
with (Th) we find that 29th was Thursday. 


Verify that 10 September 1632 was Friday. 


— Жы 
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Acceptance sampling 
type of plans, 120 
sample size code letters, 123 
single sampling AQL plans, 124 
double sampling AQL plans, 125 
multiple sampling AQL plans, 126–127 
operating characteristics of sampling 

plans, 128 


Alphabets of languages, 227 


Analysis of variance (examples) 
one-way classification, 71 
regression, 143 


Astronomical time data, 215 


Bernoulli numbers, 174 
Bessel's interpolation formula, 24 


Beta distribution 
definition, 11 
relation with distribution, 79 
relation with R?-distribution, 79 
critical values for tests, 80-81 


Binary numbers, 162, 165 
Binomial coefficients, 31 


Binomial distribution 
definition, 4 
binomial coefficients, 31 
individual terms, 34-97 
tests of significance, 38 


confidence intervals for proportion, 39-40, 


116-117. 
sin-!4/p transformation, 17, 85 


Calendar (perpectual), 228 
Calories of foodstuffs, 220 
Cauchy distribution, 10, 198 


Chi-square (x?) distribution 
definition, 11 
applications, 65-66 
percentage points, 67 
critical values for tests, 67 


INDEX 


Compound distributions, 8-9 


Confidence intervals for 
binomial proportion, 39, 115, 116 
Poisson mean, 46, 115 
normal mean, 61, 115, 118 
normal standard deviation, 65, 66, 115, 119 
ratio of standard deviations, 71 


Control charts 
construction, 107 
formulae for control chart lines, 111, 114 
factors for computing control chart 
lines, 112-113 


Conversion factors for units of 
length, 212 b 
area, 213 7 
capacity, 213 
weight, 214 


Conversion of number systems 
decimal and others, 162 
powers of 2, 3, 8, 16 etc. 164-165 
binary equivalents, 165 
Cornish-Fisher expansion 
for x*, 64 
for t, 60 
for F, 69 


Correlation coefficient (total and partial) 
significance test, 62 
critical values, 83 
tranh-1> transformation, 17, 88 


Correlation coefficient (multiple) 
significance test, 72 
critical values, 80 


Critical values of (for tests) 
t, 63 
F,73 
chi-square, 67 
correlation coefficient total and partial, 83 
multiple correlation coefficient, 80 
beta, 80 
Snax [5min, 82 
maximum observation, 94 
extreme Studentised deviate, 95 
Kolmogorov-Smirnov 
one sample, 102 
two-sample, 102 
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Fisher-Yates, 102 Fourth powers and roots, 158-160 

rank correlation, 106 Fractile graphical analysis 

Wilcoxon (Mann-Whitney), graphical test for normality, 92 
two sample, 103 

Wald-Wolfowitz, two sample, 105 Gamma distribution, 11 


Wilooxon matched pair, 106 Geological time scale, 219 


i ion, 22 
Cubes, 158-160 Guide to proof correction, 224 


Cube roots, 158-160 Hypergeometric distribution, 4 


Cubic equation, solution of, 27 
Integration (see numerical integration) 


Cumulants 
definition, 1 Interpolation 
relation with moments, 2 Newton’s forward formula, 23 
Sheppard’s corrections for, 3, Newton’s backward, formula, 23 


Stirling’s formula, 23 Ээ 
Bessel’s formula, 24 
Lagrange's formula, 129 
Devanagiri numerals, 226 Lagrangian interpolation 
coefficients, 131-134 


Densities of solids and liquids, 218 


Distributions 
discrete (basic), 4 
discrete (random sum), 5-7 
discrete (compound), 8-9 
distribution functions, 9 Lagrangian interpolation coefficients, 131-134 
^  eontinuous (basic), 10-11 
noncentral, 12-13 


Kolmogorov-Smirnov tests, 96, 102 


Laplace distribution, 11 


Latin squares and orthogonal squares, 193 


Earth data, 215 5 
“atas ed Logarithms 


Exponential distribution, 10 common, 175-192 


natural, 158-160 
Exponentials of numbers, 158-160 


Lognormal distribution, 11 
Euler numbers, 174 
Logarithmic series 

F-distribution (discrete distribution), 4 

definition, 11 

applications, 70—72 

percentage points, 73-78 

critical values for tests, 73-78 


Lot quality estimation, confidence intervals 
percentage defective, 116-117 
normal mean using range, 118 
normal g using s, 119 


Factorials, 158-160 normal o using range, 119 
Factorial moments 

relation with moments, 1 Mahalanobis fractile graph, 91 

generating function, 2 У å 

E Mathematical functions 
Sh ! 
ее square roots and reciprocals, 154-157 

Fat content of foodstuffs, 220 сиђе roots, 158-160 


k fourth roots, 158-160 
Fisher-Yates test, 97, 102 exponentials, 158-160 


INDEX 933 


factorials, 158-160 

prime factors of numbers, 166-169 
logarithms, 175-192 

squares, 150-153 

higher powers, 161, 164-165 
cubes, 158-160 

fourth powers, 158-160 

stai logarithms, 158-160 

sine, cosine, 170-172 

tangent, 170-172 


Model sampling, 197 


Moments 
raw and central, 1 
relation with cumulants, 2 
relation with factorial moments, 1 
generating function (mgf), 2 
Sheppard's corrections for, 3 


Multiple correlation 
noncentral distributions, 13 
test of significance, 72 
critical values, 80 


Negative binomial distribution, 4 
Neyman’s contagious distribution, 8 
Newton’s interpolation formulae, 23 


Noncentral distributions 
bivariate normal, 12 
Wishart, 12 
t, 12 
F,12 
multiple correlation, 13 
Hotelling's 72, 13 
Mahalanobis D?, 13 


Nonparametric tests 
Kolmogorov-Smirnov, 96, 102 
Fisher-Yates, 97, 102 
Wilcoxon (Mann-Whitney), 97, 103-104 
Van der Waerden, 97 
Wald-Wolfowitz, 98, 105 
Sign test, 100 
Wilcoxon (matched pair), 100, 106 
rank correlation, 101, 106 


Normal distribution 
definition, 10 
ordinates and probability integral, 50-58 
percentage points, 59 
graphical tests for normality, 91 


30 


Normalisation of a frequency function, 16 
Numerals (Roman, Devanagiri), 226 


Numerical integration 
quadrature formulae, 25 
Simpson’s one third, 26 
three eighths rule, 26 
Hardy’s, 26 
Weddle's, 26 
Shovelton's, 26 
general formulae, 135 
integration coefficients, 136 
Gauss-Legendre, 137, 138 
Gauss-Laguerre, 137, 139 
Gauss-Hermite, 137, 140 


` 
Order statistics 


expected values, 89-90 

fractile means and variances of (0,1), 93 

upper percentage points of the maximum 
observation, 94 

upper percentage points of extreme 
Studentised deviate, 95 


Orthogonal polynomials 
definition, 141 
applications 142-144 
tables, 145-148 


Pascal distribution, 9 
Periodic table of elements, 217 
Perpetual calendar, 228 
Poisson distribution 

definition, 4 

individual terms, 43-44 

confidence intervals for Poisson mean, 46 
Polya-Aeppli distribution, 9 
Prime factors of numbers, 166-169 
Proof correction guide, 224 
Protein content of foodstuffs, 220 
Quadratic equation, solution of, 27 
Quadrature (see numerical integration) 


Quartie equation, solution of, 28 


S 
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Random permutations, 


methods of obtaining, 119 
tables, 202-211 


Random numbers, < 
choosing of, see Sampling (random) 
tables, 202-211 


Random sum distributions, 5-7 
Rank correlation coefficient, 101, 106 
Rectangular distribution, 10, 197 


Roman numerals, 226 


Sample survey estimates, 
simple sampling, 19 
stratified sampling, 19 
use of supplementary variables, 19 
two phase sampling, 20 
pps sampling, 20 
two stage sampling, 20 


Sampling (random) 
from a list, 195 
pps sampling, 196 
cluster sampling, 197 
model sampling, 197 


Sign test, 100 


Bin-14/p transformation, 17, 85 
Sines (cosines), 170-172 


Sheppard's corrections, 3 
Squares of numbers, 150-153 


Square roots and reciprocals, 154-157 


Solution of equations 
cubic, 27 
quadratie, 27 
quartic, 28 


Standard errors, 15 
Student's distribution (see t-disutribtion) 


Summation formulae 
Euler-Maclaurin, 26 
Gregory, 27 
sum of powers of numbers, 173 


t-distribution 
definition, 11 
applications, 61-62 
percentage points (fractiles), 63 
critical values, 63 
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Tan htr transformation, 17, 88 
Tangents, 170-172 


Thomas distribution, 6 


Transformations 
sin“ р, 17, 85 
tan hir, 17, 88 
intraclass correlation, 17, 87 
Ма for Poisson, 17 
variance stabilisation, 16 


Truncated normal distribution, 10 


Van der Wearden test, 97 

Wald-Wolfowitz test, 98, 105 

Wilcoxon (Mann-Whitney) test, 98, 103-104 
Wilcoxon (matched pair) test, 100, 106 


